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Abstract. Various approaches to the theory of the nucleon-nucleon interaction are 
reviewed with a special attention to the comparison of theoretical predictions with the 
rich body of existing experimental data. 


1 Introduction 


“In the past quarter century physicists have 
devoted a huge amount of experimentation 
and mental labour to this problem (the NN 
interaction) - probably more man hours 
than have been given to any other scientific 
question in the history of mankind” 


H.A. Bethe (1953) 


With the advent of Quantum Chromodynamics (QCD) which is believed to 
be the underlying theory of strong interactions, one is entitled to demand that 
hadron physics be described in terms of the degrees of freedom of the funda¬ 
mental constituents in QCD. The trouble is that QCD has a running coupling 
constant cx(q 2 ). For large momentum transfers q , as in the region of deep inelastic 
scattering of leptons by hadrons, ot{q 2 ) is small. One can use there perturbation 
theory to make theoretical predictions which turn out to be in good agreement 
with experiment. But for processes of interest in nuclear forces or in low en¬ 
ergy hadron physics, the length scale is typically 1 fm, corresponding to small 
momentum transfer q . The running coupling constant ot{q 2 ) is then large and 
perturbation theory is no longer operative. In this strong-coupling regime, non 
perturbative methods are indispensable, but so far, apart from calculations on 
lattices, not much success has been achieved in this respect. Thus, one is led to 
modelling non perturbative QCD. For example, in bag models, non perturba¬ 
tive effects are simulated by the pressure on the bag, in string models they are 
described by the tension, in non relativistic potential models they are described 
by confining potentials. All these models make explicit use of the quark degrees 
of freedom. 
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On the other hand, a rich body of experimental data, most of them with 
very high accuracy, have been accumulated over the last three decades in the 
nucleon nucleon scattering. Most of these data can be analyzed quantitatively in 
the framework of theoretical models based on the degrees of freedom of hadrons 
themselves (nucleons, mesons, isobars, etc...). At present, it is fair to say that 
models built explicitly with quark degrees of freedom have not achieved the same 
success. Therefore, bridging these models based on hadrons with QCD seems to 
be one of the challenges for the physics of strong interactions. In this search, one 
can envisage another alternative. Since the fundamental constituents in QCD, 
quarks and gluons, are confined, it might be more appropriate to eliminate their 
degrees of freedom not directly observable and incorporate their effects into an 
effective theory framed in terms of observable hadronic degrees of freedom but 
including as many relevant properties of QCD as possible. This alternative is 
given support by the important conjecture of Witten [1] that, in the large N c 
limit (N c being the number of colors), QCD is equivalent to a theory of weakly 
coupled MESONS (and glueballs). BARYONS emerge in the theory as SOLI- 
TONS. To implement these ideas, one is led to construct effective Lagrangians 
from meson fields (7T, p, e, etc..). These effective Lagrangians are required to 
fulfill the principal symmetries of QCD (like chiral symmetry for example). The 
free parameters, if there are any, can be determined in fitting the experimental 
observables in the physics of mesons. The soliton type solutions are then looked 
for, and used to predict static properties of baryons. The baryon-baryon interac¬ 
tion can also be deduced from the soliton-soliton interaction. The Skyrme model 
[12] proposed long ago is a prototype of this class of effective Lagrangians. 

If the results of this approach turn out to be satisfactory, it can be regarded 
as a theoretically sound approximation scheme to non perturbative QCD at low 
energies. Moreover, the connection of the conventional models based on hadron 
degrees of freedom with QCD through this approximation scheme appears then 
quite naturally. 

In this series of lectures, the main features and results of the nucleon-nucleon 
interaction in the framework of conventional hadronic degrees of freedom are 
recalled in Section 2, and recent tests of the NN potential models are described. 
In Section 3, results obtained with the explicit use of quark degrees of freedom are 
reviewed, and finally an introduction to Skyrme solitons and recent developments 
on effective Lagrangians for low energy hadron physics with the application to 
the NN forces are presented in Section 4. 


2 Conventional low energy hadron physics 


The case of the nucleon-nucleon forces is an enlightening example to illustrate 
the role of hadronic degrees of freedom in nuclear physics or more generally in 
low energy hadron physics. The two nucleon system is still relatively simple but 
rich enough to be regarded as a test case for theoretical models. Furthermore, the 
considerable wealth of experimental data provide extremely severe constraints. 
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2.1 


Meson degrees of freedom 


The One Pion Exchange Potential (OPEP) 

The first main step towards the understanding of the 
forces between two nucleons was made by H. Yukawa 
in 1935. He proposed that these forces are induced 
by the exchange of a 7T meson (Fig. 1) leading to a 
nuclear potential, the One Pion Exchange Potential 

(OPEP) of the form 



% 



Fig. 1. The OPEP 
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The pion mass m n being 140 MeV, the OPEP has a range larger than 
fm and provides the long range part of the nucleon-nucleon interaction. 
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The 4th order Two Pion Exchange Potential (TPEP) 

After the experimental discovery of 
the pion confirming Yukawa’s ideas, a 
great theoretical activity was devoted 
to the theory of mesons (Mesodynam- 
ics). At that time (early 50’s), the 
analogy of this new field theory with 
Quantum Electrodynamics (QED) was 
hardly avoidable. Thus, methods and 
techniques used in QED, including per¬ 
turbation theories, were transposed to 
it. This led to the calculation of 4th 
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Fig. 2. The TPEP (4th order) 


order diagrams of the Two Pion Exchange Potential (TPEP) represented in Fig. 
2. The range of this TPEP is of shorter range than the OPEP, of the order of 
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2m 


- ~ 1 fm. We shall see later that these 4th order diagrams are only part of 
* 

the TPEP, which contains other important contributions. In spite of efforts of 
prominent theorists, it is realized soon that the results of such calculations are 
hampered by ambiguities arising from the use of perturbation theories. 


The One Boson Exchange Potential (OBEP) 

In the early 60’s, a new impetus to the theory of nucleon-nucleon forces was 
given by the experimental discovery of the p meson, and soon after, of the u) 
meson with the following characteristics : 

p meson : J PG = 1 h , 7 = 1, m p = 769 MeV 

decays into 2i r, r p = 150 MeV 
to meson : J PG = 1 , 7 = 0, = 783 MeV 

decays into 37T, = 10 MeV 
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It was then natural to generalize the initial theory of Yukawa with the idea 
that the pion exchange is responsible for the long range part of the NN forces 
and heavier mesons like the p and u) mesons are reponsible for the short range 
part. The OPEP becomes the OBEP (One Boson Exchange Potential) which 
now includes besides the exchange of the pion that of the p-meson and cu-meson. 
These can be easily calculated and their dominant contributions to the NN 
potential are 
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Thus, when the nucleon-nucleon potential is written in its general form 



= v+ + V+girfatTi + V+(r)S 12 + V+ s (r)LS 
+ r^Wcir) + Vss(r)<ri<T 2 + V^(r)S 12 + V£ s + V£ s {r)LS 


the 7r and p mesons contribute to the spin-spin component V$ s and the tensor 
component and the u) meson contributes to the central component Vq and 
the spin-orbit component V^ s . Moreover, the to meson contribution to Vq is re¬ 
pulsive. This leads to purely repulsive forces in the central component Vq which 
is the dominant part of the NN forces (Fig. 3). In contrast, for this component, 
phenomenology requires short range repulsion, responsible for nuclear matter 
saturation but medium range attraction, responsible for the binding of nucleons 
in nuclei. 




binding nucleons in nuclei 


Fig. 3. The oo meson contribution to Vq Fig. 4. The phenomenological shape for 
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At this point, the first conclusion to be drawn is : in the OBE models with 
only the exchange of observed low mass mesons ( 7 T, p, u>), one cannot get the 
intermediate range attraction which is indispensable for the existence of nuclei 1 . 
The most obvious way of overcoming this serious difficulty is to introduce the 
exchange of a fictitious low mass 500 MeV) scalar isoscalar meson ( J PG = 
0 ++ , / = 0) which provides the missing medium range attraction. Such a low 
mass scalar meson is not observed experimentally. This makes the OBE models 
much less appealing in spite of their simplicity. 

2.2 Isobar degrees of freedom 

It is well known from 7 T-nucleon scattering stud¬ 
ies that formation of ttN resonances (A 33 , m&= 

1232 MeV ; Pn, mjv* = 1440 MeV) is very im¬ 
portant (Fig. 5). These resonances can be also 
formed in nuclei. 

It is therefore expected that in the two pion 
exchange (TPE) processes, one or two nucleons 
can be easily excited to one or two such resonances in the intermediate state, 
and diagrams such as those of Fig. 6 should be added to the 4th order terms of 

Fig. 2. 


N X 

Fig. 6 . 










A 33 ,P,, , 
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Fig. 5. 


Such diagrams were studied long ago in reference [3], and it is found that 
their contributions give rise to attraction in the NN potential with a range of 

- ~ 1 fm. This corresponds precisely to the attraction which 


the order of 


2m 


is missing in the ( 7 r, p, tv) exchange potential. The arguments presented above 
show the important role of the TPE contributions to the NN interaction besides 
the well established OPE contribution. Now, the exchanged pions in the TPE can 
be uncorrelated (Fig. 7b) or strongly correlated (Fig. 7c), since the 7T7T interaction 
is known to be very strong in the P wave giving rise to the p resonance and strong 



We will see later that this feature occurs also in other models like the quark or 
Skyrme models. 
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(a) (b) (c) (d) 

Fig. 7. 


enough in the S wave to give rise to a broad resonance around 1 GeV (the e 
meson). Great care should be, therefore, taken in the calculation of the TPE 
contributions. 

All the previous discussion shows that a realistic description of the long 
range (LR) and medium range (MR) NN forces must include the isobar degrees 
of freedom as well as the meson degrees of freedom. This is summarized in 
Fig. 7 where the blobs in both Figures 7b and 7c represent the ttN interaction 
(containing all the isobars) and the central blob of Fig. 7c represents the 7T7T 
interaction (containing the P wave p meson and the S wave e meson). It is 
claimed sometimes that the short range (SR) part of the NN interaction can be 
described by the exchange of heavier mesons. However, in this part subhadronic 
(quarks, gluons, etc...) degrees of freedom can play, in principle, a significant 
role. This question will be discussed in Section 3. 


2.3 The NN potentials from hadronic degrees of freedom 

At present, potential models that are the most frequently used in the literature 
are the Bonn, the Nijmegen and the Paris potentials. They are all derived from 
hadronic degrees of fredom. 


The BONN Potential 


This potential is originally [4] a One Boson Exchange (OBE) type potential. It 
includes essentially the exchange of the 7T, p, u) mesons and a fictitious 


”<j” me¬ 


son. Recently the Bonn group realizes the importance of the two-pion exchange 
(TPE) contribution and in the newest version [5] of the Bonn potential this 
contribution, calculated in the non-covariant perturbation theory, is added to 
the original OBE potential. This procedure, however, leads to double counting 
and other problems related to the use of the non-covariant perturbation theory. 
The 7 t — p exchange contribution is also calculated with the same method and 
included. Smooth form factors are used to cut-off the potential at short distances. 
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The NIJMEGEN Potential 

This potential[ 6 ] is constructed from the exchange of the 7 r, ? 7 , 77 ', p , 0, 

<5, S'*, e Regge trajectories and also from the exchange of the Pomeron, /, f f 
and A 2 trajectories. At the Reggeon vertices exponential form factors are used. 
This leads to a OBE type potential for the 7 r, 77 ,..., £ exchange and a gaussian 
potential for the Pomeron-type exchange. The values of the free parameters are 
searched to fit to the NN phase shifts. 


The PARIS potential 

This potential [7]-[10] is representative of the philosophy elaborated above. This 
means : 

a) the (LR + MR) parts (internucleon distances r > 0.8 fm) are given by the 
OPE, the TPE and the u) meson exchange, as part of the three pion exchange. 
The TPE as represented in Figs. 7b and 7c is calculated carefully via disper¬ 
sion relations and unitarity from the ttN amplitudes and the dominant S and 
P waves of the 7 T 7 T interaction. The inputs of the calculation are, thus, the ttN 
phase shifts 8J N and the 7 T 7 T phase shifts 8$* and <JJ r7r . The values of 8J N are 
taken from phase shift analyses, and 8$* and <5j r7r directly from experiments. This 
includes automatically all the ttN isobars and the 7 T 7 T resonances in the S wave 
(the e meson) and in the P wave (the p meson) as well as the ttN and 7 T 7 T non 
resonant backgrounds. It is sometimes argued that dispersion relations can only 
yield an empirical "black box” TPE contribution to the NN interaction, whereas 
a calculation in the non-covariant perturbation theory provides a more "micro¬ 
scopic” description. This statement is incorrect since one could have derived the 
ttN and 7 r 7 r phase shift from a "microscopic” model, and inserted them into 
the dispersion relations. We do not proceed in this way because we have more 
faith in the ttN phase shift analyses, based on very accurate data, than in any 
presently available "microscopic” model which, in any case, should reproduce 
those phases. Thus, in the Paris potential the uncorrelated and correlated two 
pion exchange is completely fixed with no free parameters. The effective coupling 
constant of the u) to the nucleons is taken to be g^/Mr = 11.75. The details of 
these rather complicate calculations can be found in reference [7]. 

b) as mentioned above, the presently available theoretical results on the (SR) 
forces are still uncertain. On the other hand, there exists a rich body of exper¬ 
imental data. For Tlab < 350 MeV, several thousand data points have been 
accumulated [11]. For these reasons, a phenomenological viewpoint was deliber¬ 
ately taken for the description of the (SR) part (r < 0.8 fm). 

It was proposed [ 8 ] as a first step, to describe the core with a very simple 
phenomenological model : namely, the LR + MR (tt + 2tt + u) exchange po¬ 
tential is cut off rather sharply at an internucleon distance r ~ 0.8 fm and the 
SR (r <0.8 fm) is described simply by a constant soft core. This introduces a 
minimum number (five) of adjustable parameters corresponding to the five com¬ 
ponents (central, spin-spin, tensor, spin-orbit, and quadratic spin-orbit) of the 
potential for each isospin state. On the other hand, it was found that the central 
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component of the theoretical LR + MR potential has a weak but significant en¬ 
ergy dependence and this energy dependence is, in a very good approximation, 
linear. One then expects also an energy dependent core for the central potential, 
the energy dependence is taken to be again linear. This introduces one addi¬ 
tional parameter, the slope of the energy dependence. The proposed SR part is 
then determined by fitting to all the known phase shifts (J < 6 ) up to 330 MeV 
and the deuteron parameters. Although the number of free parameters is small 
(six in total for each isospin state) the quality of the fit is very good [ 8 ]. The 
% 2 /data are as good as those given by the best phenomenological potentials, 
which contain many more free parameters : 


% 2 /data 


2.5 for pp scattering 
3.7 for np scattering 


with the Paris potential 


% 2 /data = 2.4 for pp + np scattering with the Reid soft core potential [12] 

The previous model with a sharp cutoff procedure (rather than smooth form 
factors often used in other works) was purposely chosen in its simplest form 
to demonstrate that, once the (LR + MR) forces are accurately determined, 
the (SR) forces can be described by a model with few parameters that does 
not perturb the theoretical inputs of the (LR + MR) part. This procedure has 
the advantage of a clear-cut separation between the theoretical LR + MR and 
phenomenological SR parts. The latter contains all the free parameters. In a 
subsequent paper [9], an analytical expression for the complete potential was 
developed in terms of a parametrization as a discrete sum of Yukawa terms. 
This has the advantage of being simple in both configuration and momentum 
spaces. This parametrization is a purely mathematical representation and made 
convenient enough to facilitate its use in many-body calculations. The determi¬ 
nation of the core parameters is now performed by fitting not only the phase 
shifts but also the scattering data themselves. Use was made of the world set of 

data consisting of 913 data points for pp scattering (3 < Tlab < 330 MeV) and 
2239 data points for np scattering (13 < Tlab < 350 MeV). This set includes 

measurements on cross sections, polarization, Wolfenstein parameters and spin 
correlations. Examples of the fit can be found in reference [10]. The fit yields 
a total % 2 /data shown in Table 1. In this table, these values are compared, for 
reference with those of phase shift analysis [13]. The total % 2 / data for the same 
set of data was also calculated in reference [10] for the Reid soft core potential 
[12]. The values are also shown in Table 1. 

It is worth noticing that the % 2 / data for the Reid soft core potential ob¬ 
tained previously in fitting the phase shifts, has deteriorated quite significantly. 


Table 1. 


X 2 /data for pp scattering 

X 2 /data for np scattering 

Paris 

1.99 

2.17 

P.S.A. [13] 

1.33 

1.80 

R.S.C. 

4.76 

9.99 
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This is an illustration of a situation where a potential can fit very well the phase 
shifts without being in agreement with data. A phase shift representation is use¬ 
ful and gives a good idea of the overall properties of the NN interaction but for 
an accurate quantitative test of theoretical models, it is more decisive to com¬ 
pare theoretical predictions and experimental data directly rather than through 
phase shifts. The deuteron parameters are also predicted in nice agreement with 
experiment. 

2.4 Recent tests of IVIV potential models 

During the last two years, several very high precision experiments have been 
completed. They consist of new measurements of the analyzing power for np 
scattering at very low energies (10-25 MeV) [14]-[15], measurements of cross 
sections and polarization for np scattering at higher energies and various spin 
observables for pp scattering [16]-[18]. 

The np data at low energies are very important because of their high degree 
of accuracy (10 -3 ) and also because for such low energies (10-20 MeV) the S 
waves are accurately known from the effective range formula, and the P and 
higher waves are only sensitive to the (LR + MR) forces. Thus, these low en¬ 
ergy analyzing power data provide severe tests on the (LR + MR) part of the 
NN interaction, that part which is supposed to possess the soundest theoretical 
grounds in the potential models. 

The data for the analyzing power A y (0) at 10.03 MeV, 16.9 MeV and 25 
MeV are displayed in figures 8-10. Predictions from the Bonn, Nijmegen and 
Paris potentials are also shown for comparison. 



Fig. 8. Analyzing power A y in np scattering at 10.03 MeV [14]. The solid, dotted, 
and dot-dashed curves are results using the Paris, Nijmegen, and Bonn potentials, 
respectively. 



10 


R. Vinh Mau 



0 30 60 90 120 150 160 


0 c . m .( d eg) 

Fig. 9. A y (9) in np scattering at 16.9 MeV [15].The curves are predictions calculated 
from the Paris potential (solid curve), Bonn potential (dashed curve), and from Arndt’s 
recent 0-1.3 GeV NN phase shift analysis (dashed-dotted curve). 
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Fig. 10. A y (0) in np scattering at 25 MeV [14]. The solid and dashed curves are results 
using the Paris and the Bonn potentials, respectively. 

It is concluded in reference [14] that "fair agreement is obtained with the Paris 
and Nijmegen potentials but clear disagreement with the new Bonn potential”, 
and in reference [15] that "the experimental data in this energy range are better 
described by the Paris potential than by the new Bonn potential”. It is also 
stated in reference [14] that "increasing the u) meson exchange contribution in the 
Bonn potential improves the agreement with the present results while retaining 
the overall description of the NN observables”. This statement seems rather 
odd, given the very large coupling of the u) already needed in that potential. 

Examples of very recent pp spin observables and np cross sections and po¬ 
larization at higher energies are shown in figures 11-14 and compared with the 
Paris potential predictions (not a new fit). 
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Fig. 11. Polarization in pp scattering at 200 MeV. The data are from references [16]. 



Fig. 12. Spin correlation parameter A yy {$) in pp scattering at 20 MeV. The data are 
from the same references as in Fig. 11. 
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Fig. 14. Polarization in np scattering at 68 M 
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To conclude this Section, one can say that NN potentials based on hadronic 
degrees of freedom, when they are properly constructed, continue to pass with 
success the different new and more severe experimental tests . This is remarkable 
as some of the models, like the Paris potential, are more than 20 years old, and 
have never been altered since. So far there is no need for it. Yet the predictions 
are still in good agreement with the more and more accurate experimental data. 
The present % 2 /data is 1.83 for the world set of 1832 pp data points and 3.39 
for 3577 np data points. 

3 Quark degrees of freedom 

As was mentioned before, nuclear physics or more generally low energy hadron 
physics corresponds to the non perturbative phase of QCD. Therefore, a descrip¬ 
tion of low energy hadron processes in terms of quark degrees of freedom must 
take into account in one way or another these non perturbative effects. Models 
for these are represented by bag models, string models or nonrelativistic quark 
models with confining potentials. Single hadron spectroscopy, meson and baryon 
mass spectra, as well as static properties of baryon have been analyzed in the 
framework of these models with somewhat equal success. However, at present, 
easily tractable methods for the quantitative calculation of the two baryon in¬ 
teraction do not exist for the bag or the string models. For the potential models, 
the non relativistic calculations for a single hadron have been extended to the 
system of two baryons by using methods that are well known is nuclear physics 
like those of the cluster model [19]-[22]. 


3.1 The quark cluster model (QCM) and the NN interaction 

The Hamiltonian considered for the quark system is 

H = T,^~ K{CM)+ ^ Vij (1) 

* % * > * 

% %<3 


K(CM) is the kinetic energy for the total c.m. motion. The two body interaction 

Vij consists of the confinement term V^ on ^ which is supposed to account for the 
non perturbative effects of QCD and VT es ‘ the residual interaction. 


conf. 


Vh = V J * + V r 

v V 13 ' iJ 


res. 


( 2 ) 


Usually the confinement potential is taken to be linear or quadratic 
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and the residual interaction to be given by the one gluon exchange potential 
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with the neglect of the tensor and spin orbit components. are the color ma¬ 
trices. 

In the quark cluster model, the wave function for a 6-quark system is assumed 
to be of the form 

1,2,3,... 6) = A[{0 a (123)0 b (456)}fl X /3(^a - Rb] (5) 


where 

(f>a,b : wave function of nucleon a or b (cluster of 3 quarks) 

X /3 * relative wave function 

R a — Rb = R^ : relative coordinate between the 2 clusters 
A : antisymmetrization operator with respect to the quarks 
ft : coupling of a and b into a well defined flavor and spin state ft 


When the internal wavefunctions of the two clusters </> a and </>£> are known, the 
Schrodinger equation gives 



where the internal coordinates of the clusters a and b are now introduced explic¬ 
itly : 


£a 


(£1,62) 


with £ 
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£3 


ri 

r 4 


^ 2 , 
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(£3, £4) 

r 1 +r 2 

ir B 


r 4 


r 3 

re 


4 ' O) S4 — 2 D 

and R a = |(r x +r 2 + r 3 ), R b = |(r 4 + r 5 + r 6 ) 


(7) 


Straightforward manipulations in this equation lead to the coupled channel equa¬ 
tion, the Resonating Group Method (RGM) equation : 



where 

H(R,R') = f <j>t«ia)X(Zb)S(R- R ab )H( 1-A)0 o (£ o )4(£ b )x 

X S(R' — Ra^dfcadfcbdRab (9) 

= H d (R')8(R' — R) — H ex (R, R') 

N(R, R') = f0+(t a )X(tbWR~Rab)( 1-A)0 o (£ o )4(£ b )x 

x S(R' — R a b)d£ a d£bdR a b (10) 

= N d (R')8(R' — R) — N ex (R, R') 

A = l-^P ij = l- A ' (11) 

i =1 i=4 

Introducing the following renormalized wave function 

Xfi{R) = J Nl /2 (R, R')x 0 (R')dR' 


(12) 
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and the corresponding renormalized hamiltonian kernel 

H a0 (R,R') = J N~ x ^ 2 (R, R!')H a {R!', R''')N^ 2 (R''', R')dR''dR'” (13) 

one obtains an ordinary Schrodinger type equation. 

Once this latter equation is solved, one can also define an equivalent local 
potential (ELP) in terms of x(i£) through the equation 

- |jx(«) + V(R)x(R) = E x <IR) (14) 

The low partial wave phase shifts and 3 Si) were calculated [19],[20] from the 

RGM equation and the results shown in Fig. 15. The phase shifts have negative 
values indicating the repulsive character of the forces. 



Fig. 15. The results correspond to the set of parameters : m q =313 MeV, b = 0.6 fm, 
a 2 = 62.5 MeV/fm 2 , a s = 1.517. 

An equivalent local potential (ELP) was also derived [19], showing the fol¬ 
lowing properties. 

i) the central potential E c + is repulsive for all distances confirming the results 
obtained with the phase shifts. The lack of attraction in the medium range 
suggests that these calculations should be taken seriously only for short 
distances. 

ii) a linear energy dependence for the 1 Sq and 3 Si potentials very much like 
the one existing in the Paris potential for short ranges. 

So far, the nucleon is considered as a 3 valence quark system interacting 
weakly via the residual interaction given by the OGE potential. Configurations 
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with the excitation of quark-antiquark pairs for baryons, as shown in Fig. 16 are 
considered in reference [23]. 



Fig. 16. The excitation of a ( qq ) pair in the 3 valence quark configuration of baryons. 


The baryon wave function is now given by 

<t> = 0o(3<?) + ^2 C aim) (qq)} ( 15 ) 

a 

The additional components are given in terms of two cluster wave functions 

<t>a[m)(qq)} o: A{4> ai (2,q)4> a2 (qq)}}aXa (16) 

where the notations are similar to eq. (5) and self explanatory. 

Some attraction to the NN potential was found through these qq excitations. 
However, the effects due to the excitation of one qq pair are small. Larger effects 
can be obtained if one introduces the excitation of two qq pairs i.e. additionnal 
components </>^[(3 q)(qq) 2 ] 1 but, the model becomes then quite involved. On the 
other hand, while it is reasonable to assume that the SR forces can be described 
in terms of the quark degrees of freedom, it is uneconomical to extend such a 
description to all distances since, as shown before, the meson exchanges and 
isobar excitations provide an accurate account of the ( LR + MR) forces. 

A more realistic approach seems to be a hybrid one where the SR forces 
derived from quark degrees of freedom are combined with the (LR-\- MR) forces 
derived from hadronic degrees of freedom. 

3.2 The hybrid (quark + meson exchanges) model 

This kind of models were considered first in references [19], [21] in order to amend 
the results given by the quark cluster models. In reference [19], a phenomenolog¬ 
ical potential with intermediate range attractive forces is added in the equations 
of the quark cluster model whereas in reference [21] the additionnal potential is 
given by coupling the quarks to the pion and a <r-meson. 



The theory of the nucleon-nucleon interaction 


17 


In the following, the more complete works of references [24], [25] will be 
described. In these works, it is assumed that the quark and gluon exchange 
interaction is dominant only in the region where the two clusters overlap while 
the hadronic degrees of freedom are effective at long and intermediate distances. 
This approximation has the good feature that it does not need any ambiguous 
coupling of quarks to mesons. Thus, the ELP of reference [19] is cut off sharply at 
a distance R c and replaced, outside R C1 by the (7T + 2i t + cj) exchange potential. 
The TPEP is given by the Paris potential. The model is materialized by the 
following potential. 

V(r) = V quark (r) f (r) + 

bmeson (0[i-/(r)] 

where V quar k = ELP of reference [19] 

Vmeson = (tt + 27T + uS) exchange potential 

The cut off function is chosen of the form f(r) = 1+ ( r /^ , the same as that 

used in reference [8]. The sharpness of /(r) is realized by choosing a = 10. R c 
is the only free parameter, and in reference [24] adjusted to fit the deuteron 
binding energy which yields R c = 0.626 fm. Different phase shifts are then cal¬ 
culated. The agreement with experimental data and the predictions of the Paris 
potential is very good except for the 1 £> 2 , 3 Pi and 3 P 2 phase shifts. However, 
as seen before, a fit to the phase shifts is not a good enough test of the model. 
One should make a direct comparison of the predictions with the data of ob¬ 
servables. This was done in reference [25]. There the parameter R c is adjusted 
to reproduce the 1 S$ phase shift at low energy. This yields R c = 0.83 fm. In¬ 
terestingly enough, this value is very close to that used in the Paris potential 
to delimit the phenomenological and theoretical parts. The predictions of the 
model are then compared with the existing world data set for pp scattering. The 
agreement with experiment is not good, leading to a total % 2 divided by the 
number of data points, % 2 / data=140, for the 1553 pp data points in the range 
25 < Tl < 333 MeV, and % 2 / data=20, for 2268 np data points in the range 
25 < Tl < 325 MeV. For comparison let us recall that the Paris potential gives 
% 2 / data=1.99 and 2.17, respectively, for the same set of data. Some typical ex¬ 
amples of the results are displayed in figures 17-20. In these figures are also shown 
the results obtained with the model of reference [26]. The results of reference [25] 
could seem surprising in view of conclusions which can be found in the literature. 
However, most of the calculations on which these conclusions are based concern 
only the NN S- wave phase shifts, apart form the works of reference [24] and 
[26] where other higher partial waves are also computed. Furthermore, in these 
calculations, phenomenological LR+MR forces, often unrealistic, are added to 
the QCM contribution and adjusted to get a good fit to the phase shifts. For 
example, in reference [26] the good fit to the phase shifts, in particular for the 
3 P 2 state, is obtained at the expense of introducing a phenomenological poten¬ 
tial with a strong attraction (which amounts to as much as 150-190 MeV at 1 
fm). This work of reference [25] shows, to say the least, that conclusions on the 
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ability of the QCM to describe the SR nucleon-nucleon forces clearly differ, de¬ 
pending on whether one adopts the viewpoint of supplementing the QCM with 
adjustable LR+MR forces or one chooses to associate the QCM with realistic 
and well founded LR+MR forces. 



0 (deg) 

cjnc to/ 


Fig. 17. Differential cross set ion for pp scattering at 68 MeV. The data are from 
reference [27]. The curves are predictions of reference [25] (dotted and dash-dotted), 
reference [26] (dashed) and the Paris potential (solid). 


4 Topological solitons and effective lagrangians 

for non perturbative QCD and the NN forces 

In the quark cluster model presented above, non perturbative effects of QCD 
are simulated by the confining potentials and quark degrees of freedom are con¬ 
sidered explicitly. As mentioned above it might be more appropriate since the 
fundamental constituents in QCD are confined, to eliminate their degrees of free¬ 
dom not directly observable and incorporate their effects into an effective theory 
framed in terms of observable hadronic degrees of freedom but including as many 
relevant properties of QCD as possible. This alternative is given support by the 
important result of Witten [l]that, in the large N c limit, N c being the number 
of colors, QCD is equivalent to a theory of weakly coupled MESONS (and glue- 
balls). BARYONS emerge in the theory as SOLITONS. The Skyrme model [2] 
proposed almost thirty years ago, falls precisely in this class of effective theories. 
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Fig. 20. Polarization for np scattering at 67.5 MeV. The data are from reference [29]. 
The curves are the same as in fig. 17. 


4.1 The physics of Skyrme solitons 

An important property of QCD is its chiral symmetry, and this invariance must 
be preserved in the corresponding effective field theories. 


The cr model 

The simplest chirally invariant effective field theory is the a model [30]. Its ver¬ 
sion without fermions belongs to the class of effective field theories contemplated 
above. This version of the a model can be formulated in the following way. Con¬ 
sider a 2 x 2 matrix field : 


U(x ) 


1 


<7 + ilTs ITT i + 7T2 


1 


U 


27Ti 


7T2 <7 


27T 3 


h 


[cr(a?) + ir * 7r(x)] 


where a is a scalar and isoscalar field and 7 T is the pion field. The Lagrangian 
density can then be written as 




f 2 

J -^Tr[d„U{x)d^U + {x)} 


(17) 


In the non-linear realization of the a model, the a field is eliminated from the 
model via the chirally invariant constraint, 


_L —2 

<7 + 7T 


f 2 

J 7T> 


(18) 
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implying that U is unitary. Defining 

<7 = cos Q(r) and 7T = sin Q(r), 



we can write 



e 


ST'TT 


0(r) 



In eqs. 17-19, is the pion decay constant. The trouble with the non-linear 
<j model is that it leads to energetically unstable solutions. By dimensional ar¬ 
guments, one can see that the energy scales like i?, where R is the size of the 
system, and it vanishes when the system shrinks to zero size. 


The Skyrme Model 

To remedy this shortcoming, Skyrme [2] proposed the addition of higher-order 
terms in the derivative d^U to the Lagrangian density C<}{x). He chose to add 
to Czix) a term of the form 

u{x) = ?h Tr[{d » u)u+ ’ ^ u ) u+ ^ ( 21 ) 

The resulting Lagrangian density 

C{x) = C 2 {x) + £ 4 (a) (22) 


yields a complicate non-linear Euler-Lagrange equation which is difficult to solve. 
However, if one makes the ansatz that the pion field is directed radially in con¬ 
figuration space, i.e. 7 T = r, r being a unit vector in coordinate space, the U field 
is of the "hedgehog” form 


If — gir-r 0(H) 



In this case, the Lagrangian is 



2 sin 2 0 \ 

7^2 / 





with the choice of length scale r = ei^r, 6 = d0/dr and F— 2 f n . Minimizing 
L with respect 0, one gets the following Euler-Lagrange equation 


e 







Soliton solutions can be found [2] with the boundary conditions 

0(oo) = 0 and 0 ( 0 ) = n 7 r, n = integer (26) 

This solution is now energetically stable since the contribution of the term £ 4 ( 2 :) 
of eq. ( 22 ) to the energy is proportional to 1 /R so that the total energy can be 
minimized with respect to R to give a finite value. It can also be shown [2] that 
the solutions characterized by these boundary conditions are topological solitons 
whose winding number is n. 
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The Baryonic Current 

Besides the usual Noether currents, such as and A M , associated with vari¬ 
ous symmetries fullfilled by the Lagrangian C(x), Skyrme showed that one can 
construct an "anomalous” current 

B » = ^e^TrKU+dvUXU+dpUXU+d^U) (27) 

which is automatically conserved. A new quantum number can be therefore 
associated to B M since this current does not correspond to any initial symmetry 
of the Lagrangian. With the hedgehog solution, the time component of B M is 

1 df) 

So = ^(cos2*-l)- (28) 

Integrating this density over all space and taking into account the boundary 
conditions (26) one gets 

B = / d s xBo(r) = n 

where n is the winding number characterizing the soliton solution U. At this 
point Skyrme identified n with the baryon number, or equivalently B M with the 
baryonic current. BARYONS therefore emerge from the model as TOPOLOGI¬ 
CAL SOLITONS. 


Q u antization 

So far, the Lagrangian as well as the Euler-Lagrange equation are classical. U 
is a classical field and therefore carries no definite spin and isospin values. A 
simple quantization method starting from the classical solution Uq = e %T ' r ^ was 
proposed by Adkins, Nappi and Witten [31]. These authors introduce collective 
coordinate through the unitary transformation 

A = U 4 T T * Cl (29) 

where the a^ s are independent of r but can depend on time t. The also 
satisfy the constraint 

E a l = 1 ( 3 °) 

since A is unitary. Under this transformation, Uq becomes U = A(t)UoA+(t). 
Substituting U into the Lagrangian yields 



d z (x)C(U = A+U 0 A) 


M + XTr 


dA dA+\ 


dt 


dt 



4 


M + 2AE(<4) 2 > 

m —1 


da 


a 






dt 


(31) 

(32) 

(33) 
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where M is given by eq. (24) and 




From the Lagrangian one gets the Hamiltonian 


h = n^ - l, 

where the s are the conjugate momenta 






With the usual canonical quantization procedure 



the Hamiltonian takes the form 





2 


with the constraint W a,, 

' \X h l 


1 . 


Because of this constraint the term ^ is to be interpreted as the Lapla- 

_ M 

cian on a 3-dimensional sphere. The eigenfunctions of H are polynomials in a M . 
Under a rotation about the z-axis in configuration space by a small angle <5, 


it is easy to show that 


e 


%V 




(40) 


transforms 


a new one with 


4 



Ae % * 




(41) 



(a 4 + ir * a) 


This gives after some algebra 


y {cl 4 . + %T * Cl) (1 H - % 






(43) 
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Identifying this transformation with the initial rotation written in terms of the 


spin operators, i.e. a 




» (1 + iSJ z )a M one finds 


J 


% 

2 


d 


a 4 


da 


-b a 


d 


d 


da 4 


a 


X 


da y 


-b a 


d 


y 


da x 


(44) 


Under a rotation about the z-axis of isospin space by a small angle S 


A 



e 


*2 r *A 


(45) 


and the same calculation as before leads to 



It is now easy to verify that the spin-isospin wave functions for various baryons 
are : 


\p t) — ~( a x + idy) |P I) — + ia z ) 

\n t) = ^( a 4 + ia z ) |n = ~^{a x + ia y ) 
\A+;S Z = \) = ~^(a x - ia y )[l - 3 {a\ + a 2 z )\ 

l^ ++ 5 S z = |) = ^{a x -ia v f 




The calculation of observables is then reduced to the evaluation of appropri¬ 
ate matrix elements of operators (constructed from the field configuration) with 
these spin-isospin wave functions. 

For example, the proton mass is 


(pt\H\pt) 




the delta mass is 



where the expression (39) for H{U 



(48) 

(49) 



Results for the Static Properties of Baryons 

The previous procedure has been applied in reference [31] to the calculation of 
baryon masses (nucleon and delta resonance), charge radii, magnetic moments 
and coupling constants. These authors adjust ify and e to fit the nucleon and 
A masses. This gives ify = 129 MeV and e = 5.45. The other quantities are 
predicted. They are, except for axial vector coupling constant qa, in qualitative 
agreement with experiment (within 30%)). 
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The Baryon-Baryon Interaction 

Another field of application where the model can be confronted by experiment 
is the baryon-baryon interaction and especially the low energy nucleon-nucleon 
interaction. 

With the hedgehog form (23) and the Lagrangian density (22) it is not dif¬ 
ficult to derive the static interaction between two solitons, if one makes the 
approximation that the field configuration, when the solitons are at a distance 
R apart, is a simple product of the form 



where Uq(t) = e %T r is the classical solution. However, this field configura¬ 
tion is again spin and isospin degenerate. One has to map out the spin and isospin 
content of the two-soliton interaction, if one wants to identify the baryon-baryon 
interaction of interest. The projection of the soliton-soliton interaction into dif¬ 
ferent baryon-baryon channels can be achieved by rotating the soliton through 
collective coordinates. Because of the symmetry between space and isospin in the 
hedgehog solutions, the rotation can be performed either in configuration space 
[32] or in isospin space [33]-[34]. In the following, I shall describe the methods 
using isospin rotations. The two solitons are rotated independently in SU(2) 
space 

U 0 (r + f)^AU 0 (r + f)A + 

U 0 (r - f) -> BU 0 (r - f)B+ 

where A and B are unitary matrices 

A = a 4 + i r * a B = b^ + i r * b 


(52) 

(53) 


the components and b M lie on the surfaces of four-spheres, 

x>s=x>s =i ( 54 ) 

f-l—l iX—l 


The Soliton-Soliton Interaction . Under the rotation (52) the field configuration 
(51) for the two solitons becomes 


U(r) = AU 0 (r + j)A+BU 0 (r - |)B+ 


(55) 


It is clear that only the relative rotation of the two solitons is relevant and the 
energy in the field of eq. (55) is the same as in 


U(r) = U 0 (r + ^)CU 0 (r 


R 

2 


)C + 


(56) 


where C 


A+B 


C 4 A ire and 


C4 — U4&4 -|- ci * b, 


c = a^b — b^a + a A b 


(57) 
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When eq. (56) for U is substituted into the energy density and when this 
density is integrated over all space r, the total energy can be expressed as the 
sum of two parts. The first comes from terms in which the derivatives all act 
upon the same soliton Uo(r R/2) or Uq(v — R/2). This term is independent of 
C and of R and is simply twice the static baryon mass. The second part, which 
will be denoted by v(R,C) involves only mixed derivatives. It is a function of 
both R and the variables and is identified as the baryon-baryon potential. 

By a choice of length scale r = eF^r, R = eF^R the two parameters in the 
theory are made into simple scales of length and of energy and one finds that 


where 


v{R 1 C)=v 2 {R,C)+v 4 {R 1 C) 




(59) 

(60) 


and 

p 2 = Tr[-X i CY i C+ + C+XiCiY^Yi + Y^-Yj - 2Y j Y i Y j ) 

■ (Y,C- (XjXjX, + XiXjXj - 2X j X i X j ) 

YCYiYiC+XjXj + CYiYjC+XjXi 

-2 CYiYjC+XiXj] 

p 4 = \Tr[X i CY j C+{X j CY i C+ - X i CY j C + ) 

+CY i C + X j {CY j C + X i - CYiC+Xj )] 

with 

Xi = U+(r + R/2)diU+(r + R/2 ) 

Yi = diU 0 {r - R/2)U+{r - R/2) 



(62) 

(63) 


di is the partial derivative with respect to r. 

For calculational purpose it is convenient not to immediately impose the 
constraint W (? = 1. Before this constraint is imposed V 2 and p 2 are quadratic 
forms and v 4 and p 4 quartic forms in the variables c M . 

The first term of eq. (61) which is quadratic in Xi and Yj is the contribution 
of the quadratic term C 2 (x) in the Lagrangian (22); all the remaining terms in 
eqs. (61) and (62), which are quartic in Xi and Yj, are from the quartic piece 
£4 of the Lagrangian. 


{v(R,C)) = J J dadb 4>*(a,b)v(R,C)4>(a,b) (64) 

where the integrals are over the surface of the unit four-sphere. The are related 

to and b M by eq. (57) and act upon the soliton centered at r = R/2. These 
functions of and b M act like spin and isospin operators, but can also transform 
one baryon state into another and in particular they mix the nucleon and the 
delta states. The baryon number B = 2 wave functions </>(a, b) are constructed 
from single nucleon and delta states and these are given in eqs. (47). 
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For example 


(ptpt\V\ptpt) 


d 4z aS(y^ j 


a 


2 


1 )d 4z bS{^^ b^ — l)(ax+a,y)(bx + by)v(R, C ) 


It can be shown from eqs. (59)-(60) that the general form of v(R,C) is 


V2{R, O') — 0:1(04 + c*) + O2C4 + 03 


2 


2 




2 


R 2 


(65) 


and 


v 4 (i*, CO 



2 


+ C4) (/?l (c^ + C4) + /?204 + /?3 


2 


2 


2 


(ci?) 




i? 2 


+ /S 4 C 4 + /?5 C 4 + /?6 


( 66 ) 


where the a’s and /Ts are functions of i? only. They can be calculated by letting 


the vector R lie in the z-direction; then for example Gq(|i?|) is the right-hand 
side of eqs. (59), (61) with C = irx^ /?i + /?2 + /?4 is the right-hand side of eqs. 
(60), (62) with (7=1. Six choices of the matrix C can yield enough independent 
linear equations to determine the cds and /Ts. 


Imposing the constraint c| + & — 1 yields 


2 


v(R,C) 


+ 


(Ol + /?i) + (o 2 + 02) C 

04,C% + /?5C4“Jr-1" /^6 


+ /%) 


(ci?) 


i? 2 


(67) 


i? 4 


The Static Nucleon-Nucleon Potential . Let us now consider the contribution 


of u(i?, C ) to the static nucleon-nucleon potential. This potential, in both isospin 
states, is the sum of central, spin-spin and tensor parts, and can be written as 


V(R) 


Vc (1^1) + T 1 • T 2 V C (1^1) + + n • T 2 V4c(|i2|)] 


+ 


3<t 1 R(t 2 R 


<T 1 • <r 2 ) [vy (|i?|) + T 1 • r 2 C T (|i?|)] 


R2 


( 68 ) 


These conventional potentials can be related to the functions cti(R) and 0%{R) 


by taking six matrix elements of V(R,C). Eq. (64) is used for calculating the 
latter with the wave functions of eq. (47) in for the first soliton and in b M for 
the second. For example, 


(ptPt Vbtpt) = f d i aS(Y J a 2 - 1 )d i b5(Y J b 


2 


4 


2 



( a x + a y)(bx + by)v(R, C) 


X 

5 


+ 


(oq + 0i) + To {Oi2 ~\~ 02 ~\~ ~\~ 0z)~\~ 


(69) 


_7_ 

48 


1 1 h'i-) 1 18 

(Pa + + Pa) 


where | P t P t) is the state of two protons both with spin oriented along the 


z-axis (the direction of R). This matrix element can be equated to 


v£ + v, 


c + V£s + Vss + 2(^ + 


T +V?) 


(70) 


By solving six such algebraic equations one finds that, independent of the func¬ 
tional forms of the a’s and /Ts 


C 


c 


Vta + V+ 


55 


T 


0 
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and 




V 


ss 


Vr 


T 


1 1 

&l + Al + — (o: 2 + /?2 + <^3 + Ps) + “(<^4 + fte) 

1 4 1 o 

(^2 + A 2 ) — T7^( a 3 + /%) + —^4 + 7X7/?5 


+ 


1 


24 


As 


T 

54 


(a 3 +As) + 


l(j!8 

432 


/?5 + 


1 


48 


432 


144 


Ae 


72 


Ae 


One also finds the following identities in the functions a’s and /?’s 


S/?3 + /?5 + 6/3(3 — 0 
8/?2 + /?5 ~I - 6/^4 = 0 




These are in fact the combinations which occur in V ss and V T so that the 

~ _L 

quartic terms in C in v(R 1 C ) contribute only to the central potential Vq . The 
quadratic term in the Lagrangian (22) contributes only to Vg S and Vf. 

The previous method can be applied to the calculation of the nucleon-delta 
potential as well as the transition potential [33]. 

Numerical Results . At large R the nucleon-nucleon potential is known to be 
dominated by the one pion-exchange tensor potential which, for massless pions, 
is 

Vf = (4 m 2 )- 1 (g 2 /ATv)R- 3 (73) 

where g is the conventional pion-nucleon coupling constant and ra is the nucleon 
mass. It is found that at large R the tensor potential calculated here does indeed 
dominate and is of the form 

Vf = (F v / e) 25.6 / R 3 = (i^ e 4 )- 1 25.6/i? 3 (74) 

Identifying the long-range Skyrme-model potential with the conventional one 
pion-exchange yield the result 


g/2m = 18 /F v e 2 , (75) 

which is the same as that of reference [31] but by a very different method. The 
numerical results are shown in Fig. 21. 

It can be seen that at intermediate range, i.e. for lfm < R < 2 fm the cal¬ 
culated and Vg S deviate from the one-pion-exchange contribution by about 
the same amount as that due to the p meson exchange. These components of the 
potential are therefore in agreement with the NN phenomenology. As for the Vfy 
component, there is no attraction in the intermediate range. This deficiency is 
the same as that encountered above in the OBE models without the ”<r” meson 
and in the quark cluster model. 


4.2 Beyond the Skyrme model 

The Skyrme model is a prototype of effective meson theories in which baryons 
emerge as topological solitons. Considering the results discussed in the previous 
sections, the question arises whether baryon physics can be deduced from meson 
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physics via solitons [35]. For such a program, a fundamental dynamical theory 
for meson physics is, however, still missing. On the other hand, the Skyrme 
model which can be considered as the first two terms of an expansion of a chiral 
effective Lagrangian in powers of the derivatives of the pion field, is probably 
too crude. The next improvement one can think of, is to include higher order 
terms in the derivative expansion. Attempts in this direction have been made in 
references [36]-[38]. 

A more realistic improvement consists of constructing an effective Lagrangian 
implementing the known phenomenological features of meson physics at energies 
below about 1 GeV. In particular, one must incorporate the observed low mass 
mesons which, on the other hand, are known to couple into baryons. References 
[39] follow this viewpoint and an effective Lagrangian is constructed from the 
non linear a model along with the low lying mesons, namely, isovector mesons 
(the p and its chiral partner Ai), a chiral singlet vector meson (the u>), and a 
chiral singlet scalar meson (the e, which is responsible for the enhancement at 
around 1 GeV of the 7r7r S wave). 

The effective Lagrangian density considered is of the form 

C(x) = C vpAl ( x ) +£wO) + £eO) (76) 


where 




U — gHT-Q/Fn 



247T 2 


Tr [( U + d v U) ( U + d a U) ( U + d? U) \ 


d^U + ig(X p U - UY tu ) 
d p X v -d v X p Yig[X^X v \ 
d p Y v - d v Y p + ig[Y p ,Y u ] 

d a uu+ R a = d a u+u 



4>(x) and u>jj.(x) are the pion and omega meson fields, X p = X^t, Y» = Y^t, 
and X^{x), V M (x), are the left handed and right handed isovector fields. These 
left and right handed fields are more convenient to handle in chiral invariant 
theories than the vector and axial vector fields. 

This Lagrangian takes full account of the Wess-Zumino anomalies. It is worth¬ 
noting that in the approximation where the "kinetic” terms of the e, Y^ 

and U0fx fields are neglected in comparison with their masses, these fields can be 
eliminated from the Lagrangian through the field equations. In this case 
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yields the Skyrme model with the parameter e 2 = 2$ 2 [1 — ((m 2 + Am 2 )/m\) 2 ] 2 ^ 
C e the symmetric quartic term in d p U and a sixth order term. The fact that, 
in this low energy approximation, the first terms in the derivative expansion 
are recovered, gives confidence in the model. The parameters of the model are 
determined from meson physics as shown below. 


The Meson Sector 

The different meson observables are obtained by expanding the U field into pow¬ 
ers of the pion field </>. 

By considering the quadratic contributions to C of the meson fields and express¬ 
ing the physical p and A\ meson fields in terms of X pi and normalizing the 
pion field as usual, one deduces the relations 

m\ = m 2 + Am 2 + 8 g 2 f 

= Flm\ (81) 

16(m 2 + Am 2 ) 

The A\ mass is then given by 

mi = (nip + Am 2 )/[m 2 p + Am 2 - ^g 2 F 2 ^-! 2 (82) 

The p and A\ fields are the combinations 

Pm = + ^m) (83) 

1 aF 

A „ = T2 (X f + Y f ) + <P ( 84 ) 

The cubic terms in the fields give the pinr and Aipir couplings 





i y pit 




from which the widths and 7^-^ can be easily obtained [39]. The cubic 

terms also give the topn coupling 







which contributes virtually to the width. 

The quartic terms give rise to the direct three body decays u) 
For example 




3tt 2 F3 


e^ va ^u!p(d v <f> x d Q ,4>)dp4> 


y 37t and A\ 
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The quartic terms also contribute to 7T7T scattering. 

Electromagnetic and axial vector currents can be constructed from the La- 
grangian (76). They are 

Jf t =iTr{T S [f(D^UU++D^U+U) + h[X\X^} + [Y\Y^})+ 

3 ( 89 ) 

+ -^e^ a0 d v to a {L0 -R.P+ ig(U + X f3 U - UY?U+ +Y? - X^ 3 )]} 

for the isovector part. 

J>° = - r ^ i e^ afi Tr{&'[X a lfi + Y a R 3 + ig(UY a U + X* - Y a X *)]} 

(90) 

for the isoscalar part, and 

Jfi =iTr{r[f{D,UU+ -D,U+U) + -{[X\X, V } + [Y^Y, V )) 

8 ( 91 ) 

+ Y^s^ a gd v ui a (L? + RP- ig(U+XPU + UY^U+ + Y? + X?)]} 

for the axial current. 

From these currents, the electromagnetic decays of various mesons can be 
easily calculated [39]. Except for tttt scattering, the e meson term C £ of eq.(76) 
has no effects on the previous meson observables. Among the parameters involved 
in those processes, the pion decay constant the p and u) masses are well 

known, = 186 MeV, m p = 769 MeV and = 782.6 MeV. The parameter 
/ is given by eq. (81). The others i.e. f} w and Am 2 are obtained by fitting to 
the p —> 7T7, u) 7TJ and p tttt widths. By using these values all the other 
meson observables can be predicted and listed in Table 2. 

As can be seen, the predictions are in good agreement with experiment. The 
Ai meson mass is one of these predictions and is found to be very sensitive to 
the values of the parameters g and Am 2 . Within the uncertainties for g and 
Am 2 , eq. (82) yields a rather weak relation > 976 MeV while the mean 
values of Am 2 and g make the A\ meson mass almost infinite. It is shown in 
reference [39] that making the A\ meson mass infinite is equivalent to impose a 
chiral covariant relationship between the left and right handed fields X p and Y p . 
This relation can be used to eliminate the A\ field. It is also shown that under 
this constraint, the part of the Lagrangian given by eq. (61) is identical 

with that obtained in the so called hidden local symmetry approach of reference 
[40] if one takes g 2 = m 2 /E 2 , which is the KSFR relation, and Am 2 = —m 2 /2. 
Precisely these relations are well satisfied by the values of g and Am 2 given in 
Table 2. It is also worthnoticing that if Am 2 = 0, it would not be possible to 
get the width with the values of g given by the electromagnetic decays 

r 

A io — yiz'y * 

The Baryon Sector 

Unlike the previous meson obsevables, the static properties of baryons get con¬ 
tributions from the e meson. 
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Table 2. Meson observables - The Ep-^, r w ^- K1 and E p _^ ^ widths were used as 
inputs to determine the parameters g, and Am 2 respectively. The other results are 

predictions. The uncertainties on the theoretical values arise from the quoted uncer¬ 
tainties g, and Am 2 . 

Observables 

Calculated 

Experiment 

Ep—^TT'y 

input —> g — 3.9 d= 0.3 

(70 ± 10) keV 

77 'y 

input —> f3 w — 9.3 d= 0.3 

(850 ± 70) keV 

Tp— y-KTV 

input -t = 0.48 ± 0.09 

XT' 

(153 ± 2 ) keV 

Ep^ e +-\- e ~ 

(5.7 ± 0.8) keV 

(6.9 ± 0.3) keV 

p 

1 w—»-e+ + e — 

(0.5 ± 0.03) keV 

(0.66 ± 0.04) keV 

Eu. )— J-37T 

(12 ± 4) MeV 

8.9 MeV 

rA ^ —y 7r p 

(150 ± 70) MeV 

r*p = (462 ± 56 ± 30) MeV 

rriA 

> 976 MeV 

(1194 ±14 ±10) MeV 

r 

T —^7T 1 / 

2.5 10 " 10 MeV 

(2.0 ± 0.2)10 -1 ° MeV 

r - 

t —yp 1 / 

(5.1 ± 1.0)10 -1 ° MeV 

(4.4 ± 0.4)10 _1 ° MeV 


As usual, the hedgehog ansatz is assumed for the static field U = e %T ' r and 
for the space components of the field X and Y 



= a(r)(nr(T xf))*i + /?(r)(r * r)(r * i) + 7(7*) (r x r) * i 
= — a(r)(rx(r x r)) * i — f3(r)(r * r)(r * i) + 7 ( 7 *)(r x r) * i 



The time components of the fields X and Y are zero in the static limit as are 
the space components of the u) field. 

The energy of the system is then 

E = 47t/ p°° drr 2 {-\{ujQ + m 2 ) + {(3^ / 2'K 2 )ujQ0 f {sin 2 #)/r 2 + 

+ + m 2 e £ 2 ) - 2 S € s[0 f2 + 2 (sin 2 #)/r 2 ]+ 

+ m 2 (2a 2 + f3 2 + 37 2 ) + 4 [ 7 /r - g(a 2 + 7 2 )] 2 + 2 ( 7 ' + 7 /r - 2 gaf3) 2 

+ 4/[(sin#)/r + 2g(acos0 — 7 sin #)] 2 

— ( f3 iO /27r 2 )guj / 0 [(j/r ) sin2# + 2 (a/r) sin 2 6 + g(a 2 — j 2 ) sin2# — 4 ^a 7 sin 2 6\ 
+ Am 2 [ 2 (acos# — 7 sin #) 2 + f3 2 ]} 

(93) 

Stationary values of E with respect to the variables #, e, co>o, cq /?, 7 give the 
classical Euler Lagrange equations for these variables. Their expression can be 
found in references [39]. 

Soliton solutions exist with the boundary conditions imposed on the chiral 
angle #(0) = 7 r and #( 00 ) = 0. The boundary condition for the other fields 
follow from the stationary action principle. The classical soliton mass M can 
be readily obtained by inserting these solutions into eq. (93). In the literature, 
most of the calculations deal only with this quantity. However, the interesting 
physical quantities which can be directly compared with experiments are rather 
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the baryon static properties such as the baryon masses, radii, magnetic moments 
etc... To calculate them we have to quantize the classical solutions. This is done 
in the same way as described previously by introducing rotational dynamics 
through a unitary transformation A(t) on the fields £/, X M and Y p . This rotation 
induces non trivial field configurations for the space components of the u) field 



coj(r) — £(r)eijeKjfe 

(94) 

and for the time components Xq, To of the gauge fields 


A + X 0 A = 

- a(r) [r x (r x r )] * k + b(r) (r * r) (r * k) + c(r) (r x r) * k 

(95) 

= 

= a(r)[r x (r x r)] • k + 6(r)(r • r)(r • k) — c(r)(r x r) ■ k 

with 

k= ( i/2)Tr[A+(dA/dt)r} 

(96) 

The effective Lagrangian is now 



L = M + ATr[(dA/dt)(dA + /dt ) ] 

(97) 




(98) 

Stationary values of L or effectively of A with respect to the variables f 7 , a, b 
and c give another set of Euler Lagrange equations the expressions of which can 
be found again in references [39]. 

The soliton moment of inertia A is obtained by inserting the solutions of 
these equations into eq. (98). The nucleon and delta masses are given in terms 
of the soliton mass M and moment of inertia by = M + 3/821 and MA = 

M + 15/8A 


The static electromagnetic properties of nucleons such as magnetic moments 
and mean square radii as well as the axial coupling constant qa are also calcu¬ 
lated [39]. 


Numerical results 

Taking strictly the values F n = 186 MeV, m p = 769 MeV, = 782.6 MeV, 
g = 3.9, f} w = 9.3, Am 2 = —0.48m p 2 as determined in the meson sector and 
omitting first the e meson, one obtains the results listed in column 1 of Table 3. 

In order to examine the effects of the uncertainties in the parameters g , f} w 
and Z\m 2 , these parameters were varied within the errors quoted in Table 2. 
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Table 3. Static properties of baryons - The different columns correspond to the differ¬ 
ent sets of the parameter values. The corresponding predictions for the A\ meson are 
also shown. 



1 

2 

3 

Exp 

Fk (MeV) 

186 

186 

186 

186 

g 

3.9 

3.78 

4.1 


ftw 

9.3 

9.3 

9.3 


Arrft jrnft 

-0.482 

-0.462 

— 


Se 

0 

0 

51 


M (MeV) 

1449 

1428 

929 


M n (MeV) 

1519 

1502 

991 

939 

(M a - M n (MeV) 

279 

295 

249 

293 

/x p (e/2Mjv) 

2.46 

2.36 

2.18 

2.79 

/x n (e/2Mjv) 

-2.03 

-1.94 

-1.59 

-1.91 

\l^p / l^n\ 

1.21 

1.22 

1.37 

1.46 

(r 2 ) 1 /^a (fm) 

0.62 

0.60 

0.66 

0.72 

(r 2 )M 2 i= o (fm) 

1.04 

1.00 

0.76 

0.81 

9A 

1.03 

0.96 

0.41 

1.23 

rriA (MeV) 

1473 

1194 

— 

1194 


The results shown in column 2 illustrate such a variation which was chosen to 
give the A\ mass the value of 1194 MeV as recently measured [41]. It can be 
seen from columns 1 and 2 that, apart form the soliton mass and to a lesser 
extent the isoscalar magnetic radius, the static baryon properties are quite well 
reproduced. The Z\-nucleon mass difference, in particular, is predicted in very 
good agreement with experiment. It was shown [37] that the inclusion of the 
e meson has the desirable feature of lowering the soliton mass. This feature is 
confirmed in a later work [42] where an improved model with the e meson but 
treated in the large mass limit of the heavy meson fields. The results are shown 
in column 3 of Table 3. The major success of this model is that it gives good 
values for the nucleon and delta masses without any modification of the values 
of F^, g and ft w as given by the meson observables. However the other static 
properties of the nucleon and especially the axial vector coupling constant qa 
are less satisfactory. In any case, comparison of the values of Table 3 with those 
of reference [31] shows a quite significant improvement over the original Skyrme 
model. 

The derivation of the NN interaction from these more realistic effective La- 
grangians was made in reference [43] where it is shown that the lack of the 
intermediate range attraction in the central potential Vft~ can be circumvented. 
From this viewpoint, the role of the e meson is very important. It has the nice 
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property of lowering the baryon masses and of providing the intermediate range 
attraction for the NN interaction. 

The effective Lagrangian given by eqs. (76)-(79) is terminated at the 
quadratic level in the derivatives of the fields. Even though it is obtained with 
very little freedom it is quite general. Particular cases of this Lagrangian can be 
found in the literature. Some works are restricted to the study of meson physics 
[44]-[48], others are more interested in properties of baryons [37], [38], [49]-[51]. 
None of these works, however, deals simultaneously with the meson and the 
baryon sectors. It is interesting to note that the model of Bando and collabora¬ 
tors [40] where the vector mesons are introduced as dynamical gauge bosons of 
hidden local symmetries is also a particular case of the Lagrangian (76) although 
the two models start from different theoretical points of view. 

5 Conclusions 

i) As time elapses, there is more and more evidence, thanks to new high preci¬ 
sion exprimental data, that the description of the long-range and medium- 
range NN interaction in terms of hadronic (nucleons, mesons, isobars) de¬ 
grees of freedom is quantitatively very successful. 

ii) From the attempts at a description in terms of quark degrees of freedom, it 
appears that the repulsion at short range seems compatible with our empir¬ 
ical knowledge. However, this description fails to produce the intermediate- 
range attraction indispensable for the binding of nucleons in nuclei. 

iii) Conceptually the hybrid models (quark exchange for short range and meson 
exchange for long and medium ranges) seem promising, as they implement 
the composite nature of the nucleon as well as the notion of quark confine¬ 
ment. It is a great pity that the predictions of these models in the framework 
of the QCM fail to agree with the NN scattering experimental data. 

iv) Like the quark model, the original Skyrme model also fails to provide a 

medium range attraction for the NN potential but extensions of the Skyrme 
model to incorporate mesons other than pions (p, £, Ai,...) can cure 

this shortcoming. 

v) The relevance of models with topological solitons is to provide satisfactory 
approximation schemes "bridging” conventionnal hadron physics and non 
perturbative QCD. 
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Abstract . The basic formalism used when investigating nuclear structure via electron 
scattering is summarized. Two of the major themes that run through contemporary 
studies are emphasized: exploration of the extended sets of response functions that 
become accessible when one or more particles are detected in coincidence with the 
scattered electron and/or when polarization degrees of freedom are active. In contrast 
to previous decades when the focus was largely restricted to studies of unpolarized 
inclusive electron scattering, these have come into the mainstream of the field since 
modern experimental facilities are now able to address both themes. 


1 Introduction 

In these lectures my goal has been to introduce some of the basic formalism re¬ 
quired in modern studies of the atomic nucleus via electron scattering — clearly 
this is a large subject and only introductory concepts could be covered in the al¬ 
lotted space. Accordingly I have made the choice of focusing on parity-conserving 
electron scattering, even though very interesting progress is being made in stud¬ 
ies of parity-viol at ion using electron scattering. And, while most of the ideas are 
applicable for low, intermediate and high energies (and consequently are relevant 
for nuclear structure studies, as well as for studies of hadronic substructure at 
high energies), I have chosen to emphasize the former in these lectures, since 
the summer school at which the lectures were given was oriented more towards 
issues of nuclear structure than to those of particle physics. 

Two aspects of electron scattering from nuclei are receiving considerable at¬ 
tention in the physics community, both from theorists and from experimentalists: 
coincidence reactions in which one or more particles are detected together with 
the scattered electron and studies in which polarization degrees of freedom are 
active. The former has provided one of the main motivations for the new gen¬ 
eration of high duty factor accelerators, while the latter has been spurred on 
by technical developments in polarized electron beams, polarized nuclear targets 
and capabilities for analyzing the polarization of particles in the final state. The 
now-being-realized feasibility of exploiting these two aspects is revolutionizing 
the field. In these lectures I have tried to provide an overview of the classes of 
electromagnetic response that become accessible when polarizations and/or co¬ 
incidence reactions can be exploited, and have highlighted a few of the new types 
of insight that may be gained with the present generation of accelerators and 
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detectors. Indeed, many new results are being reported in recent publications 
and the reader is encouraged to scan the current literature to obtain a broader 
picture of activity in the field than can be presented in the limited space available 
here. 

We begin the developments at the fundamental starting point for descriptions 
of electron scattering from nuclei [1,2] with the basic diagram required in the 
one-proton-exchange or first Born approximation , shown in Fig. 1. Here an 
electron with 4-momentum 1 K = (e,k) and spin projection A is scattered through 
an angle 6 e to 4-momentum K f = (e^k 7 ). The virtual photon exchanged in 
the process carries 4-momentum transfer Q = (tu,q) and, in interacting with 
the nucleus, causes it to proceed from state |i) with total 4-momentum Pi to 
state |/) with total 4-momentum Pf. Conservation of 4-momentum tells us that 
Q — K — K f — Pf — Pi, Furthermore, we have Q 2 = to 2 — q 2 < 0 for electron 
scattering, corresponding to the exchange of spacelike virtual photons. The real- 
photon point involved in photoexcitation or gamma-decay corresponds to the 

limit Q 2 —> 0. 



Fig. 1. Electron scattering in the one-phot on-exchange approximation. 


The cross section for the process shown in Fig. 1 follows by applying the 
Feynman rules [3] and involves the square of the absolute value of the invariant 


matrix element, A4/^, which is in turn made up as a product of three factors — 
the electron current the photon propagator g^t/Q 2 and the nuclear current 


matrix element, 




1 Four-vectors are generally indicated with capital letters, K; 3-vectors are generally 
indicated with boldface lower-case letters, k, and their magnitudes with non-boldface 
lower-case letters, k — |k|. The conventions used here are otherwise those of Bjorken 
and Drell [3] so that, for example, K 2 — — e 2 — k 2 — m 2 e . As usual Jf= . 
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Of course, we must perform the appropriate average-over-initial and sum- 
over-final states (indicated to obtain the cross section pertaining to the actual 
experimental conditions ( e.g ., electron polarized or not, target polarized or not, 
inclusive or exclusive scattering, etc.). This yields the leptonic and hadronic 
tensors 



* 

leptons*^*^ 


hadrons 




( 2 ) 

(3) 


whose contraction is involved in forming the cross section: da ~ 

Furthermore, it proves useful to decompose both leptonic and hadronic tensors 
into pieces symmetric (5) or antisymmetric (a) under the interchange ji ^ v: 


= W^ v + w% v 

Vliv = V S nv + nlv ■ ( 5 ) 

Clearly, in contracting with the leptonic tensor no cross-terms are allowed. Fur¬ 
thermore, we shall make use of the fact that both the leptonic and nuclear elec¬ 
tromagnetic currents are conserved: = QyWa^ ~ Q^V% = Q^V^v = 0 * 

Let us now turn to a discussion of the leptonic tensor. 



2 


Leptonic tensor 


Substituting for the electron current 


K, A) ~ A) 


( 6 ) 


in ( 2 ), we have 


Vn 


V 


T[u(K, A')][«(*", A'fr MK, A)], 


(7) 


where properties [3] of the spinors u and gamma matrices 7 have been used to 
obtain the complex conjugate of the electron current as the first group of three 
factors in (7). We can guarantee that electrons and not positrons occur by insert¬ 
ing projection operators {if +m e ) / 2 m e and {If +m e ) / 2 m e in the appropriate 


places: 


1 


Va 


V 


4m* 


+m e )u(K', X')u(K', X')j v ($+m e )u(K, A). 


( 8 ) 


Let us first consider unpolarized electron scattering, in which case ^2 corre¬ 
sponds to an unrestricted sum over all four components in the spinors divided 
by two for the initial-state spin average. This is in fact simply a trace which can 
be evaluated using standard techniques [3]: 


2mm 


2_unpol 


e'i\xv 


1 

4 


unpol 

K\xv 


Tr +m e )7„(#+m e )} 

9,(K ■ K' 


m?) 


(9) 
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Note that this tensor is symmetric under the interchange p, ^ v and manifestly 
satisfies the current conservation condition , Q M X ^ po1 = 0. Choosing the 3-axis 

to be along q this implies that = X^ 0 ' = ( w / q) Xo^ 0 ' = ( w / Q) X^ 0 PO1 • 

Various classes of response will arise when particular combinations of the 
Lorentz indices p and v are selected. For example, familiar unpolarized single¬ 
arm electron scattering (see also Sec. 3) involves the combinations 


2 


Xoo PC>1 - W<7)xS3 npo1 + (^/?) 2 X^3 npo1 ) 


v 0 V L 


unpol , unpol 

All "I" A22 


vo Vt , 



where here the labels L and T refer to projections of the current matrix elements 
longitudinal and transverse to the virtual photon direction, respectively. In the 
extreme relativistic limit (ERL), where the electron’s mass may be neglected 
with respect to its energy, one obtains the familiar expressions, Vl —> Vl and 
Vt —> Vt, involving the longitudinal and transverse electron kinematic factors 


v L 

Vt 




where p 


Q 2 /q 2 


1 


(“>/<?) 


2 


—> 0 < p < 1 and v 0 


(e + e') 


2 


Q 


2 


With polarized electrons things are somewhat more complicated. Let us as¬ 
sume that the scattered electron’s polarization is not measured, but that the 
incident electron beam is prepared with its spin pointing in some direction char¬ 
acterized by the 4-vector S M which must satisfy [3] S 2 


—1 and S * K = 0. The 

more general situation with both incident and scattered electrons polarized is 
discussed in [4]. We may then insert into ( 8 ) just after the factor the spin 
projection operator (1 + 75 $) /2 and once again now have a sum over all four 
spinor components and hence a trace: 




Tr { 7 ^ {if +m e ) jv (1 + 75 {if -\-rn e )} 




where X^ po1 is the leptonic tensor in (9) and, upon evaluation of the trace [4], 
the new piece which contains all reference to the electron spin is given by 



It ixva.fi Vfl e 




Note that this tensor is antisymmetric under the interchange p ^ v and sepa¬ 
rately satisfies the current conservation condition, = 0* 

Now let us specify the spin direction of the incident electron by writing for 
the 3-vector s the following: 


s — hs (cos l + sin C u _l) , 


(14) 
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where ul is a unit vector pointing along k and u_l is a unit vector in the plane 
perpendicular to k: 


u_i_ = cos 77115 + sin 7711 ^* 



The three orthogonal unit vectors {L ^ longitudinal, S sideways, N ^ 
normal) are indicated in Fig. 2. The factor h = ±1 is added only for convenience 
in flipping the spin; alternatively the angles (£, 77 ) can be chosen to have s point 



Fig. 2. Coordinate system for electron spin: u l along k, ujv normal to the electron 
scattering plane (ujv ~ k x k') and 115 = u n x u l in the “sideways” direction. 


in two opposing directions. The conditions S 2 


1 and S * K = 0 imply that 



(16) 

(17) 


where f3 = k/e = y 1 — (m e /e) 2 and 7 = 1/y/l — f3 2 = e/m e are the familiar 

relativistic factors. It is convenient to define 



and the spin 4-vector multiplied by m e 


(as this is what occurs in (13)) is then 


rrheS 1 - 1 — he \ (3 cos //, cos ji ul H— * sin /x u_l . (19) 

V 7 ) 

If the angle // is small, then the electron is longitudinally polarized; if near 90°, 
then it is transversely polarized. One must remember that 7 = e/m e is very 
large in all practical studies in nuclear or particle physics and hence ji near 0 ° 
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or 90° implies that £ is extremely near 0° or 90°, respectively. For the latter the 
scale of how close to the limits “extremely near” really is depends on the actual 
value of 1 / 7 - In the case of purely longitudinal polarized electrons we have 


longitudinal polarization: 


m e S^ = he((3, u L ), 


while in the case of purely transversely polarized electrons we have 


transverse polarization: 


rrioS^ 


1 

7 


he( 0, u_l). 




Thus we see that transverse polarization effects are suppressed relative to lon¬ 
gitudinal polarization effects by a factor I/ 7 . Henceforth in treating situations 
where only the incident electron beam is polarized, we shall restrict our at¬ 
tention to purely longitudinally polarized electrons and shall take the extreme 

relativistic limit (ERL) where j3 1, 7 —>■ 00 : 


K M —>e(l,u L ) ( 22 ) 

(m e S») L —► he( 1, u L ) = hK»\ (23) 

that is, h = ±1 becomes the electron helicity. The leptonic tensors under these 
ERL conditions become 

X "" po1 -+ K^Kl + K^K V - 9ltv K • K' ( 24 ) 

rf$ -ihe^ va0 K a K^, ( 25 ) 


and we see that they are in general comparable in magnitude, both being char¬ 
acterized by the product of the electron energies, ee / . 

With these developments, we are in a position to proceed with discussions 
of parity-conserving electron scattering with or without a polarized beam. One 
important consequence of the arguments summarized in this section is that only 
longitudinally polarized electrons are relevant for most studies in nuclear or par¬ 
ticle physics. In electron storage/stretcher rings this observation has important 
design implications if one wishes to use polarized electrons with internal targets, 
since then some provision must be made to counter the g — 2 precession of the 
electron’s spin and restore it to a longitudinal direction at the target. 


3 


Unpolarized single-arm scattering 


Turning now to the hadronic tensor , let us begin by repeating the familiar 
arguments [ 1 , 2 ,4-6]) which pertain in the case of single-arm parity-conserving 
electron scattering from unpolarized targets, A(e, e f ) and A(~et , e'). The nuclear 
vertex involved is shown in Fig. 3. Here the virtual photon from the electron 
scattering (Fig. 1) brings in 4-momentum Q and causes the nucleus to go from 
state |z) to state |/). These hadronic states have 4-momenta Pi and P/, respec¬ 
tively, as shown in the figure. Thus, we must build the hadronic tensors from 
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Fig. 3. Hadronic vertex for inclusive scattering. 


Q, P% and Pf. In fact, we can use momentum conservation to eliminate one, say 
Pf = Pi-\-Q leaving two independent 4-momenta: {Q,Pi}. The possible Lorentz 
scalars in the problem are Q 2 , P 2 and Q-Pi . Since we presumably know what the 
target is and since P 2 = M?, we are left with two independent scalars to vary: 
{Q 2 ,Q-Pi}. Moreover, since Q 2 = to 2 — q 2 and Q * Pi = toMi in the laboratory 
system, we can regard our hadronic tensors to be functions of {Q 2 ,Q - Pi} or 

{<?M* 

Now we wish to write W% v and W^ v in terms of the two independent dr- 
vectors Q M and Alternatively, instead of Pi it turns out to be useful to 
employ the 4-vector 



which is especially convenient because Q-V% — 0, by construction. To begin with, 
W^ v must be a second-rank Lorentz tensor and so we can write the following 
general expansions: 


wr = x l9 ^ + x 2 q»q v + x z v?vy + x 4 (Q**vy + v?q v ) 

WT = iYi (<yvr - V?Q V ) + iY 2 e» val3 Q a V il 3, 


(27) 

(28) 


where the scalar response functions depend on the scalars discussed above: Xi — 

X t {Q 2 ,Q-Pi), £=l,...,4and Y e = Y e (Q 2 ,Q ■ , 1= 1,2. 

Next we note that, in the absence of parity-violating effects from the weak 
interaction, the hadronic electromagnetic current matrix elements are polar vec¬ 
tors and so the tensors here must have specific properties under spatial inversion. 
In particular, the e-ter ms in (28) have the wrong behavior and so Y 2 must vanish. 
Finally, we must make use of the current conservation conditions. These lead us 
to the following expressions (recall that Q * Vi =0) 

Q,wr = 0 = (X 1 + X 2 Q 2 )Q V + (Xi Q 2 )V! 

= 0 = (YiQ 2 )^ 


(29) 

(30) 
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and so X 1 +X 2 Q 2 = 

and V?. Defining W 


0 , X. 


4 = 0 and Yi 

X! and W 2 = 


= 0 , using the linear independence of Q v 
X 3 , to use more common nomenclature, 


we have then rederived the familiar results 




wAg 


\xv 


Q»Q 


Q 2 


+ w 2 VT V 


(31) 


W£ v 


0. 


(32) 


Contracting these hadronic tensors with the leptonic tensors obtained above 


see Sec. 2, (24) and (25)), we obtain for unpolarized electron scattering 


X 


un 

\xv 


polyyfj, 




W 2 + 2W X tan 2 j, 


(33) 


where of course only the symmetric responses enter. This familiar form for inclu¬ 
sive unpolarized electron scattering [ 6 ] contains only two independent response 
functions W\ and W 2 which may be separated at fixed q and u) (or, equiva¬ 
lently, fixed Q 2 and Q * Pi) by varying the electron scattering angle to make a 
Rosenbluth decomposition. 


On the other hand, for polarized parity-conserving electron scattering 


A.IXV r ¥ a 


o, 


(34) 


where now only the antisymmetric responses enter. Thus, if only parity- 
conserving interactions are considered and if only inclusive scattering with no 
hadronic polarizations is discussed, then no differences will be seen when the 


electron’s helicity is flipped from +1 to 


1 ; however, this statement does not 


obtain for the case of parity-violating electron scattering , providing a very spe¬ 
cial opportunity to study such effects (see, e.g [7]). 

In passing, let us go a little further with the unpolarized parity-conserving 
scattering problem. When we contract the unpolarized leptonic tensor developed 
in the preceding section with the general hadronic tensor for inclusive electron 
scattering from unpolarized nuclei we obtain a sum involving projections of the 
current matrix elements. It is convenient to choose these to be transverse (T) 
or longitudinal (L) with respect to the direction q. Note that “L” used here is 
not the same as “L” used in Sec. 2 in discussing the electron’s polarization; the 
correct choice is usually clear from the context. Thus we obtain a structure of 


the form VlW l + VtW 1 (see ( 10 )) and can write the inclusive cross section in 
the laboratory system as 


da 


dflodio 


unpol 


®Mott {V L W L +V T W 


M , 


T 


(35) 


P 

2 MX 


<T M ott{2 p£W L + W T \, 


T 


(36) 


using the ERL and hence (11). Here the Mott cross section is given by 


^Mott 


a cos 


2 esin 2 - r 


(37) 
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and we have introduced the quantity 




which is referred to as the photon’s longitudinal polarization and represents the 

“virtualness” of the exchanged photon: £ —y 1(0) when 0 e —y 0°(180°). W L and 
W T are related to W\ and W 2 by 

w L = ( w 2 - pW{) /p 2 

W T = 2W X . (39) 


If discrete states are involved, then a single-differential cross section can be 

obtained (see [1,2,4]): 

unpol 

= 47T<TMott/rec { v £-Pl(<?) + VtF? 0 ?) } (40) 

= 47r<J Mo tt/rec- Fl2 («)^e), (41) 

If sin 2 %■ and where the form factors 

1VL i 2i 

E 2 and Fj, result from integrating the responses W L and W T over an energy- 
conserving <5-function (ie., the form factors are only functions of <?, where u) is 
fixed by the excitation energy and the momentum transfer). For given angular 
momentum and parity quantum numbers only a finite set of multipole form 
factors occur: 


where the recoil factor is given by f rec = 1+ 




where the sums are restricted to \ — < J < Jf-\- J% (in addition to J > 0 for 

Coulomb multipoles and J > 1 for transverse electric and magnetic multipoles), 
where natural parity multipoles CJ/EJ are present only when (—1 ) J = n = Ttfiti 
(non-natural parity multipoles MJ only when (—1) J = —7r), and where no 
electric multipoles are present at all for elastic scattering (/ = i). 

To make this completely clear, let us take a specific example — for more 
detailed discussions see [1,2,4]. Consider a nucleus with ground-state spin-parity 
3/2 + (for instance, 39 K) and assume that the electron scattering kinematics are 
chosen to select out a specific excited state having spin-parity 7/2“. For such 
a transition the parity changes (Z\7r = yes) and the multipolarities allowed are 

AJ — 2, 3, 4 and 5, that is we have M2, C3, E3, M4, C5 and E5: 


Fl{q) =F*M +F* 5 {q) 

Ft(q) = Fm 2 (q) + F% s {q) + F^f^q) + F% b {q), 


(43) 
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namely, only two observables F\ T (<?), but six independent form factors. Clearly 
by fixing q (and hence uf) and varying 6 ei it is possible to make a Rosenbluth 
decomposition and separately determine F^(q) and F^(q). However, in general 
more terms than one occur in the sums here or in (42) and so the individual 
multipole form factors cannot be extracted without polarization information: 
this constitutes the focus of the next section. 


4 


Single-arm scattering with nuclear polarizations 


As discussed in [4], when polarized targets are involved or when final-state nu¬ 
clear polarizations are determined, a much richer variety of polarization ob¬ 
servables becomes accessible. In general these contain interferences between the 
various form factors and consequently a complete decomposition into the un¬ 
derlying electromagnetic matrix elements can in principle be achieved (up to 
a simple phase ambiguity in the arbitrary spin case — see [4]). For such cases 
the helicity asymmetry is generally nonzero even for strictly parity-conserving 
interactions . Moreover, for situations where no hadronic polarizations are spec¬ 
ified but where coincidence reactions are considered there can also be nonzero 
helicity asymmetries again , even for strictly parity-conserving interactions — 
an example is the so-called “5 th response” discussed in Sec. 5.4. As a conse¬ 
quence when the typically extremely small helicity asymmetries that arise from 
parity-violating interactions are to be studied, it is necessary to have no parity- 
conserving helicity-asymmetry “noise” as the latter is generally much larger than 
the parity-violating effects of interest. In this regard, the inclusive scattering of 
longitudinally polarized electrons from unpolarized targets plays a very special 

role [7]. 

This brings us to the next stage in the developments presented here. Let us 
begin by considering what happens when the target is polarized but initially 
where the electron is unpolarized. The kinematics for this class of reactions, 

"^(e, e r ), are illustrated in Fig. 4. In addition to the electron variables, which are 
treated exactly as above, we now have to specify an axis along which the target 
polarization is given; two angles, and </>*, characterize this axis of quantization. 
The target polarization is then given in terms of the magnetic substate popu¬ 
lation probabilities or equivalently [4] the Fano tensors {/j^} referred to this 
axis. The angles (#*,</>*) are assumed to be at our disposal to vary as we wish. 
The cross section for electron unpolarized but target polarized will be denoted 
U(0*, </>*) and may be expressed as a generalization of (40): 


Z{6*,r) = 47T(JMott/rec {v L W L (0*) + V T W T (0*) 


+ vtl COS (j>*W TL (e*) + VTT COS 2<y W 


TT 


(ni, 


(44) 


where the new electron kinematical factors (to be compared with Vl and Vt in 
(11)) are 
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Fig. 4. Kinematics for electron scattering from polarized targets. Here u z is along q, 
Uy is normal to the electron scattering plane and u x — Uy x w z lies in the scattering 
plane. The target polarization direction is then specified by the angles {0 *, <p*) in this 
coordinate system. 



The dependence on </>* is explicit in (44) and so, using this together with the 
# e -dependence (in the u’s), it is possible to isolate four classes of responses. The 
resulting W 1 s are functions of q and u) (as above), as well as of the polar angle 
0*. This last dependence can also be made explicit (see [4] for details): 


w L (o*) =Fl + '£ fi )p i ( cos e *) w i 

I>2 

even 

W t { 6*) =F% + ^f < pP I {coa9*)Wi 

I>2 

even 

W TL {e*) = ^2 ti i} P} (cos 8* )Wf L 

I>2 

even 

W tt (8*) = J2 fi i)p ?( cos0 *)Wj T . (46) 

I>2 

even 


Thus, in addition to the unpolarized form factors F ^ and F there are four 
classes of new observables W/^, K = L, T, TL and TT . These are characterized 
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by tensor rank /, where 2 < I < 2Ji (the tensors with I = 0 are just the 
unpolarized form factors). Only even-rank tensors occur in the sums. The new 


polarization observables W 


K 
i 


1 


K 


L,T .. 


1 


with / > 0, contain the nuclear 


electromagnetic current matrix elements, just as the unpolarized responses F ^ 
and Fj, do, however, in new interfering combinations: there are now CJ/EJ\ 
CJ/MJ f and EJ/MJ f interferences. This additional information provides us 
with a kind of “multipole meter.” It is beyond the scope of the present lectures 
to derive complete expressions for (46) and, furthermore, these details are given 

in [4]. 


There are immediate consequences of the statements made above. For J{ = 0, 

-| 

the only tensors have 1 = 0; for tensors with / = 0 and 1 = 1 can be 

formed, but only the former are allowed since the rank must be even. Thus, with 
targets having Ji = 0 or Ji = ^, only the unpolarized cross section is recovered. 

With J i > 1, however, the situation is more interesting for now rank-2 in¬ 
formation becomes accessible. For instance, for elastic scattering from a spin-1 

target such as there are three basic form factors, CO, Ml and C2 (see [4]). 
The unpolarized cross section involves the longitudinal and transverse form fac¬ 
tors 


77i2 _ 77i2 I 77i2 

~ £CO + ^C2 

Ft = Fin, (47) 

but the CO and C2 contributions are summed incoherently and no relative phase 
information is available. The additional reduced response functions which be¬ 
come accessible with polarized targets are [4] 

Wo = —2y/3Fc2 

W 2 = ~2^ F ™ 1 
W l L = MmiF C 2 

W F = \ (48) 

Clearly with this polarization information it is possible to separate the individual 
multipole form factors. In particular, the first of these, Wif, forms the interest¬ 
ing part of the tensor polarization £ 20 * Having this together with F\ permits 
the extraction of the individual Fqq and Fq 2 multipoles. In passing, a special 
circumstance should be mentioned: for elastic scattering and light nuclei it is 
possible to obtain the same information with polarized targets or by measure¬ 
ment of the final-state recoil polarization — both techniques have been used for 
deuterium. 



Nucleus observed with EM probes 


51 


Now let us turn to the situation where both the target and the electron beam 
are polarized , ~X{~et, e f ). The complete differential cross section may be written 


da 

dS2, 


h 


2(0*, <P*) + hA(0*, </>*), 


(49) 


and so we may isolate U and A by forming the helicity sum and difference: 




A(6\4>*) 


1 

2 

1 

2 


d<j +1 

dQ 

d<j +1 

dQ 


+ 


da 


i 


dQ, 

da 


(50) 


l 


da 


(51) 


U (#*,</>*) is discussed above; in addition, with polarized electrons we can now 
study A(Q*,<j>*) which may be written (cf. (44)) 

= 47T<TMott /rec {v T 'W T ' (0*) + V T U COS <j>*W TL ’(9*)} , (52) 

and contains two more electron kinematical factors (compare Vl , Vt in (11) and 

VtLi Vtt in (45)): 



Vtv 




Again using the explicit </>*-dependence in (52) it is possible to isolate, in this 
case, two responses W T and W TL which can be written in forms similar to 
those in (46): 


w T \e*) ='^2fPp I (coB0*)wp 

/> 1 
odd 

w TL \e*) = f f ] p} {cos e*)wf L> . ( 54 ) 

I>1 

odd 


These sums appear to be similar to the ones encountered above in (46), but 
now, importantly, they involve only odd-rank tensors with 1 < / < 2The 
consequences are immediate: even for Ji = ^ now there are new observables 
having 1=1 (vector polarizations). 

Let us pursue this spin-1/2 case a little further. From (44), (46), (52) and 
(54) we have 


r(<9*,</>*) 

A(e*,<t>*) 


da 


unpol 


da 


47T<TMott/rec { v lFl + V TtT } 


l \ 

47T<J]V[ott t /rec f 1 


(i) 
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where U has no (#*, </>*)-dependence and where we have evaluated the Legendre 
polynomials to make this dependence explicit for A in (56). Clearly to emphasize 
the T f contributions the polarization axis should be chosen along q, whereas to 
emphasize the TV contributions it should be chosen perpendicular to q and in 
the electron scattering plane (i.e., with </>* = 0° or 180°). 

First, consider elastic scattering in which Fq o and Fm i form factors occur 
(equivalently, up to some subtleties involving relativistic factors [8,9] we can use 
Ge and Gm for the nucleon). The unpolarized cross section in (55) involves F\ — 
Fqq and Fj, = Fj^ which can in principle be separated by making a Rosenbluth 
decomposition . In practice, however, one contribution may be dominant and it 
may be very difficult to extract the smaller from the larger. For example, at low- 
to-inter mediate values of <?, \GE n \ <C |Gm„| and the separation is very poorly 
defined. Now suppose that polarized electron/polarized target information is 
added via the response in (56): 

WT =-v / 2 F 2 M1 

W? L ' = -2V2F C0 F M1 . (57) 

The former just involves Fj. again, whereas the latter is the one of interest for 
the present purposes: it involves the interference between the two form factors 
and, when one is small in magnitude and the other large, it provides a much 
more sensitive way to extract one from the other, in contrast to measuring their 
squares. The specific measurements of relevance here are £^(~e^,e)p (to extract 
Ge from Gm ; even this is interesting for some values of momentum transfer) 

and or Tte{~£,e') in the region where the process corresponds best 

to quasi-free scattering from a nucleon. In these last cases the hope is to be able 
to extract both Ge^ and All approaches of this type are being actively 

pursued experimentally. 

As another example, consider inelastic scattering for the transition ^ —)► | 

in which F^i, Fq 2 and Fe 2 form factors occur. Again using polarized electron 
scattering from a polarized target, the four accessible responses here are [4] 

F 2 l = F 2 C2 

771 2 _ 77i2 I 77i2 

~ £ Ml + ■ t E2 

wf = T (*&! - f 2 E2 - 2 V3FmiF E2 ) 

Wl V = -V2Fc2 (f M i + V3 F E2 ) . (58) 

A specific situation is the N A transition, say in ^(T^e^A To the ex- 

o —|— 

tent that channels other than the | final state can be neglected, we have the 
above responses. For this transition the Ml contribution is dominant and the 
G2/E2 pieces, which reflect the baryon deformations, are small. The polariza¬ 
tion responses, in contrast to the unpolarized responses, involve interferences 
and especially the W^ L contribution is interesting, since it can only be nonzero 
when Fq2 7 ^ 0. 
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One nuclear structure example may help to illustrate even more of the poten¬ 
tial of studying inclusive electron scattering from polarized targets. Consider the 
case of scattering from polarized 7 Li whose ground state has spin-parity 3/2“ 
and hence rank-0, -1, -2 and -3 polarization observables enter. At 4.63 MeV 
lithium has a 7/2“ state and thus the inelastic transition to this state has C2, 
E2, M3, C4, E4 and M5 multipoles. The behavior expected for these multipoles 
reflects rather varied physics, as may be argued in the following way. Starting 
with one-body electromagnetic operators and a valence model space restricted to 

the lp shell (these are reasonable beginning assumptions), only matrix elements 

( 1 ) 

of the form < ip?}®) \% > can occur. Here Oj is one of the multipole opera¬ 
tors of multipolarity J and the label “(1)” indicates that only one-body currents 
are being considered. Since j and f are 1/2 or 3/2, under these assumptions the 
allowed multipolarities are J — 0, 1, 2 and 3, but not 4 or 5. On the other hand 

if the model space is extended to include the 2s-ld shell, then matrix elements 

( 1 ) 

of the form < idj'\oy\idj > may occur and lead to all multipolarities J = 0 - 
5. Alternatively, with two-body meson-exchange currents (indicated “(2)”) even 
within the lp shell high multipolarities may occur via matrix elements of the sort 

< [^Pj f }\?\O^P\\\pj?] 2 K > with K , K* = 0-3. Additionally, the MEC are known 

to be dominantly transverse in nature and hence expected to affect primarily 
the E2, M3, E4 and M5 form factors, whereas the extension to configurations 
in the larger lp/2s-ld model space can affect the C2 and C4 Coulomb form fac¬ 
tors as well. By using polarizations to separate all six multipole form factors in 
this way one has the opportunity to learn about several interesting and elusive 
aspects of nuclear structure. Clearly this example is one of a large class of new 
opportunities that could be exploited. 


5 Two-arm coincidence reactions 


5.1 Hadronic tensor/no nuclear polarizations 


Next let us repeat the arguments that lead to the general form for the reac¬ 
tions A(e, e f x) and A(~e\ e f x) — see also [5,12] where multi-particle coincidence 
reactions are also discussed. For two-arm coincidence reactions a particle with 
4-momentum P x is detected in coincidence with the scattered electron, called 
“exclusive-1” scattering . Referring to Fig. 5, let us again assume that the total 
final nuclear state has 4-momentum Py, so that all but the particle in coincidence 
(ie., the unobserved particles) have 4-momentum Pq. Momentum conservation 
allows us to eliminate these two (Pf = Pi + Q and Po = Pf — P x ), so that we are 
left with three independent 4-momenta from which to build the hadronic tensor: 


{Q, Pi, P x }* 

The possible Lorentz scalars in the problem are Q 2 , Pf, P 2 , Q * Pi, P x * Pi 
and Q * P x . Again, we know the target mass, Mi and the mass of the detected 
particle, M X1 and so, since Pf = Mf and P 2 = are fixed, we are left with four 
independent scalars to vary: {Q 2 , Q*Pi, P x *Pi, Q*P X }* It is useful to express the 
kinematical dependence in the response functions in terms of laboratory system 
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Fig. 5. Hadronic vertex for exclusive- 1 electron scattering, (e, e'x) 


variables. We shall use the coordinate system in Fig. 6 to describe exclusive-1 


electron scattering in which the detected particle has 3-momentum p x 


P 


X 


and is detected at angles (6 X , </> x ) with respect to the chosen basis. The four 
scalar variables may be re-expressed in this laboratory system: 


2 2 
Q =u) - q 

Q * Pi — to Mi 

Px' P%~ Px M-i 

Q * Px = toE x qPx cos $ 2 ;, 



where E x = \Jp% + is the total energy of the detected particle. Note that 
the azimuthal angle </> x , does not occur here; that is, the internal functional 
dependence involves 9 X1 but not </> x . Thus, the hadronic tensors for two-arm 
coincidence reactions can be regarded to be functions of the scalar variables 

{Q 2 1 Q - Pi, P x * Pi, Q * P x } or of the laboratory quantities { q, to, E x , 0 X }. 

Now, as in the case of inclusive scattering, we wish to write W% v and W^ v in 
terms of the independent 4-momenta in the problem. Instead of { QPf 1 , P£} 
we use the equivalent set {Q, Vjf}, where [5] 



(60) 

(61) 


and these have the convenient properties, Q * Vi = Q * V x = 0. Since W^ v must 
be a second-rank Lorentz tensor, we have the following expansions: 
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Fig. 6. Two-arm (exclusive-1) coincidence reactions, A(e, e'x) and A (The di¬ 
rection in which particle x is detected is specified by the angles ( 0 X , <f> x ). 


= x l9 ^ + x 2 Q tA Q v + x z v?vy + x&gvz 

+X 5 (Q»V" + V?Q V ) + XeiWVZ + V£Q?) 

+X 7 {Vl l V? + Vfvy) (62) 

wr = tYiiQ^Vy - V?Q V ) + iY 2 (Q»V" - V£Q V ) 

+iY 3 {V?VZ - VfVy), (63) 

where we have not written any e-terms (cf. (28)) using the parity properties of 
the electromagnetic tensor (~ VV). The scalar response functions depend on 
the scalars discussed above: Xi = J*Q(Q 2 , Q * P$, P x * P$, Q * P x ), l = 1,..., 7 

and V = V(Q 2 , Q-P i ,P x -P i , Q ■ P x ), £=1,...,3. 

Finally, we use the current conservation conditions to obtain the constraints 

Q»wr = 0 = (X 1 + X 2 Q 2 )Q? + {XsQ 2 )vy + ( X 6 Q 2 )V: (64) 

Q^wr = 0 = {QpYJVy + (Q 2 Y 2 )V x \ (65) 

and so X\ + X 2 Q 2 = 0, X$ = 0, Xq = 0, and Y\ = 0, Y 2 = 0 using the linear 

independence of Q v , Pf and P^. For the symmetric hadronic tensor we obtain 

wy = Xl (g^ - 2J21) + XsVfV" 

+x±v£vz + x 7 {v?v» + v»vn, 


( 66 ) 
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in which there are four independent response functions, to be compared with 
inclusive scattering (31) in which only two appeared. For the antisymmetric 
tensor we obtain 

wr = iY 3 (VfVZ - V£vn , (67) 

in which a fifth response function appears (see Sec. 5.4), in contrast to inclusive 
scattering (32) where the antisymmetric tensor vanishes. 

When these hadronic tensors are contracted with the previous results given 
in (24,25) for the electron scattering leptonic tensor we obtain 

= v %wr+ »&,wr, ( 68 ) 

where for the symmetric contributions to exclusive -1 scattering we have 

vtuWr ~ V L W ( L x) + v T Wf x) + v TL cos 4> x + VTT W$ cos 2<f> x , (69) 

where the notation “(a:)” is used to indicate that one particle x = p, n, a, 7r, 7 , 
K , ... is detected in coincidence with the scattered electron (we assume the ERL 
here for simplicity). For simplicity we shall sometimes omit this subscript when 
the context is clear. Now, in addition to longitudinal (X) and transverse (T) 
pieces (cf. (35)), we also have a transverse-transverse interference (TT) and a 
transverse-longitudinal interference (XX). Of course, the four response functions 
here are linear combinations of Ad, A 3 , X 4 and A 7 , and depend on the four 
scalar quantities discussed above. For the antisymmetric contribution we have 

wr ~ hvru 77 sin 4> x , (70) 

which is directly proportional to I 3 . 

To obtain the inclusive cross section from these results we must integrate 
over the angle dependence ( 6 Xl </> x ) and sum over all open channels. Indeed, as is 
apparent from (69,70), integrating over the explicit ^-dependence immediately 
causes the TT, TT, and TV contributions to vanish, leaving only the L and T 
pieces as expected (see (35)). It should be stressed that, while similar notation 
is used for the response functions in the various situations (unpolarized inclu¬ 
sive scattering, polarized inclusive scattering, unpolarized two-arm coincidence, 
polarized two-arm coincidence, etc.), the actual responses are different, but re¬ 
lated. Clearly for the more controlled situations with polarizations specified the 
responses depend on more dynamical variables and specific spin projections are 
accessible, in contrast to unpolarized scattering where only spin averages are 
involved. And when particles are detected in coincidence with the scattered elec¬ 
tron (exclusive- 1 , exclusive- 2 , etc.), increasingly more specific channels are being 
selected. For instance, under appropriate conditions in (e, e f p) only a proton may 
be ejected from a nucleus, and not a neutron (this would be (e, e'n)), whereas 
the inclusive cross section at high energy loss will arise from the sum over (at 
least) these two channels. Indeed, each level of exclusivity, when integrated over 
one final-state particle and summed over all channels involving that particle, will 
lead to the next level down, exclusive-n —> exclusive-(n- 1 ). 
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5.2 


General form of the cross section for exclusive-1 scattering 


Let us now proceed to the general form of the two-arm coincidence cross section, 
allowing for the possibility of target polarizations (Fig. 7). For clarity here we 

shall limit our discussion to the general kinematics of A(~et 1 e f N)B 1 with N 
p or n, although clearly the same ideas may be used for coincidences with 
particles other than nucleons. The hadronic variables are the following: 

(Ma, 0), Pg = (E b , pb), Pm = (Em, Pn) are the 4-momenta of the target, 
residual nucleus and emitted nucleon, respectively. We have the relationships 


E 


B 


and E N 


Jp% + m 2 


AM 


where mjv is the nucleon mass, Mb 


is the rest-mass of the residual nucleus (and includes any internal excitation 


energy in that system), pB 


Pb and p n 


Pn 


In the next section we 


deal with these kinematical variables in more detail. The general cross section 
for exclusive-1 electron scattering in the laboratory system (see the preceding 


section) can be written as 


da 


2 a 


2 


e 


df2 e du)df2]ydE]\[ 


Q 


4 


e 


PnttinMb 

(2t t)*E b 


rffxv W^S(E n + E b — M a — u ). (71) 


Here r]^ is the familiar leptonic tensor in the ERL discussed in Sec. 2, whereas 
W^ v is the hadronic tensor containing all of the nuclear structure and dynamics 
information, treated above. The latter is given in terms of the nuclear electro¬ 
magnetic transition currents in momentum space by (see (3)) 




Ew 


M Ip* 


A 




1 


(72) 


ij 


where |i) represents the nuclear target state and |/) the final state characterized 
by the emitted nucleon and the residual nucleus. As usual, conservation of the 



Fig. 7. Feynman diagram for the exclusive-2 electromagnetic N)B electron 

scattering process in the one-phot on-exchange approximation. 
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nuclear electromagnetic current implies that only three of the components of the 
4-current are independent quantities. Integrating the delta function of energy 
over En, we obtain 


da 


2 a 


2 


e 


df2 e du>df2N 


Q 


4 


e 


PnttinMb 

(2tt) 3 Ma 


/recV^ 


where now Pat is specified by solving the energy balance equation 



2 


2 


Pn + m N + 



2 


Pn 


2p N qcos 0 N + q 2 + M 


2 

B 


T ^ 




with On being the angle between p n and q (see Fig. 8). The general expression 
for the contraction of the electron and hadronic tensors can be written 



Using the general properties of the leptonic tensor, as discussed above, it may 
be shown that these total responses have the following decompositions: 

Rfi = v L Wfi + v T Wfi + VTLWjf + v TT Wj^ (76) 

R' fi = VT> wl ■ + vtl' Wp' , (77) 


where the W 1 s are discussed in the last section (cf. also (69,70)). The differential 
cross section in (73) may now be written 


da h 


du)df2 e df2N 


PnTTInMb 
(2tt) 3 Ma 
Efi T 


^Mott/rec } 


containing the helicity-sum (electron unpolarized) cross section 




1 

2 


d<r + 


+ 


da 


dudf2 e df2N diodQ e dQN 


and the helicity-difference (electron polarized) cross section 


Afi 


1 

2 


d<r + 


da 


dudQ e dQN du)df2 e df2N 





In particular, later we shall briefly discuss the situation where only the initial 
electron and target nucleus are possibly polarized, with no polarization in the 
final state (indicated by ft). Furthermore, the only final-state information (aside 
from knowing that q and u) have been transferred to the nucleus and hence that 
only certain final states are accessible) is contained in the fact that a nucleon 
is presumed to be detected at specific angles (#jv, 4>n) and has energy En (see 
Fig. 8). Under these conditions it is possible to show [12] that the dependences on 
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Fig. 8 . Kinematics for two-arm (exclusive- 1) coincidence reactions with polarized tar¬ 
gets. u z is along q, is normal to the electron scattering plane and u x — Uy x u z 
lies in the scattering plane. The target polarization direction is specified by the angles 
(0 *, <fi*) in this coordinate system. The unit vectors ui, 112 , 113 are constructed by ro¬ 
tating the previous ones (u x , u y , u z ) by an angle <pN : U3 = u z , ui lies in the nucleonic 
plane and 112 is perpendicular to it. 


the azimuthal angles (f>N and </>* (the azimuthal angle of the target polarization 
axis of quantization) are the following: 



where each response depends on q 1 co 1 pN (or En) and On as well as on the 
target polarization angles and A<f>. It should be noted that these results have 
been expressed in terms of A(j> = </>* — (f>N , where the direction of the target 
polarization is referred to the nucleon plane rather than to the electron plane. 
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5.3 Kinematics of exclusive-1 electron scattering 

Having set up the basic form for the exclusive-1 cross section, let us next consider 
the kinematics in more detail. We shall simply use energy-momentum conserva¬ 
tion to inter-relate the various energies and momenta; no assumption is made 
about the reaction mechanism. We have seen above that the cross section de¬ 
pends on a set of kinematic variables. First, explicit dependences on the electron 
scattering angle 0 e (through the generalized Rosenbluth factors Vk in (11,45, 
53)) and an azimuthal angle (f>N (see (69); in the present discussions we shall 
suppress the target polarization dependences, although they are straightforward 
to incorporate — see (81)) have been isolated and will no longer be discussed. 

More complicated are the dependences on the set of “dynamical” (in contrast 
to “geometrical”) variables {<?, u) 1 En,6n} or equivalently {Q 2 1 Q'Pa , Pn'Pa, Q* 
Pn} (compare (59)), since these dependences involve detailed aspects of the nu¬ 
clear dynamics . However, while these sets of dynamical variables are, of course, 
completely usable and indeed natural from an experimental point of view, as we 
shall see in the following it turns out that alternative sets of four quantities are 
more convenient when studying the specifics of the cross section. Let us begin 
with the set {<?, En, #jv} and make a sequence of changes of variable. First, 
let us define p = —p# = Pn — q = —p m , where p m is the so-called missing 
momentum, and then the daughter energy becomes Eb = \JMg + p 2 . Clearly 
p = |p| characterizes the split in momentum flow between the detected nucleon 
and the unobserved daughter nucleus. We need some corresponding energy vari¬ 
able to characterize the split in energy; several possibilities come to mind. One 
choice is to introduce the energy 

£ = E b -E%> 0, (83) 

to represent the excitation of the residual nucleus, where as before Eb = 

. Here Mb includes the internal 

excitation energy of the B system, while Mg is its rest mass when it is in its 
ground state. By construction £ is greater than or equal to zero — and equal to 
zero when the daughter nucleus is left in its ground state. As we shall see below, 
we could now use £ and p in place of En and On * 

Another energy in the problem is the separation energy (or “Q-value”), given 
by E s =rriN-\-Mg — Ma% the minimum energy needed to separate the nucleus A 
into a nucleon and the residual nucleus B in its ground state. If the recoil kinetic 
energy corresponding to the (in general excited) residual nucleus is denoted 
T rec = Eb — Mb and likewise T r ° ec = Eg — Mg for the residual nucleus in its 
ground state, then what is sometimes called the missing energy (note that there 
are other definitions for this quantity) is given by 

E rn = rriN + Mb — Ma 

= E s + £ + (Tree — Tree) 

Ea + ^~ 2m£mJ £ ' 





(84) 
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where the last approximation pertains when p 2 « 2 M^Mb (which is usually 
the case). Overall energy conservation yields a value for for given uu 

E n — Ma co — E'b* (85) 

Since Eb = Eg + £, we have an equation for £ in terms of <?, u>, p and the angle 
# (between p and q): 

£ = Ma + co — yj m 2 N + p 2 + q 2 + 2 pq cos 6 — yj M ^ 2 + p 2 , (86) 

which just a re-writing of (74). Thus there are clear relationships between the 
sets {En^On} and {p,#} and hence {£,p}. Instead of the first set, we shall now 
use the last set as a pair of dynamical variables. 

Now let us see what kinematic flexibility we have in probing this cross section, 
as indeed we have not yet required that the kinematic relationships discussed 
above should be satisfied. When we do so, we find that only selected regions are 
accessible. Noting that (86) yields a curve of £ versus p in the (£,p)-plane for 
each choice of 6 , let us see what constraint the requirement that — 1 < cos# < +1 
imposes on the kinematics. First, consider u co small” (to be specified completely 
below) and plot the trajectory when cos# = —1. A curve rising from negative £ 
to intersect £ = 0 at p = p m i n > 0 which peaks at some value of p and then falls 
to intersect £ = 0 again, this time at p = p max > p m in> is generally obtained. All 
physically allowable values of £ and p must lie below this curve and, of course, 
above £ = 0. To obtain the other extreme, cos# = +1, one can simply replace 
p by —p in (86); the physically allowable values of £ and p must lie above this 
curve. For u co small”, no physically allowable values at all occur near the latter 
curve and the physical region is completely defined by the cos# = —1 curve 
and £ = 0. Following past work we shall call the minimum value of momentum 
p m in = ~y and the maximum value p max = +T. The formal definition of u co 
small” then becomes “y < 0”. We can set £ = 0 in (86) and solve for y and T, 
yielding 



y(q, w) 

w 2 {+ u; ) \JA 

- MpW 2 

qA^ 

(87) 


Y(q,u>) 

w 2 { (Ma + u ) \]A 

1 

to 

to 

+ qA^ 

(88) 

with 








W - y/(M A +L0) 2 

— q 2 





A -\(W 2 + M% 2 - 

■ m%). 


(89) 

A useful relationship is the following: 





CO = 

J(q + y) 2 + m 2 N + \Jy 2 

+ m ° b 2 

m a . 

(90) 


In particular, assuming that the quasielastic peak occurs when y — 0, one has 

<^qe = { \JQ 2 + m ’% ~ m N } + E s = \Q 2 \/2rriN + E s . (91) 
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Furthermore, the equation for the upper boundary of the allowed region (i.e., 
corresponding to cos 9 = —1) is given by 



When the momentum transfer become very large this goes to the finite asymp¬ 
totic limit 





p (MeV/c) 

Fig. 9. Plots of Em (see (92)) for various values of q and y < 0 for the reaction 
3 He(e,e ; p). 
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As above, the responses here depend, for instance, on {<?, u, E x , # x }, but not 
on (f) x ; all of the </> x -dependence is explicit in (94) (as is the # e -dependence 
through the v’s). Thus, by varying the azimuthal angles (f) x and using the electron 
kinematical factors it is possible to isolate five responses, four when the electron 
beam is unpolarized plus a fifth when polarized electrons are available. Note that, 
in contrast to single-arm scattering with polarized electrons but unpolarized 
targets, this fifth response function is nonzero in general even when parity is 
conserved. 

Also note that the fifth response can only be observed when particle x is 
detected out of the electron scattering plane. Perhaps not so obvious is the fact 
that, as well, the L and TT contributions can only be separated using out-of¬ 
plane measurements: the factor cos 2 </> x is +1 in the electron scattering plane 
(for (f) x = 0 ° or 180°); furthermore, the factors Vl and Vt are the only ones 
which contain no dependence on tan (see Secs. 2 and 4) and so are fixed 
when q and u) are fixed. Therefore, the only way to make relative changes in the 
factors multiplying the L and TT responses in attempting to separate them is 
to perform at least one measurement with </> x ^ 0 ° or 180°. 

To get some feeling for how these various response functions reflect different 
aspects of the dynamics underlying a specific reaction, let us briefly examine the 
general behavior of the fifth response. The TV fifth response function and the 
usual TL response have similar structures: 


W. 


TL 

(x) 




K)' ~ 


5ft(T*L) 

3(T*L), 


(95) 


where T*L represents the appropriate (i.e., determined by the dynamics of the 
specific problem of interest) bilinear combination of (transverse)* x (longitudi¬ 
nal) matrix elements. The same combinations occur in the two responses; the 
only difference is that one has the real part and the other the imaginary part. 
Now, if the reaction proceeds through a channel in which a single phase domi¬ 


nates for all projections of the current (T 




|T|e 


iS 


1 


L 




L\e tS , with the same 

vanishes. 


<5), then T*L is real and, while is nonzero in general, 

Moreover, it happens that also vanishes in the absence of final-state in¬ 
teractions; specifically, in PWIA is zero. On the other hand, if Wjjj ^ 0, 


(a0 

then interesting effects must be coming into play. 

For example, in the A-region coincidence electron scattering will be driven 
to a large degree by the 33-amplitude with a single phase, £ 33 , and, while 

Yj 'j ' 1 j 1 Yj ' T" 1 r f ( 

J J may all be nonzero, may be expected to vanish. To the extent 


(x) 


that it does not vanish, we will be able to access information concerning interfer¬ 
ences of the 33-amplitude with amplitudes for other channels which are usually 
too weak to be studied directly. Similar considerations apply in the giant reso¬ 
nance region at lower excitation energies. Using the special nature of the various 

— importantly, this ability to emphasize resonant versus non-resonant 


responses — 

behavior — should provide us with valuable new insight into nuclear dynamics. 
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More generally it may be shown that the L, T, TL and XT (unpolarized) 
responses on the one hand and the TV (polarized electrons, but otherwise un¬ 
polarized) response on the other may be characterized by their time-reversal 
properties, even and odd, respectively. Time-reversal even (TRE) responses are 
always real parts of bilinear products involving the currents, while time-reversal 
odd (TRO) responses involve imaginary parts (as for TL and TV above, re¬ 
spectively). As we shall see in the next section, this characterization can be 
generalized to include situations when target and/or final-state polarizations 
are specified and where wider classes of response becomes accessible. 


5.5 Polarized electrons and polarized targets 

The kinematics for this class of reactions, ^(~e^, e'x), are indicated in Fig. 8. 
Now, as in the discussions in Sec. 4, polarization angles (#*,</>*) are needed 
together with angles (# x ,</> x ) which specify the direction in which particle x is 
detected (as in the previous subsection). The helicity sum and difference cross 
sections can be written in the forms [12] 

+v TL (cos 4 > x WfL{6*, ) + sin 4 > X W^{6*, p)) 

+v T t (cos2 </> x W$ (0*, 0*) + sin2 </> x W$ (0*, P)) (96) 

Zi ~ vt'W&W* , <!>*) 

+v TL , (sin^Wjf (9*,p) + cos^W£f , (97) 

where each response depends on q , E x and 6 X as before, together with new 
dependences on the target polarization (for emphasis, the dependences on 
and </>* are displayed here). Note that all six of the general classes of response 
(with the full ^-dependence involving both sines and cosines) occur already at 
the exclusive-1 level when the target is polarized, in contrast to the unpolarized 
reactions where the fullest form is only reached at the exclusive-2 level [5,12]. For 
an unpolarized situation, the responses with tildes vanish and the ones without 
revert to the form of the responses discussed above (see (94)): 

W ( %(9*, p) ^ 0 (98) 

W ( %(e*,cj>*) -»• Wgy (99) 

The target polarization information may be organized into spherical tensors 
characterized by rank /, where I may be even or odd, with 1 = 0 correspond¬ 
ing to the unpolarized cross sections in Sec. 5.4. When target polarizations are 
considered, this is the same type of tensor decomposition encountered earlier for 
single-arm scattering in Sec. 4. The general break-down into time-reversal even 
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and odd responses is as follows: 
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even I 


odd 
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As in the more limited situation without target polarizations discussed above in 
the previous subsection, the responses in time-reversal even or odd sectors can 
have rather different sensitivities to the nature of the final state. In particular, as 
noted above, in the absence of final-state interactions all TRO responses vanish. 

In passing, it should also be noted that a very similar organization into 
time-reversal even and odd responses also occurs [12] for coincidence reactions 
A(~e\ e f ~$) where the target is unpolarized but where the polarization of the 
outgoing particle x is measured. 

To help clarify these ideas a little, let us consider a specific spinology: we 
take the simplest non-trivial case of a spin-1/2 target which may be unpolarized 
= 0) or vector polarized (/ = 1). Let us characterize the polarizations by 
projections along three orthogonal directions: (£) along q, (n) in the direction 
qxp x , and ( 5 ) in the direction u n x ug. The </> x dependences of the complete set 
of 18 responses are the following: 
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With electron and target either unpolarized or both polarized, the responses are 
TRE; with only one or the other polarized, they are TRO. Note that even in 
the absence of polarized electrons there are new responses for polarized spin-1/2 
targets when coincidence reactions are being considered. 


6 Summary 

Let us conclude with a summary of several of the issues discussed in the lectures 
and use one region of nuclear excitation to make the ideas more concrete. Elec¬ 
tron scattering always begins with the same basic ingredients: an electron beam 
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of energy e is prepared, impinges on a target and is scattered through angle 9 e to 
be detected at energy e / . From these variables it is straightforward to construct 
the 3-momentum transfer q , the energy transfer u) and secondary variables such 
as the 4-momentum transfer Q, the variable x used in high-energy physics or the 
variable y used in scaling analyses. Let us suppose that for some given value of q 
we examine the excitation spectrum (y.e., the u) dependence of the inclusive cross 
section) sketched in Fig. 11. At essentially zero energy loss we have the elastic 
scattering cross section; at somewhat higher energies generally we see a spectrum 
of discrete states; then at still higher energies, in the neighborhood of particle 
emission threshold, the giant resonances and high-spin stretched particle-hole 
states appear; at still higher energy loss the quasielastic peak, the peaks due to 
the A and other baryon resonances plus meson production all occur; finally at 
very high energies one proceeds to deep inelastic scattering. If we select some 
discrete state or a small region in the continuum and focus on the q dependence, 


CT 

inclusive 



G) 


(MeV/c) 








q (MeV/c) 


Fig. 11. Sketch showing a typical nuclear inclusive cross section at constant q as a func¬ 
tion of oo. Characteristic features are identified: elastic scattering, excitation of discrete 
states, the giant resonance region (GR), and, at higher energy loss, the quasielastic 
(QE), baryon resonance (Z\’s, AG’s, ...) and meson production regions and finally the 
regime where deep inelastic scattering (DIS) dominates. Sketches of the (/-dependence 
in the GR, region of excitation are broken out in the lower two panels: the lefthand 
panel illustrates the typical dependence found for the familiar giant dipole resonance, 
while the right hand panel illustrates that for excitation of a typical high-spin stretched 
particle-hole state. 
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that is, if we consider the form factor 



®inclusive diO 



then much more information becomes available. The *? dependence when Fourier- 
transformed gives us information on the spatial nature of the excitations in¬ 
volved. The L/T Rosenbluth aspect of the problem tells us (typically) how 
charges, currents and magnetizations are involved. And the ability to probe 
at both low-*? (long wavelengths) and high-*? (short wavelengths) while keeping 
u) fixed (an extremely important feature of virtual photons compared with real 
photons where q = u) yields critical insight into the nature of the nuclear ex¬ 
citations. For example, as sketched in Fig. 11 at low-*? the usual, familiar giant 
dipole resonance is dominant, but become rather weak at high-*?; in contrast, 
the stretched particle-hole excitations such as the 0 + —> 14“ M14 in lead are 
negigible at low-*?, but stand out once the momentum transfer becomes large 

enough, typically beyond 1 fm -1 ~ 200 MeV/c. 

So far all we have been discussing is inclusive, unpolarized scattering. Clearly, 
as discussed in the lectures, having polarized targets possibly with polarized 
electron beams will bring with it the ability to separate the various form factors 
when studying elastic scattering and discrete states in general. However, when 
in the continuum many channels may be open: 


A(e,e') A(e,e'p)B 0 , B i, B 2 ,--- 

A(e,e'n)Co, Ci, C 2 ,- — 

A(e,e'a)D 0 , D 1; D 2 ,--- 


: ( 101 ) 

where possibly + n, etc. The power of coincidence reactions, (e, e'p), 

(e, e'n), (e, e'a), * * *, becomes apparent when one now realizes that each of these 
channels may in principle be isolated from all others. The inclusive cross section, 
by contrast, sums over all of the open channels. As we have seen in the lectures, 
the missing energy E m (or the quantity £ advocated in the lectures) permits us 
to select a region of daughter excitation for each channel and the missing momen¬ 
tum p m (or p in the discussions) yields information on the momentum flow to the 
daughter system and hence the wavelength scale being probed. Putting coinci¬ 
dence reaction studies together with spin physics provides even more, for exam¬ 
ple, via the 5 th response or the other TRO observables introduced above where 
special sensitivities to resonant versus non-resonant structure can be probed. 

In summary, it is a very exciting time for the field and we all look forward 
to an interesting continuing program of study of the atomic nucleus via electro¬ 
magnetic interactions. 
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Abstract . In this series of lectures we discuss the basic notions of the spherical shell 
model. Starting from a regularized nucleon-nucleon interaction, we define the model as 
an approximation to the exact solution of the full secular problem. We introduce the 
notions of valence space, effective interaction and effective operator. We analyse the 
structure of the realistic effective interactions, identifying their monopole part with 
the spherical mean field. The multipole hamiltonian is shown to have a simple and 
universal form that includes pairing (isovector and isoscalar), quadrupole, octupole, 
hexadecapole and (a * r) (a * r). We describe the methods of resolution of the secular 
problem, in particular the Lanczos method. Finally, we present some results on two 
different open problems in nuclear structure; the quenching of the strength of the 
spin operators in the nuclear medium and the spherical shell model description of 
deformation and superdeformation. 


1 Introduction 

The nuclear shell model in its most simple version, the independent particle 
model of Mayer and Jensen, was introduced already fifty years ago. In addition 
to its capacity to explain the nuclear regularities (magic numbers) and other 
properties as the spins and magnetic moments of nuclei in the vecinity of magic 
closures, it provides the natural framework to incorporate the nucleon-nucleon 
correlations, even if approximately. In this sense it has been a key element in the 
development of the theory of the nuclear structure during the intervening years. 
In parallel to the increase of our knowledge of the in-medium nuclear interaction 
and to the improvements of the many body formalism, the field of applicability 
of the nuclear shell model has grown considerably. From now on we will use 
the term “shell model” as a shorthand for symmetry conserving, configuration 
mixing calculations in large multiparticle basis. The shell model has been often 
considered to be of application only to those nuclear manifestations in which 
the single particle degrees of freedom are dominant. That in spite of the work of 
Elliott [1], that demonstrated the possibility of explaining deformation in light 
nuclei using the SU3 properties of the quadrupole nuclear force in an harmonic 
oscillator basis. In recent times, the advent of new computers and shell model 
codes has given access to new mass regions where collectivity shows up in a 
more conspicuous way, and the spherical shell model approach has proven to 
be able of coping with the new challenges, either close or far from the valley of 
stability, giving a unified description of the single particle and collective degrees 
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of freedom of the nucleus. In this lectures we plan to guide the reader from the 
very basic starting points of the shell model description of nuclei to some of 
the latest applications. Our aim is to keep, while possible, the contact with the 
underlying free nucleon-nucleon interaction and when the link has to be broken 
to try to understand why. Many books exist that can serve as introduction to 
the subject, but we shall quote only the more recent or those that fully develop 
the mathematical formalism of the theory [2]. The last complete review of the 
shell model approach to nuclei is due to B. A. Brown and B. H. Wildenthal [3] 

The original aspects of this presentation come from a long lasting collabora¬ 
tion with Etienne Caurier and Andres Zuker (IRES, Strasbourg), Joaquin Re- 
tamosa (UCM, Madrid) and Gabriel Martinez-Pinedo (University of Aarhus). 
These notes have a large overlap with those of a similar course given by one of 

us (A. P.) at the Ecole “Joliot-Curie” 1997. 

The plan of this notes is as follows; in section 2 we introduce the basic notions 
of the spherical shell model, in section 3 we deal with the problem of the effective 
interactions, in section 4 we discuss the ways to solve the secular problem and the 
Lanczos method, finally, in section 5 we present the results of some recent large 
scale shell model calculations in two domains; Gamow-Teller and Ml strength 
in nuclei and spherical shell model and deformation. 

2 Basic notions of the spherical shell model 

We shall consider the nucleus as composed of Z protons and N neutrons, that 
interact via two-body forces and obey a non-relativistic (Schrodinger) equation. 
Therefore we will not consider explicitely meson or quark degrees of freedom 
nor shall we use relativistic kinematics. Recent advances in the relativistic mean 
field description of nuclei based on meson exchanges have shown that the main 
advantages of such an approach are that it accomodates the spin orbit interaction 
in a natural way, suggesting -perhaps- that its isospin dependence is different 
from what is assumed in the non-relativistic effective forces and that it provides a 
saturation mechanism for nuclear matter. Many relativistic aspects are actually 
incorporated in the non relativistic approach via the nucleon-nucleon interaction 
in the vacuum that contains many terms of relativistic origin (spin-orbit, tensor 
etc). The problem of saturation can be solved in the non-relativistic approach 
by introducing three-body forces. In mean field effective interactions, density 
dependent terms take care of saturation. In the shell model approach the size 
of the underlying mean field potential is adapted to the size of the nucleus, 
although some problems originating in the regularization of the nucleon-nucleon 
interaction may show up in the spectroscopic calculations too. 

The starting point is the nucleon-nucleon interaction Vnn * As it corresponds 
to a derived interaction it is not simple. It contains many kinds of terms, central, 
spin-orbit, tensor, spin-spin etc. At long distances it has a Yukawa form, while at 
short distances it shows an extremely repulsive core. The short range repulsion 
is at the origin of most of the theoretical and technical problems that the nuclear 
many-body theories have to solve. Actually, the very idea of a shell model for the 
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Fig. 1. The structure of the spherical mean field 
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nucleus may seem contradictory with this strong correlation because it rudely 
breaks the independent particle picture. However, very early, experimental ev¬ 
idence of a shell model like behaviour became available in the form of magic 
numbers, single particle energies, magnetic moments etc. 

These experimental hints led M. Goeppert-Mayer and H. Jensen [4] to the 
empirical construction of the nuclear mean field, a surface corrected harmonic 
oscillator, whose main novelty was the very strong spin-orbit splitting needed to 
explain the experimental magic numbers. 
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The single particle levels of the nuclear mean field are represented in Fig. 1. 
Starting from the left hand side, we find the shell structure of the isotopic har¬ 
monic oscillator, then the splitting due to the l 2 term and finally the actual 
single particle levels taking into account the spin-orbit splitting. To the right, 
the predicted magic numbers. 

The success of the independent particle model strongly suggest that the very 
singular free NN interaction can be regularized in the nuclear medium. Starting 
with a regularized interaction, the exact solution of the secular problem, in the 
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(infinite) Hilbert space built on the mean field orbits, is approximated in the 
large scale shell model calculations by the solution of the Schrodinger equation 
in the valence space, using an effective interaction such that: 

= E& —y Heff&eff. = E&eff. 

In general, effective operators have to be introduced to account for the re¬ 
strictions of the Hilbert space 

m om = cl',//. o, ff . 

This effective interaction can be aimed to be used in mean field calculations 
along the periodic table and then it has to incorporate density dependent terms 
or for configuration mixing calculations, in this case its comes under the name of 
G-matrix . The main problem of the regularization procedures based on Brueck- 
ner theory is that they fail to reproduce the saturation point of nuclear matter 
(the Coester line problem). This is something to be recalled when using realistic 
G-matrices in large scale shell model calculations. 

The use of a regularized interaction implies that what we are dealing with 
in a shell model description are quasiparticles in Landau’s sense. This will show 
up in observables such as spectroscopic factors in (d,p) or (e, e f p) reactions, 
Gamow-Teller strengths or partial shell occupancies as measured by electron 
scattering (the best know being the 3sl/2 orbit in lead isotopes). For a fully 
updated and accesible discussion of these points see ref. [5]. 

Once we adopt a regularized interaction that is compatible with the exper¬ 
imental mean field (magic numbers) we can proceed using the spherical mean 
field orbits as the basis for the occupation number space (Fock space). We have 
states i, j, k, ... with energies e$, e^, e^, ... that bunch in shells and give rise to 
magic numbers when the energy difference between them is large enough. The 
relevant operators create or annhilate a particle in a generic state “i” and second 
quantization formalism appears as the natural one. 

A “formal” solution to the A-body problem can be sketched as follows: 

• We start by choosing a single particle basis, af |0>, 

• then, we build the A-particle wavefunctions, 

a ti * * * a iA |0> = | 0a > 

• in terms of which, the physical states are expressed as: 

I # > = Ea C « I > 

• The solution of the secular problem: 

H | <£ > = E | <£ > 

• is then given by the eigenvalues and eigenvectors of the matrix: 

^ 0a ^-eff I 0a / ^ > 

What is called spherical shell model description is an approximation to this 
formal solution, using a finite number of many-particle states and requiring that 
the many-particle wavefunctions have the quantum numbers associated to the 
symmetries of the Hamiltonian 


&(J,TY(N, Z) 
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As an example, starting at a doubly magic nucleus, if we limit our Hilbert 
space to the particle hole excitations, the formal solution above corresponds to 
the Tamm-Damcoff approximation . 

The spherical mean field provides a basis and a zeroth order view of the 
nuclear dynamics. The regularized two-body interaction governs the detailed 
behaviour of nuclei. For the mean field picture to have a sense, we expect that 
it will survive to the incorporation of the full interaction, at least in most of the 
cases, in other words, the separation between a block of orbits and the rest has 
to be valid even when the interaction is switched on. These constraints define 
the natural valence space (set of orbits) for a given class of nuclear properties. 
Let’s be more precise on this point. For a given nucleus (N,Z) the mean field 
dictates which states are occupied (those below the Fermi level ) and which are 
empty (those above). But other states can be close enough in energy or have 
a structure such that the residual two-body interaction can mix all of them 
and produce correlated states; deformed, superfluid or whatever. Therefore, the 
infinite set of mean field orbits will be divided in three parts: 

Inert core ; the orbits that are forced to be always full. Imagine that the 
core consists of N c neutrons and Z c protons, thus if we are studying a 
nucleus (N,Z) there will remain n v =N-N c valence neutrons and z v =Z-Z c 
valence protons. 

Valence space ; the orbits available to the valence particles, that will par¬ 
tially occupy them according to the dictates of the effective interaction. 
External space ; the remaining orbits that are always empty. 

It is the task of the theory to find the valence spaces that contain the relevant 
degrees of freedom for a given problem as demanded by the effective interaction. 
The safer valence spaces for shell model calculation are those comprised between 
magic closures. We shall examine several typical ones to see which properties they 
can accomodate and which not. 

p-shell, [lp3/2,lpl/2]. Calculations in this valence space can describe the 
behaviour of nuclei with 2<N,Z<8 (only positive/negative parity states 
in even/odd nuclei). 

sd-shell , [ld5/2,2sl/2,ld3/2]. Positive parity states of nuclei 8<N,Z<20. 
pf-shell, [lf7/2,2p3/2,2pl/2,lf5/2]. Although this valence space would 
naturaly cover nuclei with 20<N,Z<40, the strong spin orbit term of the 
spherical mean field breaks the harmonic oscillator ordering and beyond 

N,Z=32 the orbit lg9/2 has to be explicitely included. 

It is evident that doubly magic nuclei and their neighbours play a central 
role in this description. At the same time, in these valence spaces, they are rep¬ 
resented by a single Slater determinant and if we were aiming to a description of 
their excited sates, another valence space containing orbits from two major shells 
had to be chosen. As an example, the first and second excited states of 16 0, a 3“ 
(octupole vibration) and a 0 + (head of a deformed rotational band) at around 6 
MeV excitation energy can be described in the valence space [lpl/2,ld5/2,2sl/2] 
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[6]. When the valence space allows for excitations into different major oscillator 
shells, one has to pay attention to the appearance of spurious states of the center 
of mass, kind of very disturbing guests that may destroy the calculation if not 
under full control. 

Far from stability or for heavy nuclei, the proton and neutron valence spaces 
may have no common orbits. For instance for the very neutron rich (N>20) Al, 
Si, P, S, Cl, and Ar isotopes, a reasonable valence space comprises the sd-shell 
for the protons and the pf-shell for the neutrons. 

The rapid increase in the size of the basis limits the number of orbits that 
can be active. Notice that for a number of valence particles n v , z v the number 
of different Slater determinants that can be built in a given valence space goes 
as the product of the combinatorial numbers made with the degeneracy of the 
space and the number of active particles. This gives 
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for the p, sd and pf shells respectively. Therefore there will always be properties 
excluded from the description, as for instance negative parity states in an sd-shell 
calculation. Giant resonances would demand at least two contiguous major shells 
in the valence space, which is usually out of reach. Only spin-like giant resonances 
-magnetic dipole and Gamow-Teller- are naturally contained in 0 fuz valence 
spaces. Clustering phenomena can be tagged in simple shell model calculations 
but again the full spatial correlation will demand huge valence spaces. 

A valence space can be adequate to describe some properties and completely 
wrong for others. In table 1 we exemplify this for the case of 48 Cr 

Notice that for the quadrupole properties l/z2p3 is a rather good space 
whereas for magnetic and Gamow-Teller processes the inclusion of the spin orbit 
partners is needed in order to get reasonable results. In the tin isotopes the 
natural valence space consists in a 100 Sn core and valence orbits: 



However, numerous El transitions have been measured, that are forbidden 
in this space because of the absence of the lgg /2 orbit, the only one that can 


Table 1. Properties of 48 Cr in different valence spaces 


48 Cr 

(/|) 8 


(. fP ) 8 

Q(2 + ) (e.fm 2 ) 

0.0 

-23.3 

-23.8 

E(2+) (MeV ) 

0.63 

0.44 

0.80 

E(4+)/E(2+) 

1.94 

2.52 

2.26 

BE2(2+ ->■ 0+) (e 2 .fm 4 ) 

77 

150 

216 

£B(GT) 

0.90 

0.95 

3.88 
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produce an electric dipole vertex with the lhn /2 orbit. 

A T 

( fl ll/2 ' ®9/2) 

Let’s work out a simple example. We want to study the low energy spectrum 
of 12 C. We limit ourselves to positive parity states. The natural valence space 
is therefore the p-shell and we have an “alpha particle” core. The number of 
valence particles is four protons and four neutrons. The two orbits of the p-shell 
are lp3/2 and lpl/2. The interaction is defined by the single particle energies 
of these two orbits in A=5, that we can extract from experiment, and 15 two 
body matrix elements < 'ij(JT) |W// \kl(JT) >, where ijkl may be any of the 
two orbits above. For instance if i = j = k = l = lp3/2, JT can take the values 

01,10,21 and 30. 

Let’s focuss now in the 0 + T=0 states of 12 C (these are the experimental 
quantum numbers of the ground state, but the same procedure holds for any 
other values of the total angular momentum and isospin). We can build such an 
state in five different ways corresponding to different particle distributions among 
the shells and different intermediate angular momentum and isospin couplings. 


(lp3/2) 8 (J=0,T=0) (lpl/2)° (J=0,T=0) 

(lp3/2) 6 (J=0,T=1) (lpl/2) 2 (J=0,T=1) 

(lp3/2) 6 (J=1,T=0) (lpl/2) 2 (J=1,T=0) 

(lp3/2) 5 (J=l/2,T=l/2) (lpl/2) 3 (J=l/2,T=l/2) 
(lp3/2) 4 (J=0,T=0) (lpl/2) 4 (J=0,T=0) 


After that we compute the matrix of the Hamiltonian in this basis (better if 
you have a code to do all the angular momentum algebra cfp’s etc), diagonalize 
and obtain eigenvalues and eigenvectors. Once this done for all the JT pairs you 
can draw the theoretical level scheme. With the wave functions you can compute 
the diagonal matrix elements of one body operators that give magnetic moments 
and quadrupole moments or the off diagonals whose squares represent the elec¬ 
tromagnetic (or weak) reduced transition probabilities. Occupation numbers, 
spectroscopic factors and many other observables can also be obtained. 

We could have chosen to work in the uncoupled or m-scheme, in this case the 
symmetries of the hamiltonian are not explicit in the basis, that is composed of 
all the Slater determinants made from all the possible partitions of the valence 
particles among the valence orbits: uj|0) 

\®a) = If 4|0) = 4-«L|0) 

i—nljrnr 


The physical states come out of the diagonalization of the Hamiltonian ma¬ 
trix: 






drawback of this scheme is that the size of the matrices is maximal: 
(^) but the advantage is that the Hamiltonian matrix is sparse and its 
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elements are very easy to compute, mainly because we can represent a Slater 
determinant by a machine word, where each state is a bit (0 empty 1 occupied). 
For instance, in our 12 C example one of these Slater determinants could be the 
following: 


• 
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Fig. 2. 


corresponding to: uj 0 u]jUgui b^b^b)^ | 0 ) (a and b refer to protons and neutrons). 

In this example the Slater determinant is a 12 bits word, 12 being the total 
single particle degeneracy of the valence space. The action of the Hamiltonian 
on such an object is very simple, because the creation and annihilation operators 
are mapped into elementary bit operations. 

As another example, the 0 + states of 18 O, can be easily obtained using the 
USD interaction (which is described and listed in sec. 3.3). The basis is composed 


of the states (ds) , {ds) 2 and ($r) • Using the single particle energies and the 
two body matrix elements we can build the 3x3 secular matrix: 


(+ 2 

+) 2 

(si ) 2 

x 2 7 

/ 3.9478 x 2 

* 

3.1856 

.13247 

+(-2.8197) 



3.1856 

1.64658 x 2 

1.0835 


+(-2.1845) 


1.3247 

1.0835 - 

3.1654 x 2 


\ +(-2.1246) 


Upon diagon aliz at ion, the eigenvalues, and the eigenvectors that give us the 
structure of the physical states in the coupled, uncorrelated basis, are obtained. 


The actual level scheme is: 0-/” (0.0 MeV), 04 (4.3 MeV), O 3 " (14.1MeV). 


+ 


+ 


3 The interaction 

We have said nothing yet about the precise effective interaction to be used in the 
calculation. One way to proceed, that has been frequently used, is to determine 
empiricaly the two body matrix elements from a fit to selected energy levels (and 
in some, rare, cases also to transitions). Another is to try to keep as close as pos¬ 
sible to realistic G-matrices. However, in this approach, the empirical evidence 
is that some averages of matrix elements, actually those that are associated to 
extensive operators like the particle number or the isospin, are not well pre¬ 
dicted by any G-matrix and have to be phenomenologically corrected. This kind 
of approach is dicussed in detail in [9] and will be the subject of subsection 3.3. 























78 


A. Poves and F. Nowacki 


3.1 The interaction in second quantization 

The hamiltonian can be written as: 

A A 

= £ T(fc) + £ W(M) 

k —1 k<l 


and in second quantization: 

A 1 A 

n = T^I T l j) a i a J + 4 ^2{ij\W\kl)a\a\aia k 

ij ij kl 

If we define a core, the hamiltonian takes the form: 

A i A 

u = ^2 + ~r Tfai 

i ij kl 

where the e^s are the single particle energies relative to the core. 

From this expresion we can transform to the JT-coupled scheme writing the 
two-body part as: 

v = i E E (jimijf 2 m 2 |V|j'3m3jUm4) x 

jijzjzjA mim2m 3 m4 

t t 

a jimi a j 2 m 2 a 34m 4 a j3rn 3 

Introducing the operator: = (—l).?+ m aj- m and defining the coupling of 

tensors as: 

IP’ji ^j 2 ^ ^ {Jl^ 1J2^2 | J-M- ) ® J j 2 rn 2 

rnlrn2 

we obtain: 


v = -\ E {hh\v\jm) JT x 

31323334 JT 








JT 


3.2 Which effective interaction? 

As we mentioned before, different approaches are possible to determine the ef¬ 
fective interaction, or equivalently the set of matrix elements: 

{{hh)jT\V\{hU) JT) 

Historically the first was the empirical one in which the matrix elements are 
fitted to a set of experimental data. The eigenenergies of the problem can be 
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expressed as linear combinations of the two body matrix elements and single 
particle energies (that we note generically by Vj~). 



Thus the problem is 


that of minimizing the function 



N p ( -\ . r\ 

y (( 4 Vfe) - Elx V )) c r = 0, from there we get 

i=1 k=1 


E((tc^v k )-Ei xp ,) 

i=1 fc=l 



i.e. a set of p linear equations with p parameters which is solved under the 

assumption that the wave functions do not change (cj^ fixed). An iterative pro¬ 
cedure is then carried on until convergency. Examples of this approach are the 
interactions of Cohen and Kurath for the p-shell [7] and the interaction USD of 
Wildenthal for the sd-shell, that we list below [8]. 

The other option is to deduce the effective nucleon-nucleon interaction from 
the bare NN interaction. This is the aim of the theory of effective interactions. 
Unfortunately such a project has many difficulties. Not the least is the impossibil¬ 
ity of getting the good saturation properties of nuclear matter without recurring 
to three body forces. In nuclear spectroscopy we detect also the defects of the 
G-matrices, but as we will see in what follows, we are now able to confine them 
to some combinations of matrix elements whose physical interpretation is clear 
as well as its relationship with the saturation issues. 

An example of this is gathered in table 2, where we can observe that all the 
G-matrices available, fail in producing the expected shell closures at N=28. (We 
have listed those from Kuo and Brown [11], Kahana, Lee and Scott [12] and a 
set of calculations by the Oslo group using different Bonn potentials [13]. Why, 
will be explained in the next subsection. 


3.3 The structure of the hamiltonian 

From the work of M. Dufour and A. Zuker, [10] we know that any effective 
interaction can be split in two parts: H = 'H m (monopole) + 1~Lm (multipole). 'H m 
contains all the terms that are affected by a spherical Hartree-Fock variation, 
hence responsible of the global saturation properties and of the evolution of the 
spherical single particle field. This important property can be written as: 


{cs ± i\n\cs ± i) = {cs ± i\n m \cs ± i) 
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Table 2. Excitation energy of the 2+ in doubly magic 48 Ca and 



Expt. KB KLS Bonn A Bonn B Bonn C 


48 Ca 

3.83 

1.80 

1.60 

1.23 

1.30 

1.41 

<(/7/2) 8 |^Gs) 


0.468 0.381 

0.214 

0.345 

0.437 

56 Ni 

2.70 

0-39 

0.31 

0.43 

0.42 

0.42 

<(/7/2) 16 |^GS> 


0-04 

0.015 

0.018 

0.011 

0.019 

i n 3 / 2 ) 


4.5 

5.2 

5.7 

5.2 

5.0 
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where CS means closed shell. For all the realistic G-matrices, 1~Lm is close to right 
whereas 'H m is definitely wrong. Hence, the monopole part of the G-matrices has 
to be empirically corrected to reproduce the structure of the “simple” nuclei CS 
and CS plus or minus one nucleon. 


3.4 The monopole hamiltonian 


The explicit form of l~L 7n is : 



H ap is the term containing the single particle energies. The coefficients a and b 
are defined in terms of the centroids: 



as: an = ±(3Vg + Vg), b v , = V\ - Vg, the sums run over Pauli allowed values. 

We have discussed in the preceding section the bad behaviour of the monop ole 
part of the G-matrices in the 56 Ni case. Let’s now explain the reasons. The 
monopole energy of the closed shell is given by: 




16*15 

2 







lf7/2 


Whereas the monopole energy of the 4p-4h configuration reads: 

f^4p4/i = 12c $ 4e r T 66V j^ -|- 48 V j T -|- 6V rr 


The difference between both is given by: 






lf7/2 




Therefore, even small defects in the centroids can produce large changes in the 
relative position of these configurations due to the appearance of quadratic terms 
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involving the number of particles in the different orbits. This is what actually 
happens in the cases shown in table 2. The average interaction between the 
lf7/2 orbit and the rest of the shell, as given by the G-matrices is systematically 
too attractive, locating the p-h configurations too low. This, combined with the 
larger correlation energy of the open shell configurations, compared with the 
closed shells, can destroy the shell closures as spectacularly as to make 56 Ni a 
perfect rotor. 


3.5 


The multipole hamiltonian 


1~Lm can be written in two representations , particle-particle and particle-hole: 


Hm 
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where Zp ( Zp) is the coupled product of two creation (annihilation) operators 
and S 1 is the coupled product of one creation and one annihilation operator. 
The W and u) matrix elements are related by a Racah transformation: 
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In the preceding expressions we can replace pairs of indeces by a single one 
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T~Lm — J2k t r E k ^k Z xr * X) Uyk Z v r > 

y 

Hm = E fe)7 el (E„ < k S2 E b ul k sif M 1 / 2 , 

that are called representations E and e. 

In figure 3, we show the eigenvalue distribution of the particle-hole channel 
for two shells; pf and sdg. There are only a few coherent terms, and they have the 
expected quantum numbers; isoscalar quadrupole, octupole and hexadecapole, 
and isoscalar and isovector dipole (plus the center of mass term). Besides, if one 
analyze the structure of these terms, it turns out that they have very simple 
forms like r A Y\ or a and a * r. 

What is even more important is what happens if we remove these coher¬ 
ent states from the multipole hamiltonian and go back to the particle particle 
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Energy (Mev) 

Fig. 3. e-eigenvalue density for the KLS interaction in the pf-j-sdg major shells. The 
largest ones are shown by arrows. 


representation. This is presented in fig. 4. What remains is a symmetric distri¬ 
bution of eigenstates centered at zero which corresponds to the random part 
of the hamiltonian, plus three particle-particle coherent terms that are readily 
identified with the isoscalar and isovector monopole pairing plus the isoscalar 
quadrupole pairing. The rewarding aspect of this decomposition is that, not only 
the multipole hamiltonian can be reduced to a few terms, besides, these terms 
are simple and universal in a double sense; they are nearly equal for all different 
effective interactions and their mass dependence is well understood. In table 3, 
the comparison is made between the coherent terms and several schematic in¬ 
teractions that show the extent of the agreement between them. 

Finally, we have gathered in table 4 the coherent terms of the two most 
popular effective interactions used in the pf- shell. The first, KB3 is just the 
G-matrix calculated by Kuo and Brown, the second, fpd6, [15] was obtained 
by a potential fit to the experimental excitation energies of a set of nuclei, 
the third is a newcomer, because we have naively taken the density dependent 
force of Gogny [16] and computed its two body matrix elements, using the wave 
functions obtained in a spherical Hartree-Fock calculation with the same force. 
The agreement is surprising, in view of the very different origins of the three 
interactions. This analysis makes it possible to detect the differences between 
them, in particular fpd6 turns out to be about ten percent stronger than KB3 at 
the begining of the shell. Notice also that the pairing content of the Gogny force, 
isovector and isoscalar, is fairly close to that of the other two, more specifically 
shell model, interactions. Therefore, its proton neutron pairing properties are 
bound to be close to correct. 
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Energy (Mev) 


Fig. 4. E -eigenvalue density for the KLS interaction in the pf+sdg major shells hw — 9, 
after removal of the five largest contributions in the particle-hole channel. The largest 
ones are shown by arrows. 


Table 3. The structure of he coherent terms of the multipole hamiltonian 
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4 The solution of the secular problem 

In large scale shell model calculations the strategy to build and diagonalize the 
secular matrix is a major issue. First one has to decide in which coupling scheme 
to work. The simplest one is the so called m — scheme , whose basis is formed 
by all the Slater determinants contained in the valence space. It has the advan¬ 
tage of eliminating all Racah algebra, cfps, etc. The inconvenient is that the full 
dimension of the basis has to be carried on. The other choice is to implement 
“a priori” the symmetries of the Hamiltonian in the construction of the many 


The nuclear shell model 


85 


Table 4. Leading terms of the multipole hamiltonian 
Interaction particle-particle particle-hole 

JT=01 JT=10 Ar=20 At=40 At=11 
KB3 -4.75 -4.46 -2.79 -1.39 +2.46 

FPD6 -5.06 -5.08 -3.11 -1.67 +3.17 

GOGNY -4.07 -5.74 -3.23 -1.77 +2.46 

particle basis. The full matrix is then divided in blocks and for each ensemble 
of values of the pertinent quantum numbers the dimensions are smaller. This 
approach is called “coupled scheme” . Its drawback is that it lacks the computa¬ 
tional simplicity of the m-scheme. Usually only the exact quantum numbers JT 
are explicitely taken into account, however, approximate symmetries can be im¬ 
plemented as well, for instance seniority, that make truncation procedures much 
more efficient. 

In order to obtain the relevant eigenvalues and eigenvectors two routes are 
available, either to build the full matrix and proceed by direct diagonalization 
or to use other methods as Lanczos’ to obtain a part of the spectrum. For very 
large matrices the direct diagonalization approach is excluded due to computer 
size limitations, so we will concentrate in the Lanczos method . Let’s mention 
however one of the first modern shell model codes, the Rochester Oak-Rigde 
MULTISHELL, a coupled, direct diagonalization code, based on the formalism of 
J. B. French [17]. Most of the present expertise in m-scheme Lanczos shell model 
codes has its roots in the Glasgow code made by Whitehead and collaborators 
[18]. New codes are at present available as the DUPSM (coupled), the Tokyo 
VECSSE (m-scheme) and the Strasbourg codes ANTOINE and NATHAN [19] 

that have, for the time being, the lead in dimensions and speed. 

The Lanczos algorithm consist in the construction of an orthonormal basis 
by orthogonalization of the states 7^ n |l), obtained by the repeated action of the 
hamiltonian 7^, on a basis state |1) called pivot. From this procedure results a 
tridiagonal matrix. In the first step we write: 

7^|1) = + Ei 2 \ 2) 

where En is just (1|7^|1) = (7^), the mean value of 7 i. Ei 2 is obtained by 
normalization : 

E 12 \2) — 1~L 1) — En 1) = {'H — En ) 1) 

In the second step: 

7^|2) = E 2 i\1) + E 22 12) + E 2 s\3) 

The hermiticity of 7 1 implies E 2 i = Ei 2 . E 22 is just (2|7^|2) and E 2 % is obtained 
by normalization : 

E 2 s\3) = (7 1 — E 22 )\2) — E 21 \l) 

In the row N, the following relations hold: 

n\iss) — 7?jviv-i|N — 1) + En jv|N) + En at+i |N +1) 
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with Enn 
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Using this procedure a tridiagonal matrix is explicitely built: 



/ En E 12 0 0 0 0 

Ei 2 E 22 E 23 0 0 0 

0 E32 E33 E34 0 0 

0 0 F/43 F/44 £-45 0 




The Lanczos iteration process has variational properties and the convergence 
for the lowest (and highest) eigenvalues is very efficient. 


4.1 


Lanczos strength functions 


Furthermore, the Lanczos method can be used to compute global properties of 
the spectra, even if approximate, via the calculation of strength distributions. 
The idea, due to Whitehead [20] is very simple. Suppose the ground state |G > 
of a given nucleus has been obtained by the conventional Lanczos method. Let 
Q x denote the multipole operator we are interested in. Acting with Q x on \G > 
we obtain the sum rule state (or the doorway). It is not a physical state if H 
do not commute with the multipole operator, but its norm is the sum rule or 
equivalently the total strength of the multipole operator in the ground state 
of the nucleus. Lets call its normalized version |A > and develop it in energy 


eigenstates as: 


Ll> 


1 
N 


Ts(E)\E> 


E 


where 
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Ts 2 (e) 
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and S 2 (E) is the strength function . The equality 
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<4H n |A >=-2^> 2 (E)E n 


E 


shows that, taking |A > as the pivot, each Lanzos iteration brings in the ex¬ 
pectation value of two new powers of H on |A >, therefore after N iterations 
we have 2N moments of the strength function S 2 (E). Diagonalizing the Lanc¬ 
zos matrix after N iterations, the overlaps of the eigenvectors with |A > give 
an approximation to S 2 (E) which has the same lowest 2N moments. In other 
words, one starts with a single peak that contains all the strength located at 
the centroid. Iteration after iteration it goes on fragmenting until the number 
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of iterations equals the dimension of the basis. However, for a relatively small 
number of iterations we should have already a very good understanding of the 
global behaviour of the strength. 

Figs. 5 and 6 are a very clear, cartoon-like, example of how the fragmenta¬ 
tion of a doorway state takes place as a result of the interaction. This process, 
as we have shown, do not modify the moments already fixed by the preceding 
iterations. Actually, if we smooth the spikes with gaussians having the experi¬ 
mental width, the shape of the resonance can be already obtained with a limited 
number of iterations, as it is seen in fig. 7. 

4.2 Other approaches 

The problem of the size of the shell model spaces has motivated other -approxi¬ 
mate- ways of solving the secular problem. The first one is the Shell Model 
Monte Carlo method , (see ref. [21] for a complete review) that treats the prob¬ 
lem statistically introducing a partition function e^ H where /? is the inverse of 
the temperature. The problem involving two body propagation is amenable to 
a superposition of one body propagations by using the Hubbard-Stratonovich 
transformation. The multidimensional integrals are then evaluated by Monte 
Carlo sampling. The advantage of the method is that, as the problem remains 



Energie(MeV) Energie(MeV) 

Fig. 5. Evolution of the Strength function with the number of iterations 
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Energie(MeV) Energie(MeV) 

Fig. 6 . Evolution of the Strength function with the number of iterations 

essentially that of one body dynamics, the dimensions of the basis are tractable. 
However the method demands many different extrapolations; first in tempera¬ 
ture (T—>-0), and then in some parameters added to the interaction in order to 
overcome the sign problem of the realistic interactions. It suffers also of limita¬ 
tions in the treatment of excited states because the cooling selects naturally the 
ground state. One final remark is that the method is very well suited to study 
finite temperature properties with the caveat, common to every shell model ap¬ 
proach, that beyond some excitation energy the valence space will run out of 
states and the description will be unphysical. 

Recently the same type of approach using the partition functions and the 
Monte Carlo evaluation of the multidimensional integrals, has been applied in 
a quite different way in ref. [22]. These techniques are now used to sample the 
Hilbert space searching for an optimal, hopefully small, basis in which to diag¬ 
onalize the full hamiltonian (Quantum Monte Carlo Diagonalization Method) . 
The starting basis vectors are mean field solutions that break the symmetries, 
therefore projections have to be enforced and the method ressembles to the GCM 
used since long in other contexts. On the other side, the fact that only states 
giving a certain energy gain upon inclusion are retained, results in an energy 
based truncation, that can be dangerous, if not dealt with care, in cases where 
there is no well defined intrinsic states to start with. 
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Energie(MeV) 



Energie(MeV) 

Fig. 7. Strength function convoluted with the experimental width 

5 Miscellaneous applications 

In the last years it has been possible to tackle the shell model description of 
nuclei in large valence spaces as for instance the full pf shell, using the m- 
scheme code ANTOINE written by E. Caurier and a realistic effective interaction 
(KB3) obtained from the Kuo-Brown G-matrix [11] with the necessary monopole 
corrections [23] in line with what we have already discussed. There is a large 
amount of results that explain beautifully the experimental data (and in some 
case predict or even correct others), these can be found in refs. [24-28]. Far from 
stability, we have used a valence space consisting of the pf shell for neutrons 
and the $d shell for protons [29]. Here we shall only address a couple of problems 
relevant to the modern shell model descriptions. 
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5.1 Quenching of spin operators in the nucleus 

This is a long lasting topic, that has been extensively studied for many years. 
The fact that both beta decay studies and charge exchange reactions in the 
appropriate kinematics, give experimental Gamow Teller strengths that are sys¬ 
tematically smaller than the theoretical predictions, has generated a lot of de¬ 
bate on the role of non-nucleonic degrees of freedom versus short range nuclear 
correlations in the renormalization of spin operators in nuclei. Full sd-shell calcu¬ 
lations [30] had already established the constancy of the quenching factor, with a 
value q=0.77. With the advent of full pf shell calculations and using the Lanczos 
strength function technique we have been able to extend these calculations to 
higher masses. 

In figure 8 we have collected the Gamow-Teller matrix elements of many 
individual ft decays for A=41 to 52. Comparing with experiment an effective 
value for the weak axial constant g J 4 (eff)= 0.74 g^bare) is found. This result is 
consistent with the value extracted from similar comparisons in the p and sd 
shells and point to an asymptotic value of the renormalization of 0.7 [26]. 



T(GT) Th. 

Fig. 8 . Quenching of GT strength in the pf -shell 


In figure 9 we have applied the Lanczos strength function method to the case 
of the Gamow Teller strength function of 48 Ca. We went to 700 iterations (the 
number of 1 + T=3 states in 48 Sc being 8590) and smoothed the peaks with gaus- 
sians of the experimental width to compare with the results of (p, n) experiments. 
In first place, this illustrates the ability of the shell model approach to describe 
resonances in large valence spaces. The quantitative agreement is obtained using 
the same quenching factor that we had extracted from the comparison of indi¬ 
vidual decays. The spreading of the experimental strength compared with the 
calculated one in the high energy region, is due to the mixing with configurations 
outside the space. In ref. [28] we submit that the quenching is of nuclear origin 
and related to the similar one found in the spectroscopic factors. 

We have extended this comparison to the Ml strength obtained in (e, eft 
experiments. In order to make a meaninful comparison, the calculation must 
be able to reproduce correctly the strength function in the energy span of the 
experiment as well as to indicate the relative importance of the spin and orbital 




The nuclear shell model 


91 



Fig. 9. 48 Ca (p, n) 48 Sc cross section compared with the calculated Gamow Teller 
strength function using the Lanczos method 


strengths. In fig. 10 we make the comparison for the case of 52 Cr. Notice the very 
detailed agreement between experiment and theory. Based on this and similar 
comparisons for the remaining N=28 isotones, a quenching factor of 0.75(2) for 
the spin strength could be extracted, fully consistent with the Gamow-Teller 
results and supportive of the nuclear origin of the effect [31]. 



E x (MeV) 

K O 

Fig. 10. Ml strength in Cr, experiments vs. full pf-shell results 
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5.2 Shell model description of deformation and superdeformation 

The shell model description of nuclei gives results of extreme spectroscopic qual¬ 
ity, provided a good valence space and a good effective interaction are used. We 
are therefore in solid grounds to address the topic of the collective behaviour in 
nuclei. We shall proceed to examine the following key questions: How can we 
describe rotational motion within the spherical shell model, beyond the sd-cases 
to which Elliott’s SU3 is applicable? How do we to get information about the in¬ 
trinsic state from the shell model wavefunctions? How compares the (spherical) 
shell model description with the (deformed) mean field ones? 

Some of these questions may sound rhetorical, but nonetheless their proper 
answers do not belong yet to the nuclear physics “common knowledge”. 

The pf -shell mass region is a very good place to study these aspects because 
full 0 hu) calculations are still feasible and the mass and the number of active 
particles in the valence space make the link with heavy deformed nuclei much 
easier than in the very light cases. That, provided deformation shows up. But 
this is actually the case, as it is seen in figure 11 where the experimental level 

scheme of 48 Cr [32] is compared with the shell model calculation [33]. 

Notice the rotor-like spectrum up to J=10 and the backbending at J=12, 
reminiscent of the behaviour of heavier rotors. The E2 transition probabilities 
are fully collective and follow the Bohr-Mottelson prescription for a rotor in 
the strong coupling limit with a deformation /?=0.3 (see table 5 for the experi¬ 
mental data [34]). Therefore, considering the nearly perfect agreement between 
experiment and theory in fig. 11 and in table 5, we consider that 48 Cr is good 
candidate for a rotor amenable to a spherical shell model description. We want 
to be more precise in our definition of a rotor and for that we shall rely in three 
indicators; i) the yrast band follows approximately a J(J+1) law, ii) the intrinsic 
quadrupole moment extracted from the B(E2) transition probabilities is constant 
for the different yrast states, ii) the intrinsic quadrupole moment extracted from 
the spectroscopic quadrupole moment is also constant for the yrast states and 
equal to the one extracted from the B(E2). The connexion between intrinsic and 
laboratory frame is made by the formulae [35]: 


_ (J+i) (2J+3) p. / t\ 

— 3K 2 -J(J+1) VspecWb 


for K ^ 1 



(for K ^ 1) 

For even-even nuclei this is about as far as we can go in deciding whether 
we are faced with a good rotor or not. When a particle is added or removed, 
the collective model description of its coupling to the rotor leads to some very 
precise predictions that make the comparison with microscopic calculations more 
stringent in particular in what concerns magnetic properties. This analysis has 
been carried out in ref. [25] and we will not discuss it here. 

Table 5 contains the information we were after, as given by the calculations 
(we use effective charges 1.5 for protons and 0.5 for neutrons). We have listed 
the B(E2) values, and the intrinsic quadrupole moments extracted from those, 
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Fig. 11. 48 Cr level scheme; experiment vs . theory 

Qo(B(E2)), or from the spectroscopic quadrupole moments, Qo(Qspec)* The re¬ 
quirements stated above are fulfilled up to the backbending , therefore we can 
conclude that 48 Cr is a good rotor up to J=10 where the backbending takes 
place. The intrinsic quadrupole moment that we obtain corresponds to a defor¬ 
mation /?=0.3 as we had anticipated. Notice that all the quadrupole properties 
of the full pf -shell calculation are reproduced (and even enhanced) if we reduce 
the valence space to the lowest two orbits, lf7/2 and 2p3/2 (fp space). These 
results are shown in the last column of the table and give us the first hint on the 
minimal valence spaces that can accomodate deformed nuclei. The yrast band 
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Table 5. 48 Cr; quadrupole properties of the yrast band 


J B(E2) exp 

B(E2) th 

Qo(B(E2)) Qo(Q S pec 

: ) Q 0 [lf7/2, 2p3/2] 

2 321(41) 

228 

107 

103 

104 

4 330(100) 

312 

105 

108 

104 

6 300(80) 

311 

100 

99 

103 

8 220(60) 

285 

93 

93 

102 

10 185(40) 

201 

77 

52 

98 

12 170(25) 

146 

65 

12 

80 

14 100(16) 

115 

55 

13 

50 

16 37(6) 

60 

40 

15 

40 


in the reduced space follows also the J(J+1) law although with a moment of 
inertia much larger than the experimental one. This behaviour propted us to 
study the origin of the rotations in cases when the spin orbit splitting is large. 
We found out that there is an approximate symmetry, that we call Quasi-SU3, 
operating in the subset of aligned orbits of a major harmonic oscillator shell, 
which is responsible for the onset of deformation [36]. 

Once the existence of a well behaved rotor is established, we can examine 
what happens if particles or holes are added to it. It has been shown in [25] 
that the mirror pairs 4 T V- 4T Cr and 49 Cr- 49 Mn closely follow the semiclassical 
picture of a particle/hole strongly coupled to a rotor. When more particles or 
holes are added, the collective behaviour starts disappearing, nevertheles even 
for 52 Fe (the largest detailed spectroscopic calculation ever made) a rotor like 
band appears at low spin and an yrast trap at J=12 + , both are accounted for in 
the shell model calculation [37]. Another exemple is 50 Cr that was predicted to 
be a double backbender in [38], prediction confirmed in a subsequent experiment 
[39] (see figure 12). 

Very recently a higly deformed excited band has been discovered in 56 Ni [40] 
having a four particle four holes structure. The band head is located at about 
5 MeV excitation energy and its deformation is close to /?=0.4. All these features 
are reproduced by an -almost- full pf -shell calculation. It turns out that the 
4p-4h structure that dominates this band is the one that causes the breakdown 
of the N=28 shell closure in the calculations using uncorrected G-matrices. 

We had also the oportunity to compare the spherical shell model results with 
the deformed mean field ones, more precisely with the Cranked Hartree Fock 
Bogolyuvov calculations using the Gogny force [33]. The results for the yrast 
band are presented in figure 13 . 

At first glance one could conclude that the CHFB model is doing a rather 
poor job in view of the discrepancies. However a closer look tell us that in fact 
most experimental trends are there, except for a too large moment of inertia. 
Due to that the CHFB E 7 ’s are systematically smaller than the experimental 
ones. But, from our discussion of the results in the reduced fp space, we are 
aware of the fact that the quadrupole properties may be right and the moment 
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Fig. 12. Backbending in 50 Cr 
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Fig. 13. 48 Cr, spin vs. rotational frecuency (E 7 ). Experiment compared with the CHFB 
and the SM results. 
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of inertia wrong. We know also that the decoupling of the quadrupole moment 
and the moment of inertia is a characteristic feature of the SU3 model of Elliott 
. Hence, we go on with the comparison and in figure 14 we show the CHFB 
results for the intrinsic deformation parameters ft and 7 . We see that up to 
the backbending the nucleus is axially deformed with a deformation close to 
0.3 that decreases slowly with J ( 0.2 at J=10) in full agreement with the shell 
model results. Beyond the backbending the deformation continues to decrease 
and there are some excursions into triaxiallity that are difficult to recast in 
collective terms. A very nice feature of the CHFB calculation is that it makes it 
possible to separate the contributions to the quadrupole moment coming from 
the core and from the valence orbits. The result, independent of J, is that both 
blocks contribute evenly, which is consistent with the effective charges we use in 
the shell model calculation. 



Fig. 14. Deformation parameters ft and 7 as a function of J in the CHFB calculation 


Pairing vs quadrupole has been one of the classical themes in nuclear physics 
since the beginning of nuclear structure studies. The advent of high spin physics 
and improven spectroscopic data in heavy N^Z nuclei has brought up again an 
old question; how does pairing evolve with angular momentum? and then a new 
one; which is the role of proton neutron pairing close to N=Z? We shall examine 
these issues in what follows. To start with, we take as the pairing T=0 and T=1 
hamiltonians those extracted in ref. [10] from the realistic G-matrices (in this 
reference the analytical expressions -eq. 2 . 6 - and the numeric values of the two 
body matrix elements -table I- can be found). We keep their notation and call 
P 01 and P 10 the isovector and isoscalar L=0 pairing hamiltonians. In order to 
evaluate the effect of pairing, we substract each pairing hamiltonian from the 
full interaction, given by KB3, we repeat the calculations and extract the pairing 
contributions by comparison of both sets of results. 
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Fig. 15. The effect of T=1 and T=0 pairing in the yrast band of 48 Gr 
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We shall present results only for yrast band of 48 Cr. In figure 15 the pairing 
energy is plotted against the spin. Up to the backbending , both the T=1 and 
T=0 contributons decrease with J. The T=1 contribution is larger but has a 
much steeper slope. A plateau appears at around J =12 and then pairing goes 
to zero. When these results are plotted as spin versus rotational frecuency (see 
fig. 15) it is clearly seen that the effect is basically a change in the static mo¬ 
ment of inertia. Therefore we can safely conclude that the defaults of the CHFB 
calculation are associated to the absence of proton neutron pairing in the HFB 
approach. 

In order to settle this point, we have used the matrix element of the Gogny 
force, discussed in section 3.5 in a full p/-shell calculation. The results are plotted 
in fig. 16. It is clearly seen that the shell model calculation with the Gogny force 
now gives a much better moment of inertia than the CHFB with the same force. 
The backb ending is located at the right place as well. Hence, it is demonstrated 
that the limit at ions of the HFB method in dealing with the proton-neutron 
pairing, that are more acute in N=Z nuclei, are the true responsible for the 
failures of the mean field description and not the effective interaction. 
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Fig. 16. The yrast band of 48 Gr; SM with the Gogny force 


Another interesting result is that for the states below the backb ending -i.e. 
for those that can be viewed as proceeding of the same intrinsic, well deformed 
state— the wave functions with or without pairing have the same quadrupole 
behaviour. To be more precise, their B(E2)’s and quadrupole moments are 
equal within a few percent and their overlaps are always better than 95%. This 
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means that pairing does not affect the quadrupole properties that have somehow 
reached saturation in the deformed regime [41]. 

While we have shown abundantly the capacity of large scale shell model 
calculations to describe well deformed nuclei, the possibility of encompassing 
also superdeformation seemed remote. We had advanced qualitative arguments 
on which should be the valence spaces necessary to produce super deformat ion 
in ref [36]. The argument was that in favorable situations, n-particle n-hole 
excitations on a spherical or normally deformed stated could take advantage of 
a mean field geometry that enhances the quadrupole correlations. In heavy nuclei 
the normal deformed structures were associated to 8p-8h configurations when 
the particles occupy a set of Quasi-SU3 orbits while the holes sit in a Pseudo- 
SU3 set. However, this situation can also happen in light nuclei at the end of the 
sd-shell, where the particles excited to the pf shell follow Quasi-SU3 and the 
holes in the sd-shell, Pseudo-SU3. And, indeed, in a very recent experiment, such 
a sup er de for me d band has been found in 36 Ar. A shell model calculation in the 
combined sd — pf valence space, that reproduces nicely the experimental results 
(see fig. 17), suggest a deformation /?=0.55 and a dominant 4p-4h structure on 
the top of the ground state of 36 Ar. 


Ar-36, SD-band 



Fig. 17. The super deformed band of Ar, experiment vs. SM 


6 Conclusions 

The spherical shell model provides a description of the nuclear dynamics that 
makes it possible to keep a connexion with the basic initial ingredients of the 
problem, i.e. nucleons selfbound in vacuum by its mutual -non relativistic, two 
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body- interaction. In the route from the bare nucleon-nucleon to the prediction 
of the level scheme or decay properties of a particular nucleus, we have to pay 
many tolls; first, the bare interaction has to be regularized, and then, due to sat¬ 
uration problems, its monopole part fitted to the properties of the closed shells 
and closed shells +/— one nucleon. However, the separation of the effective inter¬ 
action in monopole and multipole parts, and the realization that the multipole 
part of the realistic interactions is correct, paves the way to obtain an universal 
interaction for the shell model. Secondly, the valence spaces that contain the nec¬ 
essary degrees of freedom for a satisfactory description of the nuclear properties 
become exceedingly large for medium-heavy nucleus. Nevertheless, complete di- 
agonalizations in the pf- shell, that have become recently available thanks to the 
impressive algorithmic advances of E. Caurier’s codes, provide a realistic micro¬ 
cosmos in which many of the features of the heavier nuclei show up. In particular, 
collective deformed nuclei can be perfectly accounted for by the spherical shell 
model. Furthermore, sound indications on the symmetries or coupling schemes 
that will underlie the description of heavier nuclei are obtained, in the form of 
Elliott’s SU3 variants. This approach has also proven to be able to encompass 
in the same framework the behaviour of nuclei far from stability, in spite of the 
increase of difficulty due to the lesser available experimental information on the 
effective spherical mean field in very neutron (or proton) rich nuclei. 
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Abstract . Current developments in nuclear structure are discussed from a theoretical 
perspective. First, the progress in theoretical modeling of nuclei is reviewed. This is 
followed by the discussion of nuclear time scales, nuclear collective modes, and nuclear 
deformations. Some perspectives on nuclear structure research far from stability are 
given. Finally, interdisciplinary aspects of the nuclear many-body problem are outlined. 


1 Introduction 

The atomic nucleus is a fascinating many-body system bound by strong interac¬ 
tion. The building blocks of a nucleus - protons and neutrons - are themselves 
composite aggregations of quarks and gluons governed by quantum chromody¬ 
namics (QCD) - the fundamental theory of strong interaction. Nuclei are ex¬ 
ceedingly difficult to describe; they contain too many nucleons to allow for an 
exact treatment and far too few to disregard finite-size effects. Figure 1 shows 
the main challenges in our quest for understanding the nucleus. Studies at rel¬ 
ativistic energies probe the domain of QCD; they reveal the nature of quark 
and gluon dynamics. Studies at lower energies probe the structure and dynam¬ 
ics of nuclei. The bridges illustrate major physics questions pertaining to the 
nucleus: the nature of hadrons, the understanding of the bare nucleon-nucleon 
interaction in terms of the quark-gluon dynamics, and the understanding of the 
effective interactions in heavy nuclei in terms of the bare force. 

In this talk, I intend to review - rather briefly - a number of issues relevant to 
the nuclear many-body problem. Firstly, Sec. 3 covers the enormous progress that 
has happened in theoretical nuclear structure during recent years. (For a general 
overview of nuclear science, the reader is encouraged to study the recent report 
[2].) Some spectacular examples of the nuclear collective motion are presented in 
Sec. 4. The concept of nuclear deformation, i.e., anisotropic nuclear mean field, 
is one of the most useful and important building blocks of the unified model. In 
Sec. 5, several different views on the microscopic origin of nuclear deformation 
are presented. The common denominator is the interplay between the symmetry¬ 
breaking par tide-vibration interaction and the symmetry-restoring pairing force. 

One of the frontiers of today’s nuclear science is the “journey to the limits” 
of atomic charge and nuclear mass, of neutron-to-proton ratio (see Sec. 7). The 
tour to the limits is not only a quest for new, exciting phenomena, but the new 
data are expected, as well, to bring qualitatively new information about the 
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Fig. 1. From the QCD vacuum to heavy nuclei: the intellectual connection between the 
hadronic many-body problem (quark-gluon description of a nucleon) and the nucleonic 
many-body problem (nucleus as a system of Z protons and N neutrons). From Ref. [1]. 


fundamental properties of the nucleonic many-body system, the nature of the 
nuclear interaction, and nucleonic correlations at various energy-distance scales. 

Section 8 discusses interdisciplinary aspects of the nuclear many-body prob¬ 
lem, and Sec. 9 contains conclusions of these lectures. 

2 The territory 

The nuclear landscape, the territory of nuclear structure, is shown in the top 
portion of Fig. 2. Moving away from the valley stable nuclei by adding either 
protons or neutrons, one enters nuclear “terra incognita’ 7 which is bordered by 
the particle drip lines where the nuclear binding ends. The nuclei beyond the 
drip lines are unbound to nucleon emission. Examples of such systems are proton 
emitters - narrow resonances beyond the proton drip line which exist due to 
the confining effect of the Coulomb barrier [3]. An exciting question is whether 
there can possibly exist islands of stability beyond the neutron drip line. One 
such island is, of course, a neutron star which exists due to gravitation. So far, 
calculations for light neutron drops have not produced permanent binding [4,5]. 
However, it has been suggested recently [6] that areas of stability can appear in 
heavier nuclei as a result of shape coexistence /isomerism. 

The vast territory of nucleonic matter is shown in Figure 3 which illustrates 
various domains of nuclear matter. The range of neutron excess, (N — Z) /A, in 
finite nuclei is from about -0.2 (proton drip line) to 0.5 (neutron drip line). The 
new-generation radioactive beam facilities will provide a unique capability for 
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calculations No-Core Shell Model 


Fig. 2. Top: Nuclear landscape. Bottom: Various theoretical approaches to the nuclear 
many-body problem. 


accessing the very asymmetric nuclear matter and for compressing neutron-rich 
matter approaching density regimes important for supernova and neutron star 
physics. 


3 The nuclear many-body problem: 

towards the unified description of the nucleus 

The common theme for the field of nuclear structure is that of the nucleon- 
nucleon (NN) interaction which clusters nucleons together into one composite 
system. Figures 1 and 2 illustrate, schematically, our main strategy in the quest 
for understanding the nucleus in the context of the hadronic and nucleonic many- 
body problem. 

The free NN force can be viewed as a residual interaction of the under¬ 
lying quark-gluon dynamics of QCD, similar to the inter molecular forces that 
stem from QED. The low-energy interaction between nucleons has a compli¬ 
cated spin-is os pin dependence dictated by the hadron’s substructure. One of 
the main challenges of nuclear science, indicated by the first bridge in Fig. 1, 
is the derivation of a nucleon-nucleon (NN) interaction from the underlying 
quark-gluon dynamics of QCD. Experimentally, the NN force can be studied by 
means of NN scattering experiments. Examples of phenomenological parame- 
terizations based on the NN scattering data are the Bonn [8,9], Nijmegen, Reid 
[10], Paris [11], and Argonne [12] potentials. While the long-range part of these 
free (but still effective!) NN forces is well described by one-pion exchange, their 
short-range behavior is purely phenomenological. Here the quark-gluon degrees 
of freedom must be considered explicitly. (It is believed that the short-range 
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Fig. 3. Diagram illustrating the range of densities and neutron excess of importance 
in various contexts. (Based on Ref. [7].) 


part can be well accounted for by a simple one-gluon exchange potential and the 

Pauli principle [13,14].) 

How to tackle the problem of A strongly interacting nucleons? The general 
theoretical strategy is illustrated in Fig. 4. The starting point is, of course, the 
exact solution of the A-body Schrddinger equation (or relativistic field equations) 
with the bare NN force. Today, such ab initio calculations can be performed for 
very light nuclei, but still it is a very difficult task. Firstly, the corresponding 
dimensions are huge. Secondly, the bare NN force is very complicated (e.g., it 
contains tensor terms and, often, non-local terms) and the form of higher-order 
interactions, such as a three-body force {NNN) 1 is not well known. 

The state of the art is marked by the ab initio Green’s Function Monte Carlo 
(GFMC) calculations [15] which have recently reached A=10. Figure 5 shows the 
results of GFMC calculations by the Argonne-Los Alamos-Urbana collaboration 
of the excitation spectrum of A=4-9 nuclei using the GFMC method. The vari¬ 
ational Monte Carlo calculations with a free NN force have been carried out for 
relatively heavy systems such as 16 O [17]. Another ab initio method, which is 
currently undergoing a renaissance is the coupled-cluster [or “exp(S)”] method 
[18-20] (see Refs. [21-23] for recent applications). In the parallel development 
[24,25], ab initio calculations describing the scattering of few-body systems have 
brought new insights into the nature of the three-nucleon force. 
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The Nuclear Many-Body Problem 
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Fig. 4. The nuclear many body problem - various theoretical strategies. 


While the very light nuclei can nowadays be described as A-body systems 
bound by a free NN force augmented by a NNN force, the conceptual frame¬ 
work of larger nuclei is still that of the independent particle model . Here, the 
basic assumption is that the nucleons are moving almost independently in a mean 
potential obtained by averaging out the interactions between a single nucleon 
and all remaining A —1 protons and neutrons. This picture is only a first approx¬ 
imation; it is modified by the presence of the residual interaction between the 
nucleons. The “effective” NN interaction in the heavy nucleus, used to determine 
the mean potential, differs considerably from the free NN force. In principle, it 
should be obtained by means of the complicated Bruckner renormalization pro¬ 
cedure which corrects the free NN interaction for the effects due to the nuclear 
medium [26-28]. (In practice, however, effective forces are often determined by 
a fit to experimental data, or by extracting interaction matrix elements from 
the data.) This challenging task is represented by the second bridge in Fig. 1. 
Many features of the effective interaction such as short range; strong dependence 
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Fig. 5. GFMC calculations of excitation spectra of A— 4-9 nuclei using Argonne via 
NN force and Illinois-2R NNN force. (From Ref. [16].) 


on spins, isospins, and relative moment a of interacting nucleons; and the reduc¬ 
tion of mass in the nuclear interior have been extracted from experimental data. 
Having determined the effective force, the two most commonly used strategies, 
represented by a forking in Fig. 4, are (i) that of the nuclear shell model and (ii) 
the me an-field strategy. 

In the nuclear shell model , the effective two-body Hamiltonian is diagonal¬ 
ized in the limited configuration space. Here, the practical limitation is the size 
of the Hilbert space considered. Often, the realistic shell-mod el Hamiltonian can 
be further approximated by replacing it with a Hamiltonian which can be diag¬ 
onalized exactly using group theoretical techniques [29-33]. The wave function 
of the nuclear shell model is an eigenstate of fundamental symmetry operators; 
it has good parity, angular momentum, and isospin. From this point of view, it 
is a laboratory system wave function. 

The recently developed no-core shell model , employing the effective inter¬ 
action calculated (in the large configuration space) from the NN force, has 
reached 12 C. Figure 6 shows the result of the no-core shell-model calculations 
[34] for positive and negative-parity states of 12 C. In a parallel development, 
Bloch-Horowitz equations have been solved for very light systems [35], and an 
effort has been under way [36] to marry the numerical methods of the shell model 
with the tools of effective theory [37] to generate effective interactions and ef¬ 
fective operators. (In this approach the hard-core contribution is summed to all 
orders analytically.) 

There has been substantial progress in the area of the traditional shell model 

[38]. In 1971, Whitehead and Watt [39] succeeded in performing shell-model cal- 














108 W. Nazarewicz 



CD Bonn 



three alpha 
cluster state 





2 + 0 


L 0 + 0 - - -0+ 0 

Exp 4 /ko 2hw> 0 hco 


CD Bonn 


i i 




40 — 



.20 — 
.10 — 



L 3 - 0 - --3" 0 

Exp 5 hw 3 Jico 1 Jlco 


Fig. 6- No-core shell-mo del calculations of the excitation spectrum of 12 C using the 
CD Bonn NN interaction. (From Ref. [34].) 

culations for 24 Mg in the full sd shell (with the dimension of the model space 
approaching 30,000). Today, this can be done in a few seconds on a modern 
workstation. Traditional shell-model techniques make it possible to approach 
the collective nuclei from the pf shell; the calculations involve model spaces 
with dimensions of several millions. However, progress in this area is going to be 
very slow due to exploding dimensions when increasing the number of valence 
nucleons [40,41] (see Fig. 7). In spite of this, the conventional shell-model calcu- 


N=Z pf nuclei (Oftco space) 




Fig. 7. Dimension of the shell-model configuration space for even-even N—Z 
(20<Z<40) nuclei. It is assumed that the shell-mo del calculations are performed in 
the full pf shell in the M scheme (here M=0) (courtesy of T. Otsuka). 
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lations employing realistic NN interactions [42,43] are becoming more and more 
efficient in handling large configuration spaces. The state-of-the-art shell-model 
studies of Gamow-Teller distributions of A=45-65 nuclei [44], electron capture 
and beta-decay rates in the pf nuclei [45], spectroscopic studies of A=50-52 iso- 
baric chains [46], and of quadrupole and magnetic moments of the Fe isotopes 
[47] set the new standard in this area, although future progress is strongly limited 
by present-day computer resources. 

One actively pursued alternative is to truncate the configuration space by 
applying the projected self-consistent quasiparticle basis [48,49]. Another fam¬ 
ily of novel shell-model techniques is based on the Monte Carlo method [50]. 
Applications of the Monte Carlo shell model have been remarkably successful 
in describing many structural properties of medium-mass and heavy nuclei [51— 
54] where the dimensions of the model space reach 10 20 . The approach adopted 
by the Tokyo group [53,54] is a mixture of the projected shell model and the 
Monte Carlo shell model. It was applied to studies of deformed structures in the 
doubly-magic nucleus 56 Ni. 

That the conventional shell model fails at short distances, due to the pres¬ 
ence of short-range correlations, has been known for quite some time. Recently, 
16 0(e,e / pp) 14 C two-proton knock-out data [55,56] offered an opportunity to 
study one- and two-body currents and to discriminate between long-range and 
short-range correlations [57]. Such studies are extremely important for under¬ 
standing in-medium effects in nuclear matter. Another complementary piece of 
data, coming from the decay studies, that is relevant to the question of two- 
nucleon correlations, was the recent observation [58] of the simultaneous emis¬ 
sion of two protons from a resonance of 18 Ne. This new mode of nuclear decay 
was predicted in the 1960s, but it is only very recently that experimental efforts 
have found sequential emission of single protons though an intermediate state. 
A key remaining question is whether the two protons, as they leave the nucleus, 
are closely coupled together to form 2 He, or are emitted almost independently 
in a direct three-body breakup (“democratic” decay). Further studies of this 
phenomenon will shed new light on the nature of nucleonic superconductivity. 
(See Ref. [59] for recent theoretical developments.) 

Despite the exciting progress in shell-model approaches, their applications 
to very heavy systems are still beyond our reach. Besides, for nuclei with many 
valence particles, the concept of valence nucleons is less useful, and the valence 
and inner-shell nucleons have to be treated on an equal footing. To carry out the 
microscopic, consistent in-medium renormalization for heavy nuclei is a difficult 
task. Consequently, theories and methods have been developed which use effec¬ 
tive interactions or effective Lagrangians. Among them are the self-consistent 
methods based on the density-dependent effective interactions, which by now 
have achieved a mature state of development, as well as those based on rela¬ 
tivistic meson-nucleon Lagrangians which have reached the state where detailed 
studies of results and readjustment of basic parameters are now possible. 

In the strategy of the mean-field theory , the main assumption is that the 
many-body wave function can be - to zero order - approximated by that of inde- 
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pendently moving quasiparticles. Together with the variational principle applied 
to the effective density-dependent Hamiltonian, this leads to the Hartree-Fock 
(HF) or Hartree-Fock-Bogolyubov (HFB) equations [28]. In spite of the very 
simple form, the independent-quasiparticle wave function is a highly correlated 
state. In the mean-field theory, self-consistency is automatically guaranteed by 
the equations of motion. That is, the same wave function which generates the 
mean field is an eigenstate of the mean-field Hamiltonian. Since the mean-field 
Hamiltonian often breaks symmetries present in the laboratory system, the HFB 
state is an intrinsic wave function, which - in general - is not an eigenstate of 
angular momentum, parity, and particle number operators. (The microscopic 
mechanism responsible for the symmetry-breaking is discussed below in Sec. 5.) 
By restoring the intrinsically broken symmetries, one takes into account corre¬ 
lations going beyond the mean-field description. This can be done by various 
theoretical techniques such as the Random Phase Approximation (RPA), the 
Generator Coordinate Method (GCM), or various projection methods. 

The mean-field approaches have achieved a level of sophistication and preci¬ 
sion which allows analyses of experimental data for a wide range of properties 
and for arbitrarily heavy nuclei [60-63]. For instance, a self-consistent mass table 
has been recently developed [64] based on the Skyrme energy functional. The 
resulting rms error on binding energies of 1700 nuclei is around 700 keV, i.e., 
is comparable with the agreement obtained in the microscopic-macroscopic ap¬ 
proaches. Figure 8 displays two-neutron separation energies for the Sn isotopes 
calculated in several state-of-the-art self-consistent mean-field models based on 
different effective interactions and, in the inset, those obtained with phenomeno¬ 
logical mass formulae. All these models nicely describe the existing experimental 
data; some interesting deviations are seen when approaching the proton drip line. 
This figure nicely illustrates difficulties with making theoretical extrapolations 
into neutron-rich territory. Clearly, the differences between forces and mass for¬ 
mulae are greater in the region of “terra incognita” than in the region where 
masses are known. As seen in Fig. 8, the position of the neutron drip line for the 
Sn isotopes depends on the model used. Therefore, the uncertainty due to the 
largely unknown isospin dependence of the effective force gives an appreciable 
theoretical “error bar” for the position of the drip line. Unfortunately, the re¬ 
sults presented in Fig. 8 do not tell us much about which of the forces discussed 
should be preferred since one is dealing with dramatic extrapolations far beyond 
the region known experimentally. However, a detailed analysis of the force de¬ 
pendence of results may give us valuable information on the relative importance 
of various force parameters. 

Among other recent developments in theoretical nuclear structure, particu¬ 
larly important is the elegant explanation of the pseudo-spin symmetry of the 
nuclear single-particle spectra proposed thirty years ago [67,68]. Surprisingly, as 
demonstrated by Ginocchio [69], the roots of the pseudo-spin can be traced back 
to the symmetry of the Dirac equation (see also Refs. [70,71]). Consequently, 
the relativistic approach explains, at the same time, the depth of the average 
potential (around 50 MeV), the magnitude of the spin-orbit term, and the small 
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Fig. 8. Predicted two-neutron separation energies for the even-even Sn isotopes us¬ 
ing several microscopic models [Hartree-Fock-Bogolyubov (HFB); local energy-density 
functional model (LEDF); relativistic Hart r ee- B ogolyub ov (RHB)] based on effec¬ 
tive nucleon-nucleon interactions and obtained with phenomenological mass formulas 
(shown in the inset at top right). Taken from Refs. [65,66] and references quoted therein. 


pseudo-spin-orbit splitting. In this context, it should be noted that the tradi¬ 
tional picture of nuclear shells and magic gaps proposed fifty years ago [72,73] 
should not be taken for granted. As discussed in Sec. 7 below, modifications of 
shell structure are expected in the limit of a large N/Z ratio. 

We have learned a great deal about modes of nuclear excitations using phe¬ 
nomenological models, often based on ingenious intuition and symmetry consid¬ 
erations. These models, approaches, and approximations have been extremely 
successful in interpreting nuclear states and classifying nuclear states and dec ays. 
Based on this experience, and thanks to developments in theoretical modeling 
and computer technology, we are now on the edge of the microscopic description. 
By taking advantage of modern many-body algorithms, one can now shorten 
the cycle theory^experimenttheory. Most many-body methods of theoretical 
nuclear structure were introduced a long time ago (in the fifties and sixties). 
However, thanks to incredible progress in hardware and numerical techniques, 
it is only now that we can use these methods in their full glory. 

Figure 2, bottom, includes a schematic illustration of the hierarchy of the¬ 
oretical models spanning the chart of the nuclides. By exploring connections 
between these models, nuclear theory aims to develop a unified description of 
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the nucleus. It probably would be very naive to think of the behavior of a heavy 
nucleus directly in terms of the underlying quark-gluon dynamics, but undoubt¬ 
edly the understanding of the bridges in Fig. 1 will make this goal qualitatively 
possible. 


4 Nuclear modes and their time scales 

Considering that the atomic nucleus is, in a good approximation, a cluster of 
strongly interacting nucleons (or pairs of nucleons) wandering solo in all di¬ 
rections, the very existence of nuclear collective motions such as rotations or 
vibrations, with all particles moving in unison, is rather astonishing. 

When discussing nuclear collective motion, such as rotations and vibrations, 
one is often making analogies to molecules and their collective modes. As a mat¬ 
ter of fact, many elements of the unified model have been directly transferred to 
nuclear physics from molecular physics [74]. But there is a fundamental differ¬ 
ence between the nuclear and molecular world: in molecules, the fast electronic 
motion is strongly coupled to the equilibrium position of slowly moving ions. 

This point is nicely illustrated in Fig. 9, which shows the measured spectrum 
of a diatomic molecule N 2 . Each electronic excitation represents a bandhead upon 
which vibrational and rotational states are built. Vibrational states are indicated 
by a vibrational quantum number v (u=0 representing the zero-phonon state, 
v =1 is a one-phonon state, and so on). Rotational levels are not plotted - there 
are far too many to be displayed. The time scale of molecular modes is governed 
by the hierarchy of excitation energies. The electronic excitations are of the 
order of 10 5 cm -1 (which in “nuclear” units corresponds to an eV), vibrational 
frequencies are ~10 3 cm -1 , and rotational energies are ~10 -1 cm -1 . This means 
that the single-particle electronic motion is from two to six orders of magnitude 
faster than molecular collective modes. Consequently, the adiabatic assumption, 
based on the separation of all molecular degrees of freedom into fast and slow 
ones, is justified due to different time scales. 

Unfortunately, the total A-body wave function of the nucleus cannot, in gen¬ 
eral, be expressed in terms of slow and fast components. This is because (i) the 
collective nuclear coordinates are auxiliary variables which depend, in a complex 
way, on fast nucleonic degrees of freedom, and (ii) the nuclear residual interac¬ 
tions are not small. How good is the time separation between single-particle 
and collective nuclear motion? The typical single-particle period (i.e., the aver¬ 
age time it takes a neutron or a proton to go across the nucleus), T s . p .=4i2/vF 
[where R is the nuclear radius and Vp is the Fermi velocity (~0.29c)], is approx¬ 
imately 3*10 -22 sec. (The unit 10 -22 sec is sometimes referred to as babysecond. 
The single-particle time scale is of the order of several babysec.) The typical pe¬ 
riod of nuclear rotation (T rot ^10 -21 sec) is only ~30 times greater than T StP ., and 
for nuclear vibrations the period of oscillations is only slightly greater than the 
single-particle period. It is truly amazing that these relatively small differences 
in time scales seem to be sufficient to create rotating or vibrating potentials, 
common for all nucleons! 
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Fig. 9. Top: vibrational spectrum of N 2 molecule. Bottom: collective potentials, corre¬ 
sponding to different electronic configurations, as functions of the inter nuclear radius 
r (from Ref. [75]). 


How “good 55 are the actual nuclear rotations and vibrations? Let us con¬ 
sider some representative experimental examples. Probably the most spectacular 
“molecular” rotational-vibrational nuclear spectrum is that of 24(1 Pu in its su- 
perdeformed minimum [76] (Fig. 10). This beautiful and rich structure, observed 
in a 238 U(a,2n) reaction, shows one- and two-phonon deformed quadrupole and 
octupole vibrational states, as well as the rotational bands built upon them. Its 
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spectrum shows some similarity with the molecular pattern; several low-lying 
excitations can be associated with one-phonon states, and some of its levels are 
believed to have a two-phonon nature. At first sight, the collective structures 
seen in 240 Pu are fairly regular. However, after closer inspection, many deviations 
from the perfect rotational and vibrational pattern can be seen. For example, 
the moments of inertia of rotational bands are by no means constant but show 
local variations as a function of angular momentum. Also, the positions of vibra¬ 
tional bandheads differ from the harmonic limit. Such deviations indicate that 
the nuclear motion is not completely collective, i.e., that the collective modes 
result from coherent superpositions of single-particle nucleonic excit at ions. 


Spectroscopy in Supedeformed minimum of 24 Pu 
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Fig. 10. Excitation spectrum of 24 °Pu in the super deformed minimum. Low-lying 
states have characteristic rot at ional-vib rat io nal structure. (From Ref. [76].) 


Another extrerne case is shown in Fig. 11, which displays the excitation spec¬ 
trum of 14<: Gd. This spectrum looks very irregular; it is characteristic of many- 
particle many-hole excitations in an almost spherical nucleus. There are many 
states of different angular momentum and parity connected via relatively weak 
electromagnetic transitions. In spite of the fact that the excit at ion pattern looks 
“chaotic”, most of the noncollective states of 148 Gd can be beautifully described 
in terms of well-defined quantum numbers of the nuclear shell model [78]. The 
collective spectrum of 240 Pu discussed above was not perfectly collective. Like¬ 
wise, in the “mess” of noncollective levels in 148 Gd one can find some elements 
of collectivity. For instance, the energies of the four lowest states 0 + , 2 + , 4 + , 
6 + , when plotted as functions of angular momentum, exhibit a characteristic 
parabolic pattern. As was realized around forty years ago [79], such a sequence 
of states indicates the presence of pairing - a collective phenomenon. 
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Fig. 11. Excitation spectrum of 148 Gd. It is a beautiful example of noncollecive nucle¬ 
onic motion (from Ref. [77]). 


The next example illustrates the coexistence effect. It is a particular case 
of the large amplitude collective motion where several nuclear configurations, 
characterized by different intrinsic properties, compete [82]. In the spectrum of 
152 Dy, shown in Fig. 12, one can recognize the noncollective structure resembling 
that in 148 Gd, a collective rotational band (interpreted in terms of a deformed 
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Coexistence of collective 
and noncollective motion 
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Fig. 12. Excitation spectrum of 152 Dy. It is a spectacular example of the coexistence 
of collective and noncollecive nucleonic modes. (Experimental data were taken from 

Refs. [80,81]*) 

triaxial configuration), and super-collective superdeformed bands corresponding 
to very large shape-elongations which are structurally isolated from the rest of 
the spectrum. 

The last experimental example shows yet another case of nuclear collectivity 
- high-frequency nuclear vibrations. Figure 13 displays the cross section for the 
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High-frequency nuclear vibrations 

(giant resonances; 
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Fig. 13. One-phonon and two-phonon giant resonances in 208 Pb. (Experimental data 
were taken from Ref. [83].) 

scattering of the relativistic 208 Pb on a xenon nucleus. The first maximum in the 
cross section, which appears at ~ 14 MeV, can be associated with the one-phonon 
giant dip ole resonance (i.e., very fast vibration of protons against neutrons). 
It has been suggested [83] that the local maximum at an energy of ^28 MeV 
is a two-phonon giant dip ole vibration. In the data shown in Fig. 13 one can 
also find isoscalar and isovector giant quadrupole resonances. The giant nuclear 
excitations are always strongly fragmented; their widths are usually more than 5 
MeV. It is worth noting that the time scale corresponding to giant two-phonon 
vibrations is shorter than 1 baby sec! The unusual harmonicity of this mode is 
not understood well. 

One of the outstanding challenges in nuclear structure is to understand the 
mechanism governing the nature of nuclear collective excitations. By studying 
nuclear rotations and vibrations, one is probing the details of the nuclear force 
in a strongly interacting medium. 
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5 Nuclear deformations 

The phenomenon of nuclear deformation has a long and interesting history. As 
early as 1924 it was suggested by Pauli [84] that the hyperfine structure of atomic 
and molecular energy levels resulted from the electromagnetic interaction with 
nonspherical atomic nuclei. (The experimental evidence was given ten years later 
by Schuler and Schmidt [85].) The fact that nuclei need not be spherical was then 
emphasized by N. Bohr in his classic paper on the nuclear liquid-drop model [86 
in which he introduced the concept of nuclear shape vibrations. If a quantum- 
mechanical system is deformed, its spatial density is anisotropic. For a deformed 
system it is possible to define its orientation as a whole and this naturally leads 
to the presence of collective rotational modes. This possibility was realized as 

early as 1937 by N. Bohr and Kalckar [87] who had estimated for the first time 
the energies of lowest rotational excitations and introduced the notion of the 
nuclear moment of inertia (see also work by Teller and Wheeler [88]). In 1939, 
Meitner and Frisch [89] and N. Bohr and Wheeler [90] stressed the role of shape 
degrees of freedom during the fission process. 

In 1950, Rainwater [91] observed that the experimentally measured large 
quadrupole moments of nuclei could be explained in terms of the deformed shell 
model ; i.e., the extension of the spherical shell model to the case of the deformed 
average potential. In this picture, the deformed field was a direct consequence 
of single-particle motion in anisotropic orbits. In a following paper [92], A. Bohr 
formulated the basis of the particle-rotor model, introduced the concept of the 
intrinsic (body-fixed) nuclear system defined by means of shape deformations, 
and regarded nuclear shape and orientation as dynamical variables (in this con¬ 
nection, see also Refs. [93-97]). 

The basic microscopic mechanism leading to the existence of nuclear defor¬ 
mations was proposed by A. Bohr in his paper on “The Coupling of Nuclear 
Surface Oscillations to the Motion of Individual Nucleons” [98]. As a matter of 
fact, this title is probably the most precise (and shortest) answer to the question: 
Why are nuclei deformed? The interaction between the single-particle motion of 
valence nucleons and the collective excitations (multipole vibrations) of the core 
was represented by Bohr by the particle-vibration coupling Hamiltonian, 

tfpv = - E E (!) 

A fj, i 

where a is the amplitude of the nuclear deformation of the core, f(ri)Y\^{f2i) 
is the multipole moment of the i-th valence nucleon, and Kaju stands for the 
par tide-vibration coupling strength. The coupling (1) is a central element in the 
analysis of nuclear collective modes and nuclear deformations. 

It was forty years ago when the theory of the coupling between nuclear single¬ 
particle and collective degrees of freedom was presented by A. Bohr and Mottel- 
son [99] and Hill and Wheeler [100]. These two works form the intellectual and 
conceptual basis of the nuclear unified model that turned out to be one of the 
most powerful tools of nuclear structure. Since the main objective of this sec¬ 
tion is to discuss the microscopic aspects of nuclear deformation rather than to 
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talk about the past, I should stop these brief historical remarks here. But be¬ 
fore doing so, let me mention that already in 1935, in London, Jahn and Teller 
demonstrated that the electronic degeneracy in molecules could destroy the sym¬ 
metry on which it was based [101]. As discussed below (see also Refs. [102,103]), 
a similar mechanism is responsible for the presence of deformed nuclear shapes. 


5.1 Nuclear Jahn-Teller effect 

The Jahn-Teller effect, or the phenomenon of spontaneous symmetry-breaking , 
first proposed for molecules, turned out to appear in many fields of physics. 
Deformation is a common phenomenon that appears in mesoscopic systems with 
many degrees of freedom (atomic nuclei, atomic clusters). It also appears in field 
theory (Higgs mechanism), in physics of superconductors (Meissner effect), in 
condensed matter physics (numerous phenomena related to spin resonance and 
relaxation), and other fields of physics. Since the microscopic origin of the JT 
effect is not well known in the nuclear structure community, this section contains 
a slightly higher level of detail as compared to other sections. 

The adiabatic approximation by Born and Oppenheimer [104] is the natural 
starting point in the discussion of spontaneous symmetry-breaking. It is based 
on the assumption that system coordinates can be separated into slow (collec¬ 
tive, relevant) coordinates, {Q}={Qj}, and fast (noncollective, irrelevant) co¬ 
ordinates, {a;}={a^}. The separation obviously depends on the actual physical 
problem. 

The Hamiltonian for the whole system can be written as 

H = T q +T x + V(Q 1 x) 1 (2) 

where Tq and T x are kinetic energies associated with slow and fast coordinates, 
respectively. At this point the slow and fast coordinates are treated on the same 
footing. The equations of motion for the Hamiltonian (2) can be written in a 
canonical form and the motion of the system can be described in the full phase 
space of collective and non-collective coordinates and associated momenta. 

The stationary Schrodinger equation with Hamiltonian (2) is solved in two 
steps. First, at a given point in the collective phase space one solves the eigen- 
problem for the non-collective Hamiltonian h=T x -\-V(Q 1 x): 

[T x + V(Q, x)} & n (x; Q ) = E n (Q)E n (x ; Q), (3) 

where E n (x; Q ) is the fast (single-particle) wave function which contains the slow 
coordinates {Q}s parametrically, and E n (Q) s are the single-particle energies at 
the point {Q}. Consequently, the E n (Q) s are the static potential energy surfaces 
in the collective space. 

In the second step, the total wave function of the system is written as a 
product 

= ^ !?„(*; Q) Xn (Q). 


n 


(4) 
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The collective wave functions Xn{Q) arise from the effective potential appro¬ 
priate to each single-particle state. By combining Eqs. (2-4), one obtains the 
coupled-channel Schrodinger equation for Xn(Q) : 

[^mn^Q + VrriniQ)} Xm(Q) — ■^'Xn(Q)* (5) 

m 

The effective collective potential V mn (Q) takes into account the collective re¬ 
sponse of the single-particle energy on collective coordinates {Q}. It contains the 
coupling term between different single-particle states n and m, defined through 

Y,( n \ T Q {Hx m (Q)} ■ ( 6 ) 

m 

If the coupling term is weak, the eigenfunctions of the total system are just 
products of collective and single-particle wave functions. 

In molecular physics, the electronic states (described by means of fast coordi¬ 
nates) are strongly coupled to the equilibrium position of the ions (described by 
means of slow coordinates). The adiabatic assumption is justified due to different 
time scales of nuclear and electronic motions (see Fig. 9 and related discussion). 
In nuclear physics, the {Q}s are fields characterizing various collective modes and 
{a?}s are remaining coordinates. This separation is by no means simple; the choice 
of proper nuclear collective coordinates is a long-standing problem [28,105]. In¬ 
deed, as discussed early in Ref. [92]: “In contrast with the molecular case, there 
are here no heavy particles to provide the necessary rigidity of the structure. 
However, nuclear matter appears to have some of the properties of coherent 
matter which makes it capable of types of motion for which the effective mass is 
large as compared with the mass of a single nucleon.” The variety and richness 
of nuclear collective modes, appearing even in very light nuclei, suggest that the 
adiabatic approximation is, very often, a powerful concept. 


5.2 Level crossing 

In many cases the off-diagonal matrix element in Eq. (6) does not vanish and 
non-collective modes are strongly coupled through the collective field. An ex¬ 
treme coupling occurs when there are two or more non-collective states which 
are degenerate (or almost degenerate) at some point {Q}={Q C }, i* e *> 

Ek(Qc) « E t (Q c ) (k^l). (7) 

The matrix of the collective momentum d/dQ , a Berry vector 

(A)i k = i(l\^\k), (8) 

is the single most important quantity to determine the validity of the adiabatic 
approximation. For small collective velocities and A slowly changing in time, 
the motion of the system is adiabatic and can be well described by means of the 
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Fig. 14. Conical intersection between two potential energy surfaces m and n in a 
collective {Q}-space. The crossing point contains a generalized monopole potential 
that tries to repel the system from the point of degeneracy. (Based on Ref. [106].) 


perturbation theory. Sometimes, off-diagonal matrix elements of (A)ik disappear 
(e.g., for symmetry reasons), and Eq. (6) contains only diagonal matrix elements 
(A)n which can be eliminated by means of a simple gauge transformation. 

A wealth of very interesting physics appears at the point of degeneracy, 
{Q}={Qc}- Unlike in the static situation, it is now impossible to eliminate (8) 
through the gauge transformation. In particular, the Berry phase on a closed 
path in {Q}-space does not vanish if the path encloses the point of degeneracy. 
Geometrically, the crossing point can be viewed as a diabolical point containing a 
generalized vector potential [106-108] singular at Q c , see Fig. 14. Consequently, 
during its collective motion the system will always try to go as far as possible 
from the point of degeneracy, analogously to the motion of a charged particle 
in the magnetic field of a monopole [107,109]. In the vicinity of Q C1 the actual 
eigenstates of H are mixtures of diabatic states. Consequently, around the cross¬ 
ing point (i) the original (fast) quantum numbers are gone and the description in 
terms of intrinsic Hamiltonian breaks down, (ii) the mot ion of the system cannot 
be separated into the collective and non-collective parts, and (iii) the notion of 
the collective adiabatic potential loses its meaning [110]. 

5.3 Vibronic coupling 

Let us assume that collective normal modes (e.g., nuclear vibrational modes) 
transform according to the irreducible representations 7~(A) of the symmetry 
group T. Therefore, they can be written as {Qa^}> where fi labels the com¬ 
ponent of the representation A. The single-particle states belong to a certain 
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group representation T(J) of dimension [J], i.e., |n, x) — \ JM 1 x) (M labels the 
component of the representation J). In order to analyze the particle-vibration 
coupling, it is convenient to expand the vibronic potential 14nn defined in Eq. (5) 
with respect to collective coordinates around the point of degeneracy, {Q c }={0} : 

(Q) = (0) + WQaju (— p>n’ JM 1 ^- (9) 

tr v dQ ^ Ao) 

Then by the Hellmann-Feynman theorem and the Wigner-Eckart theorem, the 
linear vibronic coupling term (often referred to as the JT matrix element) can 
be written as 

At)mm' = W 1 II (tpt) II J)(JM'MJM), (10) 

Am \°Va/ (0) 

where (J||...||J) is the reduced matrix element, and {JM f \fj,\JM) is the corre¬ 
sponding Clebsch-Gordan coefficient for representations A and J. 

It is seen immediately from Eq. (10) that the JT matrix element is zero if the 
representation T(A) is not contained in the product T(J) G T(J). This would 
mean that in such a situation the collective mode Xfi does not couple degenerate 
single-particle states. The diagonal constant of the linear coupling has the sense 
of the force with which the single-par tide part of the system in state |JM, x) 
affects the collective part in the direction of the collective coordinate Q\. 

The vibronic coupling between single-particle nucleonic motion and collective 
modes can be estimated by means of a weak coupling model [98,111]. Here the 
collective subspace refers to the vibrational modes of the core, while the fast 
subspace is associated with the single-particle coordinates of valence particles. 
The particle-core interaction , which can be directly derived from the multipole- 
multipole force, is given by Eq. (1), i.e., 

V(Q,x) = ~Y / ^Qx^TJ- ( 11 ) 

A m 

The symmetry group of interest is the group of rotations characterized by rep¬ 
resentations (J, M). Consequently, the JT matrix element becomes 

( H JT)m'M" = -(2J + 1)-^ Y.^QM\<fx al P){J M "MJM'). (12) 

A m 

It is seen from Eq. (12) that the high-j states contribute the most to the JT 
matrix element. Indeed, for those states the value of (J||^ a ^|| J) is largest. 

A U Q * q” coupling (11), where Q represents the collective (bosonic) field 
and q describes the single-particle (fermionic) subsystem, is well known in many 
fields of physics (see, e.g., Ref. [112]). Examples of (Q, q ) are: (photons, charged 
particles), (mesons, nuclei), (phonons, electrons), and (phonons, nuclei). In all 
of these cases, the potential energy V(Q 1 x) in (2) can be approximated by 

V(Q, x) = V(Q) + kQ * q(x) + h(x). (13) 

Consequently, the physics of the particle-vibration (fermion-boson) coupling is 
rather similar for all the svstems mentioned above. 
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5.4 Static nuclear deformations 


Let us illustrate the nuclear JT effect using simple arguments based on the Ran¬ 
dom Phase Approximation . A simple separable spherical nuclear Hamiltonian 

A 

representing vibrations associated with the operator Q can be written as: 

H = ^ eicf a - Q+ -Q. (14) 

* 

% 


This Hamiltonian contains two basic ingredients of nuclear shape-collectivity, 
namely (i) the single-particle term representing the individual motion of nucleons 
around the Fermi surface, and (ii) the multipole vibrational field Q that generates 
the collective motion. 

Within the formalism of RPA [28], the excitations of the system, cjrpa, are 
solutions of the so-called dispersion equation: 


^(^rpa) 




where R(cjrpa) is the dispersion function and e p h stands for the energy of a 
particle-hole excitation, e p h = e p — e^. The lowest root of Eq. (15) usually rep¬ 
resents the low-frequency collective vibrational state. 

The total HF energy is shown as a function of average self-consistent defor- 

A 

mation (collective coordinate) q=n(Q}HF in the top portion of Fig. 15. Let us 
discuss some properties of the RPA solutions corresponding to different values of 
coupling constant k. These three cases are represented in Fig. 15, top portion. If 
the coupling constant k is small (weak coupling or vibrational limit), the lowest- 
energy solution is depressed with respect to the lowest non-collective excitation, 
and the wave function of the collective state becomes a coherent superposition 
of many particle-hole configurations. In this situation, characteristic of harmonic 
vibrations, the potential energy curve is quadratic around the equilibrium point, 
q= 0, and the stiffness 

C = (d 2 E/dq 2 ) q= o (16) 

is greater than zero. In this case, cjrpa represents the energy of the vibrational 
one-phonon excitation. 

If the value of K is increased, the energy surface softens, the low-energy vi¬ 
bration becomes more collective, and the vibrational frequency decreases. At the 
critical point (transition from spherical to deformed) when k becomes equal to 
^crit = l/R(0), the lowest RPA solution appears at zero energy, i.e., the collective 
state becomes degenerate with the ground state. (This is precisely the famous 
Goldstone boson! ) At this point of a boson condensation, the stiffness C van¬ 
ishes and the harmonic approximation breaks down. Since the system cannot 
have two ground states, it becomes unstable against vibration induced by the 
mult ip ole-mult ip ole force [113]. 

A further increase of the coupling constant leads to permanent shape deforma¬ 
tion . At this limit (strong coupling), the lowest solution of Eq. (15) has imaginary 
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Fig. 15. Schematic diagram illustrating the mechanism of static nuclear deformation 
in the the mean-field picture. See text for details. 


energy. Here, the stiffness at a spherical shape becomes negative and the energy 
becomes minimal at some non-zero value of q=q o ^0. The energy of the lowest 
collective vibrational state built upon the deformed solution is schematically in¬ 
dicated in Fig. 15. It can be computed by means of RPA equations analogous to 
those of Eq. (15), but pertaining to the deformed minimum. However, the low- 
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est excitations of the nucleus in this limit are not vibrations but rotations . The 
presence of stable deformations makes it possible to distinguish between vari¬ 
ous orientations of the nucleus in space; hence rotational bands (i.e.,collective 
excitations connected by enhanced transition matrix elements) appear. 

The lower portion of Fig. 15 presents schematically the q-vs-K “phase di¬ 
agram”. Within the static mean-field theory, which becomes exact at infinite 
particle number , the self-consistent deformation is zero below the critical point, 
at which the first order phase transition takes place. For k > K cr it the system has 
static deformation (shape deformation, pair deformation, etc.). In this context, 
it should be emphasized that the deformed picture is valid for rather large val¬ 
ues of coupling strength, or for very large particle numbers (for instance, in solid 
state physics, where N~10 23 ). Atomic nuclei are relatively small systems and 
the finite size effects, which manifest through dynamical correlations (fluctua¬ 
tions), are extremely important. The fluctuations wash out the transition from 
the “spherical” to “deformed” phase, and result in a smooth and continuous 
pattern of <?, as indicated schematically in Fig. 15. 

In the rotational limit, one can define the intrinsic system of the nucleus. 
Although the nuclear (laboratory-system) Hamiltonian does commute with the 
symmetry broken by the operator Q 1 the intrinsic-system one-body Hamiltonian 
(mean-field Hamiltonian, HF Hamiltonian) does not. This is precisely the essence 
of the symmetry-breaking: rotational bands are a manifestation of internally bro¬ 
ken symmetries. Nuclear states forming a collective band are labeled by quantum 
numbers of these broken symmetries. Examples are rotational bands in nuclei 
having quadrupole deformations (here the collective operator is the quadrupole 
moment, the broken symmetry is rotational invariance, and rotational bands are 
labeled by angular momentum quantum numbers), octupole deformations (here 
the collective operator is the octupole moment, the broken symmetry is space 
inversion, and rotational bands are parity doublets), and pairing correlations 
(here the collective operator is the pair operator, the broken symmetry is parti¬ 
cle number, and rotational bands are the ground states of neighboring even-even 
nuclei). See Sec. 6.1 for more examples. 

Based on the above discussion, one can make an interesting observation: if 
the lowest particle-hole energy approaches zero, the lowest pole of the dispersion 
function (Eq. (15)) becomes so small that the lowest solution is always degenerate 
with the ground state, independent of the magnitude of the coupling strength. 
Consequently, if the Fermi level lies just between two or more (almost) degenerate 
states, the system should be unstable with respect to the mode that couples these 
states. This is precisely the JT mechanism. 

If pairing correlations are present, the dispersion relation given by Eq. (15) 
is slightly modified and, in the BCS approximation, it becomes: 


E 

a, a 7 



(Ea + Ea ') 2 ^RPA 




where E a =^ (e a — Cf) 2 + A 2 are the quasiparticle energies, and u a and v a are 
the usual BCS occupation coefficients. The main effect of pairing correlations 
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is the change in the energy denominator in Eq. (17), which now is much larger 
than the particle-hole energies in Eq. (15). Indeed, the energy of the lowest pole 
becomes 2AcE2 MeV. Together with the reduction of the numerator of Eq. (17) 
through the uv factor, pairing correlations tend to increase the critical value 
of K. One can thus say that pairing has a tendency to make the system more 
spherical. The extreme JT effect, with very weak residual interaction, can take 
place in excited nuclear states. For instance, at high angular momentum the 
number of broken nucleonic pairs becomes so large that pairing correlations are 
expected to play a minor role. At this regime the collective motion of a system 
should be strongly influenced by diabatic effects (level crossings) giving rise to 
large deformation changes [105]. 


6 


Shell structure 


It was early realized that the symmetry-breaking mechanism is ultimately re¬ 
lated to the behavior of the single-particle level density g(e) of the intrinsic 
Hamiltonian: 


9(e) 


dN 

de 


(18) 


( g(e ) is simply the number of states per unit of energy.) The atomic nucleus 
is expected to be more bound if the level density near the Fermi level is low. 
In particular, the nuclear ground state should correspond to the lowest possible 
degeneracy. Exceptionally stable systems (magic nuclei) are those with the least 
degenerate single-particle level density around the Fermi level, see Fig. 16. 

The nuclear shell model describes well all nuclear properties that depend on 
the individual nucleonic motion in the vicinity of the Fermi surface. It is not pos¬ 
sible, however, to apply the shell model alone to calculate bulk nuclear properties 
like binding energies, fission barriers, etc. It is because the single-particle shell- 
model energy differs from the full HF energy by the residual-interaction term. 
On the other hand, the shell-model energy contains the two main elements of 
the symmetry-breaking mechanism, i.e., the single-particle level density and the 
perturbation due to the particle-vibration interaction. The deformation-driving 
force of the single-particle model can thus be estimated by means of the shell- 
correction method developed by Swiatecki [114] and Strutinsky and collaborators 
[115-118]. The main assumption of the shell-correction approach is that the total 


energy of a nucleus can be composed of two parts, 


E 


E 


macr 


+ E 


shell 




(19) 


where E rnacr is the macroscopic energy (smoothly depending on the number of 
nucleons and thus associated with the “uniform” distribution of single-particle 
orbitals) and E shel1 is the microscopic shell-correction term fluctuating with 
particle number and reflecting the non-uniformities of the single-particle level 
distribution. 
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Single-particle level density and shell effects 
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Fig. 16. Relation between single-particle level density and shell effects. Left: single¬ 
particle levels and the corresponding level density. The regions of shell and subshell 
closures correspond to reduced g(e). Right: schematic Nilsson diagram illustrating the 
appearance of spherical and deformed gaps in the single-particle spectrum. 


For nuclei in which the surface energy dominates, the macroscopic energy 
tends to favor spherical shapes. The deform at ion-driving force is, therefore, con¬ 
tained in the shell-correct ion term, which can be approximated by 

A OG 

E shell = ^ e ._^ n . ei) 

i =1 i =1 

where the aver age single-particle occupation numbers vary smoothly from 0 
to 1 in the energy interval of the order of the energy difference between major 
shells. The approximation of the total energy by means of Eqs. (19) and (20 ) has 
a simple and elegant justification by means of the energy theorem formulated 

by Strutinsky [115,116,118]. 

The behavior of E shel1 can be easily understood for any many-body system 
of fermions that generates average field. Indeed, if the level density around the 
Fermi level is large (level bunching, see Fig. 16), then the second term in Eq. (20) 
representing the smooth distribution of levels dominates (on the average it con¬ 
tains more occupied bound states) and E sheU is large and positive. The opposite 
is expected in the case of the low single-par tide level density: for magic nuclei 
E sheU is large in magnitude and negative, thus leading to a strong stabilization 
of the total energy. 
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In order to understand the global features of shell-induced shape-polarization 
forces, it is instructive to plot the shell correction versus the number of particles 
and selected deformation parameters. A representative example is shown in Fig. 
17 which displays the neutron shell-correction landscape of the modified har¬ 
monic oscillator potential (Nilsson potential) as a function of neutron number 
and quadrupole deformation e. The topology of E shel1 changes periodically with 
particle number. The lowest shell energy is expected in the regions of low single¬ 
particle level density, e.g., at spherical shapes for the magic numbers 20, 50, 82, 
and 126. However, when going away from these magic numbers, the spherical- 
shape level density becomes large [(2j+l)-fold spherical degeneracy] and shell 
correction induces the strong quadrupole polarization towards deformed shapes. 
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Fig. 17. Shell energy diagram in the (£ 2 , N) plane. The figure is taken from Ref. [119] 


The variation in the single-particle level density with shell filling, the 
level bunching, and the very existence of spherical and deformed magic num¬ 
bers has a beautiful interpretation in terms of periodic orbits [74,120-122] in 
the corresponding classical problem. Indeed, the single-particle level density 
£/(e)=JT <5(e — e$) can be represented by means of the trace formula [120,123] 

OO 

e) = g(e) iTV a Lk {e) cos 
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( 21 ) 
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where g is the average level density associated with E macr 1 while the second 
term in Eq. (21) is the fluctuating part of g responsible for shell effects. The 
shell energy can then be expressed as a sum over periodic orbits L. ( Sl is the 
action integral associated with the orbit L, /tl is the Maslov index, and a^k is 
the amplitude related to the density of classical trajectories in the neighborhood 
of the orbit.) Consequently, the shell structure of the many-body system (hence 
the presence or absence of deformation) has its deep roots in the non-linear dy¬ 
namics of the corresponding classical Hamiltonian and the geometry of classical 
orbits [122]. The microscopic analysis of the link between the phenomenon of 
spontaneous symmetry-breaking and the non-linear dynamics (and chaos) is one 
of the most vigorously pursued recent avenues in theoretical nuclear physics. 
Among many examples of such analyses are: explanation of supershell effects 
in superdeformed nuclei [74,122] and discussion of shell structure in nuclei with 
permanent octupole deformations [124]. 

In the deformed shell model the important building block is the short- 
range pairing interaction. This is often approximated by means of the state- 
independent seniority force with the strength G. The macroscopic part of the 
total energy already contains the average pairing energy, which accounts for the 
main part of the even-odd mass difference. Therefore, it is the fluctuating part 
of the pairing energy, 8E pair , that gives an additional contribution to the total 
shell energy. The pairing field depends on the level density around the Fermi 

level, g(ep), as [125] 

^ “ eXP [“ G^) ]' (22) 

In the case of a large single-particle level density, E shel1 is positive but 8E pair 
is large and negative (large A). The opposite is true for systems with small 
g(ep) 1 he., around large shell gaps. The cancellation between the shell energy 
and the pairing energy is yet another manifestation of the fact that pairing is 
the symmetry-restoring interaction. Indeed, equilibrium deformations calculated 
with the presence of pairing correlations are always reduced as compared to the 
situation without pairing. 

6.1 Examples of nuclear deformations 

It has been early recognized that various nuclear collective modes and deforma¬ 
tions could be attributed to specific symmetries of the single-particle Hamilto¬ 
nian and residual interaction. Indeed, as noted in Ref. [126]: “The recognition 
of the deformation and its degree of symmetry-breaking as the central element 
in defining rotational degrees of freedom opens new perspectives for generalized 
rotational spectra associated with deformations in many different dimensions 
including spin, isospin, and gauge spaces, in addition to the geometrical space 
of our classical world. The resulting rotational band structure may involve com¬ 
prehensive families of states labeled by the different quantum numbers of the 
internally broken symmetries.” 

There are many examples of nuclear deformations [127]. The most common 
are the isoscalar shape deformations. Most nuclei have shapes well described 
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by the even-parity multipole moments (quadrupole, hexadecapole r ..). Extreme 
quadrupole deformations have been observed in superdeformed configurations 
such as those shown in Figs. 10 and 12. The dramatic elongations of superde¬ 
formed states, having a very different intrinsic structure than ground-states, are 
excellent examples of the J ahn-Teller effect in excited (many-par tide, many-hole) 
configurations. 

It has become clear during the last few years that certain nuclei can be 
described in terms of intrinsic shapes with parity-breaking (odd-A) static mo¬ 
ments. Stable refiection-asyminetric deformation in the body-fixed frame can 
be attributed to octupole interaction which couples intrinsic states of oppo- 


c enter of mass 


> 4 

0 > 



to 

u 

a> 

m 

£ 

O 




u 

X 

m 


2 - 


0 L 



center of 
charge 


■■ 


28 + 


30 + 


28 + 


26 + 


24 + 


22 + 

H! 

20 + 

1 

18 + 

1 


16 + 


14 + 


£ 


12 + 




10 + 



238 


u 


■ 


29 


center of 
mass 






photons 


220 


Ra 


Fig. 18. Examples of nuclear collective bands. Left: ground-state band of quadrupole 
deformed nucleus 238 U. Right: alternating-parity ground-state band of octupole 
deformed nucleus 220 Ra. 
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site parity. The regions of nuclei with strong octupole correlations correspond to 
particle numbers around 34, 56, 88, and 134, i.e. where the maximum AN=3 oc¬ 
tupole coupling occurs between the unique-parity subshell (£,j) and the normal- 
parity subshell {1-3, j- 3). Experimentally, for the Ra-Th (Z~88, N~134) and 
Ba-Sm (Z~56, N~88) nuclei, low-lying negative-parity states, parity doublets, 
and alternating parity bands with enhanced El transitions have been established 
(see Ref. [128]). Figure 18 shows examples of rotational bands corresponding to 
quadrupole and octupole-deformed nuclear rotors. 

Deformations can show up in the context of interactions other than the mul¬ 
tipole forces. For example, for strong pairing forces, there appear deformations 
that can be associated with static pairing gaps defining the orientation of a nu¬ 
cleus in the gauge space. Here, the broken symmetry is particle number; the 
intrinsic wave function is not an eigenstate of the particle number operator. 
Interesting pairing deformations are expected in N~Z nuclei. Strong n-p cor¬ 
relations are likely to produce a static moment that will lead to spontaneous 
breaking of isospin. The elementary excitations of such systems are represented 
by quasi-par tides which are mixtures of protons and neutrons [129]. 

Interesting new deformations can appear at high-spin states. The cranking 
Hamiltonian, — breaks the time-reversal symmetry in the rotating reference 
frame. In this context, one can talk about tilted rotation (rotation around an 
axis which is not a principal axis of a nucleus; the reorientation angles can 
be considered as collective parameters) or spontaneous breaking of signature 

quantum number [130-133]. 

7 Far from stability 

The uncharted regions of the {N ,Z) plane contain information that can answer 
many questions of fundamental importance for nuclear physics: How many pro¬ 
tons and neutrons can be clustered together by the strong interaction to form a 
bound nucleus? What are the proton and neutron magic numbers in the neutron- 
rich environment? What is the effective nucleon-nucleon interaction in a weakly 
bound nucleus? What are the phases of nucleonic matter? There are also related 
questions in the field of nuclear astrophysics. Since radioactive nuclei are pro¬ 
duced in many astrophysical sites, knowledge of their properties is crucial to the 
understanding of the underlying processes. Today, the physics associated with 
radioactive nuclear beams (RNB) is one of the major thrusts of nuclear science 
worldwide. 

From a theoretical point of view, exotic nuclei far from stability offer a unique 
test of those components of effective interactions that depend on the isospin de¬ 
grees of freedom. Since the effective interaction in heavy nuclei has been adjusted 
to stable nuclei and to selected properties of infinite nuclear matter, it is by no 
means obvious that the isotopic trends far from stability, predicted by commonly 
used effective interactions, are correct. In models aiming at such an extrapola¬ 
tion, the important questions asked are: What is the density dependence of the 
two-body central force? What is the N/Z dependence of the one-body spin-orbit 
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force? What is the form of pairing interaction in weakly bound nuclei? What is 
the role of the medium effects and of the core polarization in the nuclear exterior 
(halo or skin region) where the nucleonic density is small? Similar questions are 
asked in connection with properties of nuclear matter, neutron droplets, and the 
physics of the neutron-star crust. 

In many respects, weakly bound nuclei are much more difficult to treat the¬ 
oretically than well-bound systems [134]. Hence, before tackling the problem 
of force parametrization at the extremes, one should be sure that the applied 
theoretical tools of the nuclear many-body problem are appropriate. The main 
theoretical challenge is the correct treatment of the particle continuum. For 
weakly bound nuclei, the Fermi energy lies very close to zero, and the decay 
channels must be taken into account explicitly. As a result, many cherished ap¬ 
proaches of nuclear theory such as the conventional shell model, the pairing 
theory, or the macroscopic-microscopic approach must be modified. But there 
is also a splendid opportunity: the explicit coupling between bound states and 
continuum, and the presence of low-lying scattering states invite strong inter¬ 
play and cross-fertilization between nuclear structure and reaction theory. Many 
methods developed by reaction theory can now be applied to structure aspects of 
loosely bound systems. Here, the representative example is the recent continuum 
shell-model description of the 16 0(p,7) 1T F capture reaction [135]. 

A significant new theme concerns shell structure near the particle drip lines. 
Since the isospin dependence of the effective NN interaction is largely unknown, 
the structure of single-particle states, collective modes, and the behavior of 
global nuclear properties is very uncertain in nuclei with extreme N/Z ratios. 
For instance, some calculations predict [134] that the shell structure of neutron 
drip-line nuclei is different from what is known around the beta-stability valley. 
According to other calculations [136], a reduction of the spin-orbit splitting in 
neutron-rich nuclei is expected. 

Correlations due to pairing, core polarization, and clustering are crucial in 
weakly bound nuclei. In a drip-line system, the pairing interaction and the pres¬ 
ence of skin excitations (soft modes) could invalidate the picture of a nucleon 

moving in a single-particle orbit [137,138,54,139,140]. It is expected that the 

low-l spectroscopic strength is dramatically broadened when approaching the 
neutron drip line [141,142]. In addition, since the energy of the pigmy resonance 
in neutron-rich nuclei is close to the neutron separation energy, the presence 
of soft vibrational modes is also important in the context of the astrophysical 

r-process [143]. 

A fascinating aspect of halos and skins is the presence of clustering at the nu¬ 
clear ground state. It is worth noting that all known neutron halo nuclei can be 
described in terms of cluster structures consisting of alpha particles surrounded 
by neutrons. The nuclear matter calculations indicate (see, e.g., Refs. [144,145]) 
the presence of deuteron and alpha condensates at low densities. This suggests 
that the transition from a mean-field regime (corresponding to the two-fluid 
proton-neutron system) to the limit of weak binding (characteristic of drip-line 
nuclei) does not have to be smooth. Most likely, one will encounter an intermedi- 
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ate phase corresponding to the presence of granularities (i.e., cluster structures) 
in the skin region. 

On the proton-rich side, recent highlights are the discovery [146] of the two- 
proton unbound doubly magic nucleus 48 Ni, the first (indirect) data on the 
core-breaking excitations in 100 Sn through the high-spin studies of "Cd (Ref. 
[147]), and studies of deformed proton emitters [148,149]. For a comprehensive 

review of challenges and opportunities in nuclear structure far from stability, I 
would like to refer the reader to the recent RIA White Paper [65] where many 
delightful examples can be found. 


8 Nucleus as a finite many-body system 

The atomic nucleus is a complex, finite many-fermion system of particles inter¬ 
acting via a complicated effective force which is strongly influenced by in-medium 
effects. As such, it shows many similarities to other many-body systems involv¬ 
ing many degrees of freedom, such as molecules, clusters, grains, mesoscopic 
rings, quantum dots, atom condensates, and others. There are many topics that 
are common to all these aggregations: existence of shell structure and collective 
modes (e.g., vibrations in nuclei, molecules, and clusters; superconductivity in 
nuclei and grains), various manifestations of the large-amplitude collective mo¬ 
tion (such as multidimensional tunneling, coexistence, and phase transitions), 
nonlinear phenomena (many-fermion systems are wonderful laboratories to study 
chaos), and the presence of dynamical symmetries. 

Historically, many concepts and tools of nuclear structure theory were 
brought to nuclear physics from other fields. Today, thanks to the wide arsenal of 
methods, many ideas from nuclear physics have been applied to studies of other 
complex systems. There are many splendid examples of such interdisciplinary 
research: studies of the multidimensional tunneling and of the large-amplitude 
collective motion and symmetry-breaking in many-body systems, applications of 
the nuclear mean-field theory and its extensions to studies of static and dynami¬ 
cal properties of metal clusters [150,151], use of symmetry-dictated approaches to 
describe collective excitations of complex molecules [152], studies of supersym¬ 
metries in many-body systems [153-155], applications of the nuclear random 
matrix theory to various phenomena in mesoscopic systems [156-158], studies of 
Bose condensates [159-161], and the description of correlations in many-fermion 
systems [162]. 

A beautiful example of physics on the borderline is the treatment of finite- 
size effects in the description of superconductivity of ultrasmall grains [163]. As 
in nuclei, superconducting grains exhibit the presence of the energy gap in the 
spectrum, and they show the odd-even staggering of binding energies due to a 
blocking effect caused by the presence of an odd electron [164-167]. As seen in 
Fig. 19, in the presence of an external magnetic field, quasi-par tide spectra of 
grains strongly resemble those of rotating nuclei. 

A topic of great interest is the signature of classical chaos in the associated 
quantum system, a sub-field known as quantum chaos. A nuclear physics theory 



134 W. Nazarewicz 


Quasi-particle excitations in finite fermion systems 
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Fig. 19. Top: Quasi-particle neutron spectrum of rotating 160 Yb as a function of ro¬ 
tational frequency u) calculated within the Woods-Saxon cranking model assuming 
constant pairing gap A —1 MeV and quadrupole deformation /?2=0.25. Bottom: Mea¬ 
sured electronic excitations in A1 grains as functions of the external magnetic field H 
(from Ref. [163]). 

(random matrix theory), developed in the 1950s and 60s to explain the statistical 
properties of the compound nucleus in the regime of neutron resonances [168], 
is now used to describe the universality of quantum chaos. Today, the random 
matrix theory is the basic tool of the interdisciplinary field of quantum chaos, 
and the atomic nucleus is still a wonderful laboratory of chaotic phenomena. 
Other excellent examples of interplay between chaotic and ordered motion in 
nuclei are p ar it y- viol at ion effects amplified by the chaotic environment [169], the 
appearance of very excited nuclear states (symmetry scars) well characterized 
by quantum numbers [170], and the appearance of collectivity in the many-body 
system governed by random two-body interactions [171-173]. 
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The study of collective behavior, of its regular and chaotic aspects, is the 
domain where the unity and universality of all finite many-body systems is beau¬ 
tifully manifested. 

9 Summary 

In years to come, we shall see substantial progress in our understanding of nuclear 
structure - a rich and many-faceted field. An important element in this task will 
be to extend the study of nuclei into new domains. 

There are many frontiers of today’s nuclear structure. For very light nuclei, 
one such frontier is physics at subfemtometer distances where the internal quark- 
gluon structures of nucleons overlap. For heavier nuclei, the frontiers are defined 
by the extremes of the N/Z ratio, atomic charge and nuclear mass, and angular 
momentum. The journey to “the limits” is a quest for new and unexpected 
phenomena which await us in the uncharted territory. However, the new data 
are also expected to bring qualitatively new information about the effective NN 
interaction and hence about the fundamental properties of the nucleonic many- 
body system. By exploring exotic nuclei, one can magnify certain terms of the 
Hamiltonian which are small in “normal” nuclei, thus difficult to test. The hope 
is that after probing nuclear properties at the extremes, we can later improve 
the description of normal nuclei (at ground states, close to the valley of beta 
stability, etc.). 

There are many experimental and theoretical suggestions pointing to the fact 
that the structure of exotic nuclei is different from what has been found in normal 
systems. New RNB facilities, together with advanced multi-detector arrays and 
mass/charge separators, will be essential in probing nuclei in new domains. The 
field is extremely rich and has a truly multidisciplinary character. Experiments 
with radioactive beams will make it possible to look closely into many exciting 
aspects of the nuclear many-body problem. A broad international community 
is enthusiastically using existing RNB facilities and hoping and planning for 
future-generation tools. 

Advances in computer technology and theoretical modeling will make it pos¬ 
sible to (i) better understand the bare NN interaction in terms of quarks and 
gluons, and effective interactions in complex nuclei in terms of bare forces, and to 
(ii) answer fundamental questions concerning nuclear dynamics. These questions 
on the microscopic mechanism behind the small- and large-amplitude collective 
motion, on the impact of the Pauli principle on nuclear collectivity, and on the 
origin of short-range correlations have interdisciplinary character. Particularly 
strong are overlaps between nuclear structure and condensed matter physics 
(many-body methods, superconductivity, cluster physics, physics of mesoscopic 
systems), atomic and molecular physics (treatment of correlations, physics of 
particle continuum, dynamical symmetries), nonlinear dynamics (chaotic phe¬ 
nomena, large-amplitude collective motion), astrophysics (nucleosynthesis, neu¬ 
tron stars, supernovae), fundamental symmetries physics, and, of course, com¬ 
putational physics. The nuclear many-body system has it all! 
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Abstract. The Interacting Boson Model is briefly reviewed and placed in the context 
of existing Nuclear Structure Models. 


1 Introduction 


The atomic nucleus is a collection of strongly interacting particles (protons and 
neutrons). The number of particles ranges from A = 1 (the nucleon) to A ^ 300. 
Ab initio calculations of nuclei with A = 2, 3 have been feasible for some time. 
With recent advances in computing capabilities, ab initio calculations of light 
nuclei up to A = 8 have been done. The problem, however, remains how to 
compute properties of heavy nuclei. Beyond A = 8, the computing time increases 
tremendously and it may be difficult, in the foreseable future, to go beyond 
A = 16. A possible scheme to calculate properties of nuclei is the exploitation of 
the average field produced by the nucleons themselves. In 1949, the Independent 
Particle Model [1], [2] was introduced. In this model, each nucleon moves in the 
field due to all other particles. The Independent Particle Model is not sufficient to 
describe nuclear spectra, except in some very special cases (one particle outside 
a major closed shell). One needs to introduce correlations (two-body, three- 
body,...). This leads to the Nuclear Shell Model. The Shell Model, of which in 
1999 the 50th anniversary was celebrated, describes properties of nuclei in terms 
of a Hamiltonian (in second quantized from) 

_ ^ 

H = Eq + rjiol ai + - 

% ii'kk' 



This is the Hamiltonian of an assembly of interacting fermions with two-body 
interactions. The rjd s represent the single particle energies in the average field 
and the v^kk ^s represent two-body interactions. The field is assumed to be cen¬ 
tral and often approximated with a harmonic oscillator. A better approximation 
is to use a Woods-Saxon well 



Both in the harmonic oscillator and in more realistic potentials, the single par¬ 
ticle levels cluster into shells (hence the name). A nomenclature often used to 
describe the correlations is to call particle-particle correlations the interactions 
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between particles in the same major shell, and particle-hole correlations the in¬ 
teractions between particles occupying different major shells. Out of these corre¬ 
lations, there emerge a variety of collective modes, which can be roughly divided 
into two main categories: (i) High-lying modes and (ii) Low-lying modes. The 
high-lying modes arise from particle-hole correlations (1 — 2 fuv excitations in 
the harmonic oscillator approximation) and are usually called giant resonances. 
The low-lying modes appear to be of two types: 

(a) Shape modes. These are mostly due to particle-particle correlations. A 
phenomenogical description of these modes was put forward in 1952 [3]. In this 
description, usually referred to as the Collective Model, the nucleus is described 
as a liquid drop with a shape. The shape variables are the dynamical variables 
and all operators are written in terms of those. The Hamiltonian, for example, 
is written as 

J_ _ 9 _ , i d . ^ _ 1 _ 

/ 3 4 d(3 d(3 2 sin 3y dj ^ dj 4 (3 2 " sin 2 (7 — |ttk) 

+m7). ( 3 ) 



Here /?, 7 are the shape variables and the QC s are the components of the angular 
momentum written in terms of Euler angles. 

(b) Cluster modes. These are mostly due to particle-hole correlations but 
with many fuv quanta of excitations. A phenomenological model for these modes 

had been introduced in the 1930’s [4]. It was re-introduced in 1958 [5]. In this 
description, usually referred to as the Cluster Model , the nucleus is described 
as an assembly of clusters, the most notable cluster being the a-particle. The 
Hamiltonian is 

h =e£-+e v (’-<-’-«) w 

i ik 


where the sum goes over all clusters. 

An important problem in nuclear structure physics in the last 30 years has 
been how to derive collective modes from the Shell Model. A possible approach is 
to find the eigenvalues and eigenstates of the Shell Model Hamitonian by numer¬ 
ical methods. Inputs into these calculations are: (i) The single-particle energies, 
rji. These can be either taken as empirical quantities to be fitted from exper¬ 
iment or from some theoretical estimate such as mean field theories, (ii) The 
two-body matrix elements, Vu^k'- Again these can be taken either as empirical 
quantities or from a theory, such as G-matrix. There are two types of numerical 
solutions that one can attempt: (a) Exact diagonalization. Several computer pro¬ 
grams have been written thoughout the years (OXBASH,ANTOINE,...). These 
calculations are limited by the size of matrices to diagonalize. The present limit 

is A ~ 50, size ~ 20 x 10 6 . (b) Montecarlo methods (QMC,...). There is no 

limitation here in the size of matrices. The only limitation is given by the size 
of computers and by computing time. For both methods there is a problem of 
interpretation. How to understand a wave function with > 10 6 components or a 
random wave function? 
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An analysis of nuclear spectra has revealed that the majority of nuclei have 
low-lying spectra of collective quadrupole type, some nuclei have low-lying spec¬ 
tra of cluster type and few nuclei have spectra of single particle type. Although 
it is difficult to quantify this statement, roughly speaking, ~ 90% of nuclei have 
collective quadrupole type, ~ 5% have cluster type and ~ 5% have single particle 
type. An understanding of nuclear structure requires foremost an understand¬ 
ing of collective quadrupole features. A scheme for this understanding was put 
forward in 1977 [6] and is based on the special nature of the particle-particle 
correlations in nuclei. The residual interaction between two identical particles 
is large 1.5 MeV) and attractive when the two particles couple to angular 
momentum J = 0, is moderate and attractive 0.5 MeV) when the two parti¬ 
cles couple to angular momentum J — 2, and either small or repulsive for larger 
values of J. Hence a good approximation is that of introducing Cooper-like pairs 
in nuclei, S-pairs with angular momentum J — 0 and D-pairs with angular mo¬ 
mentum J — 2. These pairs can be written as a superposition of pairs in various 
single particle orbitals 



A bosonization of the pairs leads then to the Interacting Boson Model In the 
last 25 years this model has been used extensively to discuss properties of nuclei 
with collective character. In these lectures a brief description of the model will 

be given [7]. 


2 The interacting boson model (IBM-1) 

The Interacting Boson Model is a model of even-even nuclei in which the basic 
constituents are nucleon pairs (no distinction between protons and neutrons) 
treated as bosons [8], [9]. 


2.1 Building blocks 

The building blocks of the model are bosons with angular momentum and parity 
J p = 0 + (s-boson) and J p = 2 + (d-boson). It is convenient to introduce creation 
and annihilation operators 



The six (one+five) operators s, d can be denoted by 

b' a ,b a (a = l,...,6). 


(7) 
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These operators satisfy Bose commutation relations 




In terms of these operators, a basis can be constructed as 

B: jfb'X'... I 0), (9) 

where AT is a normalization factor. For a state with N bosons, there are N 
creation operators. The vacuum is denoted by | 0). The bososn number N is 
taken to be the number of pairs in the valence shell. For example, for H 2 Sm 90 , 
the nearest closed shells are at 50 (proton) and 82 (neutron). There are thus 
12 valence protons and 8 valence neutrons for a total of N = 10 pairs. Beyond 
the middle of the shell, one makes use of particle-hole conjugation and counts 
the number of hole pairs. For example, for the nearest closed shells are 

at 50 (proton) and 82 (neutron). There are thus 6 valence protons and 4 hole 
valence neutrons for a total of N = 5 pairs. Quite often, a bar is placed over the 
number of holes, 4, to distinguish them from particles. 


2.2 Physical operators 

The hamiltonian operator. The Hamiltonian operator when written in terms 
of creation and annihilation operators has the form 

H = Eq + Sakata + 

This Hamiltonian contains single boson energies and two-body boson-boson in¬ 
teractions. In recent years, three and four body interactions have been added. 



Transition operators. Transition operators can be written in a similar fashion 

T = t 0 + y ^tgpb'lbp. 

a{3 

These operators contain only one-body terms. In recent years, two-body terms 
have also been added. Both operators, Hamiltonian and transition, are number 
conserving, in view of the interpretation of bosons as pairs of particles. 



2.3 Lie algebra 

Although not necessary, it has been found convenient to rewrite the problem in 
group theoretic language by introducing the elements of a Lie algebra 



G a /3 — 


( 12 ) 
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satisfying commutation relations 



Any set of elements X a G Q is said to form a Lie algebra if it satisfies 



together with the Jacobi identity 


v rv v li i rv rv v n i rv rv v v 

^cJJ ”r ^aJJ \ ^£>J. 


o. 



The coefficients c^ b are called Lie structure constants. In this case, the Lie algebra 
is U(6). Any operator can be written in terms of elements of U(6) 




to + tapGap- 


a{3 



2.4 Racah form 


It is also convenient to introduce spherical tensors. For creation and annihilation 
operators one first introduces the operators 

hm (£ = 0,2 ;-£<m<+£) (17) 

satisfying commutation relations 




rnrn' ? 





Operators that transform as spherical tensors are 

bt,m = (~) i+m h,- m . (19) 


Note the phase and the change of sign of the magnetic component. The elements 
of the Lie algebra of U(6) can be written in terms of spherical tensors as 



bl 


X be 


-i(*0 




(£,£' 


0 , 2 ). 


( 20 ) 


J K 


This form is called Racah form. 
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2.5 


Physical operators in Racah form 


Having introduced spherical tensors, one can exploit the rotational invariance of 
the problem to write the Hamiltonian in the form 


H 


Eo + s s (s^ * 5 ) + £d I d 1 * d 



+ V 1(2L+1) 1/2 c l 


L= 0,2,4 


2 



(L) 

X X 




(C 

d x d 



1 ( 0 ) 
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1 


y/2 


V2 
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X X 



dxs 


1 ( 2 ) 


+ IX 


X 5 


1 ( 2 ) 


(2 )' 

X 

d x d 



1 ( 0 ) 


JO 


1 

+ 2»0 


[df x<i t ] < ° ) x [sxs] (0) + [-• 


S' X $ 


•M (0) 


X 



(0)' 

d x d 



1 ( 0 ) 


JO 





X 5 


■M (2) 


X 


dxs 


1 ( 2 ) 


1 ( 0 ) 


Jo 


+ y° 
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x [s x s] 


( 0 ) 


1 ( 0 ) 


Jo 


( 21 ) 


Furthermore, one can exploit number conservation, N = n s + n^, to eliminate 


n s from iJ, 


H 


E' 0 + e 



■d 


+ V 1(2L + 1) 1/2 c l 


L=0,2,4 


2 



(L) 

X X 




W 

d x d 



1 ( 0 ) 
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V2 


V2 
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X X 
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1 ( 2 ) 
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1 ( 2 ) 
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JO 
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X 
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x [s x s] 


(0) , ixt 


+ ‘ 


S X s 


1 (0) 


(0)' 

X 

d x d 



1 ( 0 ) 


( 22 ) 


JO 


This Hamiltonian contains six independent parameters: e, c f L (L=0,2,4), vl 

(L=0,2). 


2.6 Analytic solutions 

In some cases, the eigenvalue problem for H can be solved in closed analytic 
form. These special cases are called dynamic symmetries. These situations occur 
when H does not contain all the elements of the algebra Q but only certain 
operators called invariant (or Casimir) operators of Q and its subalgebra chains 

Q d Q f D Q" D ... 

H = (23) 

A Casimir operator is an operator that commutes with all the elements of the 
algebra 


[C,X a ]=0 for 


(24) 
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These cases are important because they provide benchmarks for comparison 
with data. In the Interacting Boson Model, there are three (and only three) such 
situations corresponding to the group chains 

17(6) D 17(5) D 50(5) D 50(3) D 50(2), (/) 

17(6) D 517(3) D 50(3) D 50(2), (//) 

17(6) D 50(6) D 50(5) D 50(3) D 50(2). (Ill) (25) 

Chain I. U(5). The energy eigenvalues for this chain can be written as 

(IV,n< 2 ,v,n^,L, Ml) = T/oT£n- c ^ + o;?r c f(?r c f + 4)-|-/3t f (t f -|-3)-|-yT(Z/-|-l). (26) 

This energy eigenvalue describes the levels of a five-dimensional anharmonic 
vibrator. An experimental example of a nucleus described by this formula is 

ll°Cd 62 . 

Chain II. SU(3). The energy eigenvalues for this chain can be written as 

E(N, A, /i, K, L, M l ) = E 0 + k( A 2 + /i 2 + \/i + 3A + 3/x) + k’L(L + 1). (27) 

This formula describes the spectrum of an axial rotor. An experimental example 
of a nucleus described by this formula is 

Chain III. SO(6). The energy eigenvalues for this chain can be written as 

(j^T) VAi L, .Ml) = Eq + A<j(<j + 4) + Bt(t + 3) + CL(L + 1). (28) 

This formula describes a so-called y-unstable rotor. An experimental example of 
a nucleus described by this formula is 7 g 6 Pfn 8 * 


2.7 Numerical solutions 


In the majority of cases, the Hamiltonian H must be diagonalized numerically. 
A computer program, called PHINT , has been written for this purpose. This 
program is available from zamfir@galileo.physics.yale.edu. A Hamiltonian often 
used, called consistent-Q Hamiltonian [10] , is 



This Hamiltonian contains four parameters. However, the parameter C\ does not 

A A 

affect the wave functions since the operator L * L is diagonal. The structure of 
nuclei described by this Hamiltonian is thus determined only by the three pa¬ 
rameters e, C 2 and %. Furthermore, it is possible to scale energies and consider as 
parameters only the ratio £ = e/c 2 and %. The situation can then be conveniently 
represented in a two-dimensional plot, called a symmetry triangle. Each point in 
the triangle is characterized by a value of £ and %. This triangle represents then 
a phase diagram of nuclei. A relatively simple global classsification of nuclei is 
then possible. 
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2.8 Geometrical aspects 

An alternative description of collective quadrupole states in nuclei is in terms of 
shape variables (Collective Model). A connection between the Collective Model 
and the Interacting Boson Model can be obtained by associating to the Interact¬ 
ing Boson Model a geometry. This association is done by introducing intrinsic 
or coherent states. The ground intrinsic or coherent state is 

I N-, a M ) = ( st + E a A^ I °> ( 3 °) 


where the (fi — 0 , d=l,d= 2 ) are five complex variables (coordinates and mo¬ 
menta). Instead of one can use three Euler angles 01,02)03 and two intrinsic 
variables /?, 7 (Bohr variables). The intrinsic state can then be written as 

} N I 0). (31) 



The space of the Interacting Boson Model can then be connected with that of 
the Collective Model, by plotting a surface 



The Interacting Boson Model Hamiltonian can be viewed as a quantization of 
the Bohr Hamiltonian of Eq.(3). Its three dynamic symmetries correspond to 
the potentials 

V (/?,7 )~fc/3 2 (/) 

V[fi, A) f + k '(cos 37 - 1 ) (//) 

V (/?> 7 ) — k([3 — /3 0 ) 2 (III). (33) 


2.9 Summary 

In summary, the Interacting Boson Model: 

(i) provides a classification of nuclear spectra with collective quadrupole char¬ 
acter. The classification consists in three symmetries (I),(II),(III) and four tran¬ 
sitional classes (A),(B),(C),(D). 

(ii) provides an interpretation of nuclear spectra in terms of shape variables. 


3 The proton-neutron interacting boson model (IBM-2) 

A better description of even-even nuclei can be obtained by introducting explic¬ 
itly proton and neutron degrees of freedom. This is because the two-body cor¬ 
relations in the T = 0 channel have different behavior than those in the T = 1 
channel. In the proton-neutron Interacting Boson Model the basic constituents 
are proton pairs and neutron pairs treated as bosons. 
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3.1 Building blocks 

It is convenient also here to introduce boson creation and annihilation operators 


5 

S 





The six+six operators can be denoted by 

b l,a '> b P,a ;p = 7T,^;a = 1,6 

and satisfy commutation relations 




The basis B is now constructed with proton and neutron bosons 



1 

A7 


t 


7J iA h 

U 7T,a U 7Z^a' "' U V>OL U V>QL f *** 


0 >. 



The number of proton and neutron bosons, and N v , is the number of valence 


proton and neutron pairs. Thus 


1 


1(90 


for IfSmgo 


, N v 


82) 


h 62 


50) 


6 ,N V 


4. 


3.2 Physical operators 

Hamiltonian operator. The Hamiltonian operator is 



where 


H P =^ + E £ ^,A,«+ E \<a' 0 AA,a' b P,0 b P^ 

a aa'fifi' 

Vku = } ^ W aot ?ft a b^ . 

aa' f3{3' 



7T, V 



Transition operators. Similarly, the transition operators are 




(40) 

(41) 
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3.3 Coupled Lie algebras 

The Interacting Boson Model-2 can also be written in terms of Lie algebras by 
introducing the bilinear products of creation and annihilation operators 

Gir * G*<xf3 = ^7r,a^j/3 ft ~ 1) ***> ) 

Qv • Gap = b t,aKp (a,/3 = 1, 6). (42) 

Since proton and neutron operators commute, the total Lie algebra is the direct 
sum of the Lie algebras 


G = G*®G V = E4(6) © Uv(6). (43) 

If one wishes, one may introduce a formalism similar to isospin but for bosons, 
called F-spin , 



In this formalism, C/(6) 0 Uf( 2), wave functions are denoted by 







3.4 Analytic solutions 

Coupled systems have a wealth of dynamic symmetries and hence of analytic 
solutions. Some of these are the same as before 

£4(6) D £4(5) 

\ 

U v+ J5) D SO v+ J 5) D SO v+ J3) D SO v+v (2) 


U v (6) D U v (5) 



£4( 6) D SU V ( 3) 

£4(6) D SO* (6) 

\ 

SO v+v (6) D SO v+v { 5) D SO v+v (3) D SO*+„(2) 

/■ 


U v { 6) D SO v ( 6) 
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but new cases also occur 

U v ( 6) D SU„(3) 

\ 

SU* + „( 3) D SO v+v (3) D SO v+v { 2) 

£ 

U v { 6) D SU V { 3) 

The last situation describes triaxial rotors and is not encountered in IBM-1. 


3.5 Numerical solutions 

A computer program, called NPBOS , has been written to diagonalize the IBM-2 
Hamiltonian. This program is available from otsuka@phys.s.u-tokyo.ac.jp. 

A Hamiltonian often used, called Talmi Hamiltonian , is 

H = Eq + e (fidn + fi'dv') + * Qi” + A M^v (46) 

This Hamiltonian is characterized by 5 parameters, e, k, Xm Xv> A. The parameter 
A sets the scale of the mixed symmetry states to be discussed in the subsection 
below. The structure of the totally symmetric states is determined by 4 pa¬ 
rameters. Apart from a scale there are thus only three independent parameters 
s /A phase diagram of IBM-2 can then be constructed by means of a 
tetrahedron. At the vertices of this tetrahedron are the four symmetries of IBM- 
2, denoted by the first combined subalgebra in the chain, C/(5), SU( 3), 50(6) and 
5U*(3). Other cases are points inside the tetrahedron. A complete classification 
of nuclei is then possible within the framework of IBM-2. 


3.6 Mixed symmetry states 

The explicit introduction of proton and neutron degrees of freedom gives rise to 
a new class of states, called mixed symmetry states. The occurrence of this class 
can be seen by taking the tensor product 



For example, 

[1] <g) [1] = [2] © [11]. (48) 

The states of two non-identical bosons, are either totally symmetric, [2], or an¬ 
tisymmetric [11]. The symmetric states are the same as before (IBM-1), while 
the antisymmeric states are a new feature. 

Mixed symmery states have now been discovered in several nuclei. 

(i) Deformed nuclei. In these nuclei mixed symmetry states appear as rota¬ 
tional bands. The lowest band is built upon a state with J p = 1 + . They were 
discovered in 1984, soon after their suggestion [11]. 

(ii) Spherical or weakly deformed nuclei. In these nuclei, mixed symmetry 
states appear as vibrational bands built upon a 2 + state. Unambiguous evidence 
for these states has been obtained recently [12]. 
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3.7 Geometrical aspects 

There are in this case 5+5 complex vaiables, The coherent states can 

be written as 



Instead of g+j,, one can use three Euler angles #i,# 2>#3 characterizing 
the mass distribution, three Euler angles </>i, </> 2 , </>3 characterizing the relative 
orientation of protons and neutrons, and four intrinsic variables (Bohr variables) 
/Jrr, Trr, f3 u , characterizing the intrinsic deformations of protons and neutrons. 
The Interacting Boson Model-2 can then be viewed as a quantization of a two- 
fiuid Bohr Hamiltonian. 


3.8 Summary 

The Interacting Boson Model-2: 

(i) Provides a direct connection between the shell-model and the collective 
model. 

(ii) Suggests an entire new class of collective states experimentally found. 
Further generalizations of the Interacting Boson Model are: 

(a) The Interacting Boson Model-3 [13]. In this model, pp — nn — pn pairs 
with T = 1, S = 0 are introduced. The corresponding algebraic structure is 

U(6)®U t (S). 

(b) The Interacting Boson Model-4 [14]. In this model, in addition to pp — 
nn — pn pairs with T = 1, S = 0, there are also pn pairs with T = 0, S = 1. The 
algebraic structure is U(6) 0 £7$^ (6). 

4 The interacting boson-fermion model 

The Interacting Boson Model describes in its various versions, even-even nuclei. 
However, one needs to describe also even-odd, odd-even and odd-odd nuclei. 
In these case at least one particle is unpaired, and one must consider a more 
complete model of nuclei in which there are at the same time, collective (pair) 
degrees of freedom and single particle degrees of freedom. A model of this type 
was introduced in 1979 [15] and is called Interacting Boson-Fermion Model. The 
Interacting Boson-Fermion Model, in its two versions IBFM-1 and IBFM-2, will 
not be described here for lack of space and time. A detailed description can be 
found in [16]. 

The treatment of odd-even nuclei is one of the most important subjects in 
Nuclear Structure Physics. While the treatment of even-even nuclei can be con¬ 
sidered to a large extent complete, that of odd-even nuclei still needs improve¬ 
ments. 
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5 Nuclear structure beyond 2000 

In the last 50 years, an understanding of nuclear structure has been developed 
through the use of Nuclear Models. The basic model is the Nuclear Shell Model 
From it, The Interacting Boson Model arises. This model, which can also be 
viewed as a quantization of the Collective Model , can be used to study collective 
quadrupole spectra of nuclei. 

In the same 50 years, the experimental study of nuclear spectra has developed 
substantially. The last 20 years have been characterized by the exploration of 
nuclear spectra at high angular momenta. In the next decade, a major part 
of the research program of several laboratories will be devoted to the study of 
nuclei far from stability through the use of Radioactive Beam Facilities. One of 
the crucial questions that one needs to answer is the extent to which nuclear 
models can describe spectra of nuclei far from stability. In order to use the shell- 
model to this end, one needs to extrapolate single-particle energies and two- 
body matrix elements. This extrapolation is difficult, since there are in heavy 
nuclei many parameters. The extrapolation requires some theoretical input. This 
input can be provided by mean field theories for single-particle levels and G- 
matrix theories for two-body matrix elements. An alternative scheme is to use 
the Interacting Boson Model. Here the extrapolation is more manageable (there 
are fewer parameters than in the shell-model). Calculations of nuclei far from 
stability in the Interacting Boson Model already exist (See, for example, p.180 
of Ref. [7]). The extent to which data will deviate from predictions may point 
out to new physics beyond standard models. 

In the determination of new effects an important role is played by odd-even 
nuclei, since the main modification expected when going far from stability is a 
change in single particle energies. These single particle energies play a crucial 
role in odd-even nuclei. Calculations in odd-even nuclei far from stability exist 
in the Interacting Boson-Fermion Model (See, for example, p.248 of Ref. [16]). 
Again deviations from these calculations may indicate new effects. 

A special problem is presented by light nuclei. In these nuclei, clustering cor¬ 
relations play an important role. The treatment of cluster configurations in the 
shell model is extremely complicated. Montecarlo shell-model calculations can 
help understanding this problem, but a simpler descriptions may be needed. At 
the present time, a simpler description of clustering in nuclei, called Algebraic 
Cluster Model is being developed [17]. This description can be viewed as a quan¬ 
tization of the Cluster Model An example of this simpler description is provided 
by the spectrum of three particles at a vertices of an equilateral triangle. This 
spectrum can be simply obtained in the algebraic description. It can be applied 
to the study of 12 C, viewed as three a-particles at the vertices of an equilateral 
triangle. For nuclei far from stability, one needs an IBFM-like approach in which 
there are collective (in this case, cluster degrees of freedom) and single-particle 
(nucleon) degrees of freedom. For example, in 14 C, there are two neutrons in 
addition to 3a clusters. 
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6 Conclusions 

The atomic nucleus is a complex system which shows a large amount of self¬ 
organization. The low-lying spectra appear to be dominated by collective modes: 

(i) Shape modes, 

(ii) Cluster modes. 

In the last 50 years, nuclear structure theory has gone a long way towards 
understanding nuclear phenomena. The remaining problem is to explore experi¬ 
mentally the limits of nuclear structure, and theoretically to see whether or not 
new phenomena occur that cannot be explained by standard models. 
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The limits of the mean field 
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Abstract. In these talks, we review non relativistic selfconsistent mean field theories, 
their scope and limitations. We first discuss static and time dependent mean field 
approaches for particles and quasiparticles, together with applications. We then discuss 
extensions that go beyond the non-relativistic independent particle limit. 

On the one hand, we consider extensions concerned with restoration of symmetries 
and with the treatment of collective modes, particularly by means of quantized ATDHF. 
On the other hand, we consider extensions concerned with the relativistic dynamics of 
bound nucleons. We present data on nucleon momentum distributions that show the 
need for relativistic mean field approach and probe the limits of the mean field concept. 

Illustrative applications of various methods are presented stressing the role that 
selfconsistency plays in providing a unifying reliable framework to study all sorts of 
properties and phenomena. From global properties such as size, mass, lifetime, ..., to 
detailed structure in excitation spectra (high spin, RPA modes, ...), as well as charge, 
magnetization and velocity distributions. 


1 Introduction. The n-body problem 

In 1960, Harry Lipkin wrote [1]: “We can begin by looking at the fundamental 
paradox of the many-body problem; namely that people who do not know how to 
solve the three-body problem are trying to solve the n-body problem. Our choice 
of wave functions is very limited; we only know how to use independent particle 
wave functions. The degree to which this limitation has invaded our thinking is 
marked by our constant use of concepts which have meaning only in terms of 
independent particle wave functions: shell structure , the occupation number , the 
Fermi sea and the Fermi surface , the representation of perturbation theory by 
Feynman diagrams. All of these concepts are based upon the assumption that it 
is reasonable to talk about a particular state being occupied or unoccupied by a 
particle independently of what the other particles are doing. This assumption is 
generally not valid , because there are correlations between particles. However , 
independent particle wave functions are the only wave functions which we know 
how to use. We must therefore find some method to treat correlations using these 
very bad independent particle wave functions”. Nuclear theory has come a long 
way since those times. Yet, these words still convey a useful message, as their 
essence remains valid. 

The mean field theory is widely used, in various modifications, as a base 
for practically all microscopic calculations in many-body quantum systems. In 
Nuclear Physics, it is essentially an approximation scheme to reduce our problem 
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of many strongly interacting nucleons to one of non-interacting particles (or 
quasiparticles) in an average nuclear field. The generation of this average field 
from the nucleon-nucleon interaction in a selfconsistent way is achieved by the 

Hartree-Fock (HF) or the Hartree-Fock-Bogoliubov (HFB) methods. 

The solution of the many body stationary and time dependent problems 
amounts to the solution of the static or time dependent Schrodinger equations: 

m a = E a V a ( SSE) (1) 

m = A& ( TDSE ) (2) 

It is well known from basic quantum mechanics that if the solutions of (1) are 
known, the evolution with time from an initial configuration of the system ^(0) 
is known (^( t ) = e _1 ^?? r (0)) and vice versa. Knowing the evolution in time, we 
may determine the energy eigenvalues by Fourier transformation. In this respect, 
the nuclear system is as any other quantum system. In standard nuclear structure 
theory, we consider a nucleus as a system of A fermions interacting via (strong) 
two-body, or at most three-body, forces, 

" = X> + 5 £ Vi?'+ g £ vS. (3) 

k —1 k^X k^l^m 

where the internal degrees of freedom of the nucleons are frozen. The two-body 
forces are derived from realistic nucleon-nucleon interactions in free space, in¬ 
volving meson exchange potentials and a repulsive short range core. Since these 
forces are discussed at length in the talks of R. Vinh Mau, we do not give here 
any details. We only mention here that the existence of a repulsive core [2] was a 
restraint to the implementation of Hartree-Fock approximations till Brueckner’s 
methods and Bethe’s ideas were implemented by Negele in finite nuclei, defining a 
density dependent Hartree-Fock method where the dependence of the G-matrix 
on the density matrix is replaced by dependence on the local density [3]. Even 
with this approximation, the solution of Brueckner-Hartree-Fock equations in 
finite nuclei is difficult, but in essence what it means is that the bare nucleon- 
nucleon force in free space is renormalized by the presence of other nucleons. 
This results in an effective interaction that depends on the local density and 
justifies the use of phenomenological density dependent effective interactions [4]. 

As in any Q.M. problem, saying that S is a symmetry of the system amounts 
to say that [iJ, S] = 0. Internal symmetries are conserved in time and can be 
used to classify and label the wave functions About the many body wave 
function ^ = ^(1,2,..., A) all we know for sure has to do with symmetries and 
invariance principles. For instance, rotational invariance implies that J is a good 
quantum number of the exact states and, in particular, since nucleons obey 
Fermi statistics, ^ is antisymmetric with respect to interchange of any pair of 
nucleons. The rest we know from responses of nuclei to electroweak and hadronic 
probes. In principle, the state ^ can be expanded in a complete orthonormalized 
basis of antisymmetric states of A-particles. Such a basis can be formed by the 
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set of Slater determinants : 




or in second quantized notation: 



where {n^} = {ni,... , n^v} represents any set of occupation numbers (with = 
0,1; ^2 Tii = A) of the states oti in a complete basis of single particle states {(ti} = 
{ai,..., Here and in what follows, coordinates (r.j, cq, Tj) are represented 
by (i), while cq will represent the set of quantum numbers characterizing a single 
particle basis state, or more generally, the order number given to the basis states. 

Alternatively to (1) and (2), one may use variational principles . The time 
dependent Schrodinger equation may be established from the action integral 
with fixed end points: 



1 2 





*2 



di<^ 


i 





by means of the variational principle: 

SI 12 SI 12 

5&(t) * 

This allows to discuss (2) in a classical context with the integrand in (6) 
representing the time dependent Lagrangian of the system. In the static case, 
one has the variational principle 



sn 



sn 

8&* 





<&\H\&> 

<&\&> 



which is equivalent to (1). 

Obviously, solving the full many body problem is equally difficult starting 
from (7), (8) or from (1), (2). Yet, the variational schemes are more appealing 
as they are amenable to more intuitive ways of thinking. The main point here is 
that we do not have access at once to all the information contained in the whole 
many-body wave function If and that, for practical purposes, we can restrict the 
search to reduced sets of ansatz and degrees of freedom. Most observables we 
know of are represented by one-body or two-body operators and thus depend 
explicitly at most on one-body and two-body density matrices. 
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The n-body density matrix in coordinate space is defined as: 



with 


A 


P 


(n) 


(1,... ,n; 1',... , n') 


«+(!') 


* * * 


a + {n f )a(ri) 


* * * 
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(i), 


(ii) 


where f d i stands for f d r% the s higle particle basis state represen¬ 


tation, the n-body density matrix is defined as: 


(n) 
p\ ; 
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* * * 
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* * * 
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(n) 


or ~ a n 


& > = < ^ p V } , , & > . 

r cv* * * * rv rv * * * rv r 
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«1 '"Oi n ,Oi 1 '"Oi 


Using fermion field creation and destruction operators: 


( 12 ) 


«+(!) = E«<(1>4> «(1) = (« + (l)) + . (13) 

satisfying the usual anticommutation rules [5], we can relate the n-body density 
operator in coordinate space to that in configuration space: 



on * * * ot n 

Oil * * * 



With these operators, it is easy to show that any one-body (<9^ = JT <9-"^) and 


i % 


two-body (0 {2) = (1/2) ,, operators can be written in second quantized 


notation as: 


0 a) 


V < a'|0 (1) |a > pfy , 


OtyOt 


0 ( 2 ) 
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<a'l?\e™\a0>p™, , 




with 



(i) 


<a'|0( 1 >|a>= dl<p* a ,(l)&P<p a (l) 



(15) 

a' ’ 

(16) 

g)( 1 ) 

^a'a. ’ 

(17) 



= <9^ 

^ ol > fi f ,a/3 * 

Their expectation values in the state ^ are then: 



< &\0 (1) \& > = Tr(0 (1) p (1) ) , 

< &\S (2) \& > = Tr(0 (2) p (2) ) . 


(19a) 

(19b) 
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In particular, the expectation value of the hamiltonian in the state ^ for V = 
V depends only on the one- and two-body density matrices: 

<mw> = Y. K ^pf a + \ E W'pi 2 E/3 = 

a/3 afia'fi' 

= Tr(Kp^) + jTr(Vp i2) ) = H(p (1) , p (2) ) , (20) 


Let us now see how the TDSE, or equivalently the variational principle (7), 
is written in terms of density matrices. In general, the time derivative of the 
n-body density matrix can be obtained from the definition of p^ and the time 
evolution of t ) as follows. To shorten the notation, we write the n-body density 
operator and matrix elements as: 


3 (n) 

y a' ,ai 






< ^(O^e 


i Ht -(n) 
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'aVai 


i Ht 
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Taking the derivative in time we get: 





which can be written in terms of density matrices as: 
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d 

dt’ a n a 
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\K,„ 


(n) 


a 


+ [V ( 2 ), p(n + D} + [V (3) t p (n + 2 )} 


OL-OLi 


(24) 


In the static case, p^ n \t) = p^(0), we have for any n, j^p^ = 0 and the 
SSE, or equivalently (8), reads: 

[K,p (n) ] + [E (2) ,p (n+1) ] + [E (3) ,p (n+2) ] = 0 . (25) 

Therefore, with a two-body interaction, the equation for p^ involves always 

p( n ~\-i) ag we \\ jf 

a three-body interaction is included, there will be an additional 
term ([E^ 3 \p( n + 2 )]) involving p( n+2 ^ as well. Non-local three-body interactions 
have been included by Pandharipande et al. [6] in ab initio calculations of few- 
body systems. These interactions were supposed to be necessary to explain spin- 
orbit in few-body systems and compressibility in nuclear matter. Nowadays, 
these forces are being questioned [7]. On the other hand, the use of local three- 
body forces (like the 3-body Skyrme force) for the spin saturated static case 
works well because it is equivalent to using a density dependent force [4,8]. 
However, using the same local three-body forces for spin non-saturated or time 
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dependent cases leads to unreasonable instabilities of the system [8,9]. Thus, we 
focus here on two-body forces (V = in what follows). 

What is important for our purpose here is to notice that the time dependent 
evolution equation (24) and the static equation (25) set in a more concrete 
context the task of solving the TDSE or SSE many-body problem. If all we need 
to know about the system has to do with expectation values of one-body and two- 
body operators, we may restrict our search to the one-body and two-body density 
matrices. In absolute terms, this is not a real simplification because we know that 
the equation we need to solve for p^ will also involve p^ and so on. But the n- 
body correlations with n > 3 will not affect in a direct manner those expectation 
values. They will only affect them indirectly, mainly as a redefinition or rescaling 
of normalizations. Likewise, for expectation values of one-body operators, we do 
not need explicit knowledge of p^ 2 \ only of the effect that it may have on the 
solution for p^\ An example that is particularly interesting in this regard is the 
one-body momentum distribution, that we discuss in the last lecture. 

Equation (24) is a master equation , equivalent to TDSE, that can be used 
for any ansatz of our variational wave function. In particular, it allows to derive 
HFB equations (as well as HF) in a most elegant manner. Since such a derivation 
is not found in text books, we do that in the next section. 

2 Self-consistent mean field theory 

for particles and quasiparticles 

2.1 Hartree—Fock approach 

The Hartree-Fock theory (both static and time dependent (TDHF)) is concerned 
with finding the best Slater determinantal wave functions. To this end, the trial 
wave functions ^ in (8) and (9) are restricted to be Slater determinantal wave 
functions It is easy to show that the n-body density matrix in this case 
becomes a determinant of 1-body density matrix elements, i.e., for 


A 
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•©i 

t a 

s> 
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V 

(26) 

one has 

Pa' x a i * * * Pa^an 

An) 

Pa',a : : > 

(27) 

where p a > i0tl 
min ant wave 

Pot' n a i * * * Pa f n a n 

is the one-body density matrix corresponding to the Slater deter- 
function 


A 

Pace' =< &\Palc’\& >=J2< ai >< a,i >*’ 

i—1 

(28) 

that satisfies 

p 2 p , Trp A , 

(29) 
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and therefore has eigenvalues 1 or 0. 

The overlaps < a\i > define the unitary transformation between the Hartree 
Fock basis i and the generic basis a: 



< a i > a > . 



Replacing (27) into (24), one gets immediately the well known time depen¬ 
dent and static Hartree-Fock equations for the one-body density matrix: 


= [h, p] TDHF 
[h, p\= 0 SHF . 


(31) 

(32) 


h is the single particle Hartree-Fock hamiltonian that depends on the one-body 


density matrix: 
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aa 


K 


aa 


+ r. 


aa 


(p), 


(33) 


with a kinetic energy term 
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aa 


2 M 


drV (V^(r<rr))* (Vw(rcrr)) 


(34) 


<7T 


and a density dependent mean field 



X! < <*P\V\<*'P > ppp , 

j3j3 f 



that has to be determined selfconsistently with p. 

The static Hartree-Fock equation implies that h and p are diagonalizable in 
the same basis. In what follows, we call this basis the Hartree-Fock basis and 
denote by i the single particle states and by the eigenvalues of h (hij = CiSij). 
The ground state i n this basis consists of nucleons occupying the A states of 
lowest energy (e$ < A, with A the Fermi level). We label these states by h (hole 
states) and the empty states by p (particle states) . One therefore defines also 
the ground state as the Hartree-Fock vacuum satisfying a pl^o > = Cl¬ 

in this basis, the density matrix is pij = SijSi h and the HF energy is: 

< ^ol-Hl^o >=Ehf = Y , K h + 5 E < hh, M hh/ >= ( 36a ) 

h z hh' 

-5>-3£ <hh / |V'|hh / > . (36b) 

h hh' 


Since this basis is defined by condition (32), it is clear that, in this basis, 
(31) is an equation for the off-diagonal matrix elements of p between particles 
and holes (p p h)* 



(/ipp hhh)Pph (/^pp Phh)hph * 


(37) 

(38) 
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where now h and p depend on time. Thus, at variance with the static case, in 
TDHF the time dependent mean field h(p(t)) cannot be diagonalized simulta¬ 
neously with p(t). Intuitively this is clear since a variation in time of the Slater 
determinant, hence of p, will amount to change of configuration unless the basis 
is changed. In either case, the Hartree-Fock equations are non-linear equations 
that have to be solved by iteration. 

So far, we have assumed that V 12 is independent of the density. However, 
as already mentioned, in the nuclear medium, the two-body nucleon-nucleon 
interaction is modified to an effective density dependent interaction. In this case, 
the Hartree-Fock equations are slightly modified because the Hartree-Fock mean 
field contains also the rearrangement or saturation potential involving dVyijdp 
(see, for instance, [5] and references therein). In any case, the Hartree-Fock 
equations, even with simple local interactions of Skyrme type [4,10], are highly 
non-linear and have to be solved by iteration. Usually one starts with an ansatz 
for the one-body density, constructs the potential T, solves for the new density 
and so on till convergence is achieved. In this process, it is important to keep in 
mind that the symmetries of the total hamiltonian H are preserved on average by 
the TDHF equations. What this means is that for any operator 0 that commutes 
with iJ, the mean value of 0 in @(t) is conserved. Moreover, in the static case, 
if one starts with an ansatz p^ for the density with certain symmetries, the 
final solution p(f %nal ) of the static Hartree-Fock equation will still have the same 
symmetry. It is important to stress this point because we know that for many 
nuclei the best Slater determinant to represent the ground state has no spherical 
symmetry, and we can never get a non-spherical solution if we start with a 
spherical ansatz . As a general rule, the more symmetries p is permitted to break 
(i.e., the more general the ansatz is), the more sure we can be to generate the 
Slater determinant that approximates best the many-body wave function. 

It may sound paradoxical that when p breaks the symmetries of iJ, hence of 
the exact solutions, one gets a better description, however it is not. The fact is 
that we cannot give up explicit account of the correlations in the wave function 
and simultaneously preserve the symmetries. We can either use a modest single 
particle basis and then solve the n-body problem of (25) for the correlated n- 
body density preserving the symmetries of H (as in the shell model described in 
Poves’s lectures), or search for the optimal Slater determinant and single particle 
basis as in the Hartree-Fock method. That this is so can be easily understood 
considering a simple quadrupole-quadrupole interaction: 

V 12 = -xQi • Q 2 , Q„oc r 2 Y* (fl) . (39) 

The n-body eigenstates for this two-body interaction in a major oscillator 
shell can be obtained analytically by algebraic methods [11]. In this method, 
the n-body wave functions have the symmetries of H and, in particular, have 
good angular momentum quantum numbers. Each n-body state contains many 
product wave functions of harmonic oscillator single particle states. There is no 
interaction between the inert core and the n-valence particles. 

On the contrary, in the Hartree-Fock method, there is no need to differentiate 
between valence and core nucleons, which are all interacting to construct a mean 



The limits of the mean field 


163 


field, 

r u = ~X^2 Tr (QuP) ■ Qn + (exchange term) , (40) 

that has no spherical symmetry. Actually, TriQ^p) ^ 0 only if the local density 
p(r) has quadrupole deformation. For an odd-A system this may not require 
non-conservation of angular momentum, but for an even-even system it does. If 
one considers a generic basis with spherical symmetry (a = nl j m) , the Hartree- 
Fock basis will be of the form: 

i >= ^ C™ ljrn \nljm > , (41) 

nljm 

as in the phenomenological Nilsson model [12], that manifestly breaks rotational 
invariance. Neither the single particle nor the Slater determinant representing 
the ground state will be an eigenstate of angular momentum. In addition, of 
course, translational invariance is broken by any localized Slater determinantal 
wave function. 

In spite of their so different appearance, similar structures and rotational 
bands can be generated with both methods. Indeed, the violation of conserva¬ 
tion laws by the static Hartree-Fock solutions is connected with the presence 
of collective modes. In the example of a deformed HF solution that we are con¬ 
sidering here, we see that is not an eigenstate of angular momentum and 
therefore can be written as a linear combination of eigenstates of J, 

<2>o = * (42) 

JM 

J-eigenstates can then be obtained from using angular momentum projection 
techniques. The HF vacuum can be viewed as a wave packet of wave functions 
with different angular momentum [1,18]. Of course, the J-eigenstates in (42) 
are no longer single Slater determinants. We shall discuss projection techniques 
in the next sections, but first we introduce briefly the mean field theory of 
quasiparticles, i.e., the Hartree-Fock-Bogoliubov approximation. 

In summary, the Hartree-Fock equations allow to get the optimal represen¬ 
tation of the many-body problem in the space of independent particle solutions. 
The nucleon-nucleon interactions are in fact generating the optimal mean field 
for the given number of particles. Thus, in this case, correlations are taken into 
account indirectly through the (symmetry breaking) selfconsistent mean field. 

There are other methods, particularly that of Kohn-Sham, that search for 
the optimal one-body density. Actually, the Kohn-Sham [13] theory has some 
similarity with density dependent Hartree-Fock, except that it makes no refer¬ 
ence to a particular type of many-body wave function and p does not necessarily 
correspond to a Slater determinant (i.e., p 2 ^ p). 

Although the static HF method was well known in Atomic Physics, convinc¬ 
ing applications to Nuclear Physics were not achieved till early 70’s. The den¬ 
sity dependent Hartree-Fock (DDHF) method of Negele [3] was a major break¬ 
through that, together with the pioneering works of Vautherin and Brink [4], 
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opened the gate to many successful applications and allowed to understand that 
the strongly bound many-body system can be described in mean-field approx¬ 
imation using local density dependent effective interactions. Some applications 
of TDHF theory to heavy-ion collisions were also carried out [14]. 


2.2 Hartree—Fock—Bogoliubov approach 

In HFB approach, one looks for the best possible “Slater determinant of quasipar¬ 
ticles”. Quasiparticle operators qp are defined in terms of particle operators 

aj, a a by the generalized Bogoliubov transformation : 

Qfi - ^ ^ Uf3Qt(l a + . ( 43 ) 

a 

Each quasiparticle is a linear combination of all particle creation and all de¬ 
struction operators. In matrix notation [15]: 

= M*d + , (44) 

with 

6 + =(f) • “ + =(a) ’ < 45) 

M={y*V*\ MM + = M + M = 1 . (46) 

The transformation is unitary and preserves anticommutation rules, i.e., quasi¬ 
particle operators obey also Fermi statistics. Then, the U and V matrices satisfy: 

UU + + VV + = U + U + V T V* = 1 

UV T + VU T = U + V+ V T U* = 0. (47) 

The ansatz for the variational function is the vacuum for quasiparticle operators, 
i.e., is the wave function |c p > such that: 

qp\tp>=0 V/3, or \<p >= Af U<?/3|0 > . (48) 

0 

The product extends to all ft in the basis. The aim is to take into account 
correlations (both of short and long range) describing the system by an indepen¬ 
dent quasiparticle approximation. By analogy to HF, the quasiparticles move 
independently in a selfconsistent mean field generated by the nucleon-nucleon 
interactions. The meaning of this ansatz is better understood in the limit of a 
pure monopole pairing force that we consider later on. For the moment, we just 
notice that this ansatz breaks an important symmetry of the system since it is 

A 

not an eigenstate of the particle number operator N = ^ a+a a . Here we derive 
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the time dependent Hartree-Fock-Bogoliubov (TDHFB) equations in analogy 
to the TDHF equations. Since the TDHFB equations are quite general, one can 
then apply them to particular cases where the general transformation (43) takes 
simpler (more restricted) forms. 

Since the ansatz in (47) contains many Slater determinants with different 
particle numbers, a constrained variational principle is used where H is replaced 

A 

by H f = H — XN to constrain the wave function to give the correct number of 
particles on average, inducing correlations. In the HF case, we saw that instead 
of working with the Slater determinant we could work with the one-body 
density matrix p, because the mean value of any operator 0 was given in terms 
of p. Similarly to it, one can show that in HFB approach , the n-body density 
matrix depends at most on two “densities”: 

• The normal density p, which is defined as in HF case and is determined by 
the V matrix, its trace being constrained to give the proper particle number: 

Paa' —^ & 01 1 P f /r )aa / * (49) 


• The abnormal density k, or pairing tensor , which is defined as: 

fo(XOL f —^ \^P — (V U^(x(x f * (50) 


From (47), one can see that k is antisymmetric and p is hermitian. It is 
easy to check that in HFB ansatz , p represents the one-body density matrix of 
the system (see the general eq. (12)), and kk* is the correlation function of the 
two-body density matrix: 



( 2 ) 

aia2 ) o: / iO:2 



_ sfc 

^aia2^a , 1 a , 2 







where we have used the inverse transformation of (44): = M T 6 + , and the 

fact that |cp > is the quasiparticle vacuum. 

The time evolution of the normal density can be easily obtained from the 
general eq. (24). For n = 1, and with the help of (51), we get: 



where h\ is a constrained Hartree-Fock hamiltonian: 


h x = h - A , (53) 

with h the Hartree-Fock hamiltonian (h = K — r(p))\ A, the chemical potential 
that can be considered time dependent; and A, the pairing potential: 

= £ < aa / | 1 F|Q;iQ;2 > k 

ai OL2 


ai ot2 * 


(54) 
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Note that r is hermitian and A is antisymmetric, like the densities p and k, 
respectively. Using (24) for n = 2, one gets the time evolution for k. A simpler 
method is described below. 

The variational principles in Sect. 1 were derived assuming ansatz with good 
particle number. For any such ansatz , k is zero. However, one may formally 
derive an equation for the time evolution of K following the same procedure as 
in Sect. 1 with a constrained hamiltonian H f = H — A. In this fashion, we find: 

i— = - «p\[H',k]\<p >= (55) 

= (h x n + nh* x ) -Ap + A( 1 - p*) . (56) 

Again the static eqs. are obtained for ^ ^ = 0. 

The time dependent Hartree-Fock-Bogoliubov (TDHFB) equations can be 
written in a more compact form defining a generalized density matrix 7£, 


iz 


a{3 


< ■d a \<p> 
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* 



p*) 


1 


(57) 


which is related to the quasiparticle density Q (Q a p =< >) by 7 Z 


M+QM. We also define a HFB hamiltonian %: 


n 


h\ 


A 


A* —h* x 


(58) 


In terms of these double-dimension matrices, the static and time dependent HFB 
eqs. can be written respectively as: 


l 


[H,K] 

on 

dt 


0, 


(59) 


\n,n}, 


(60) 


with H depending on p through the Hartree-Fock potential T, and depending on 
K through the pairing potential A. As in the HF case, additional rearrangement 
terms appear when density dependent effective interactions are used. 

It is easy to see that the generalized HFB density 1Z satisfies properties 
analogous to those of p in the HF case: 


n 


2 


K. 


(61) 


To see this, we note that the generalized quasiparticle density matrix: 


Q (3(3 


< <p\blbp\<p > 


0 0 
0 1 


(62) 


Q 2 = Q and it is related to 1Z by Q = M1ZM +. Since M is 


matrix 


1Z 
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(M + QM) Z = M^Q Z M = M^QM 
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n. 


(63) 
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A 

The constraint < (p\N\(p >= 
has that p 2 — p = kk* and Kp* - 


A reads: Trp — Tr(V+V) = A One therefore 
pK. The Hartree-Fock-Bogoliubov energy is: 


< (p\H f \(p >= Tr 




The formal analogy between HF and HFB approaches allows to extend to 
HFB scheme all the methods developed in the HF scheme that are considered in 
the next sections. Thus, it should be clear from now on that projection methods, 
ATDHF, RPA equations, etc., apply equally to HFB replacing the HF vacuum ^ 
by the HFB vacuum c p and “one particle-hole excitations” by “two quasiparticle 
excitations”. 


2.3 BCS approximation 

The BCS approximation takes into account the dominant pairing correlations 
that involve nucleon pairs coupled to zero angular momentum. If one solves the 
static HF problem (h(p)(pi = Ci(pi) and considers that the dominant residual 
interaction left out by the selfconsistent mean field approximation is a pairing 
interaction of the form 1 : 




Gij at at a~j aj , 


%j> o 



where i represents the time reverse of i . One can use a simpler version of the 
Bogoliubov transformation (43) that involves only creation of the state i, de¬ 
struction of the state i, or vice versa, i.e., the quasiparticles now are defined 
as: 


= maf - ViOi 

at = Uiat + , (66) 

with u and v real positive numbers satisfying: u? + vf = 1. 

The ground state is now represented by the BCS vacuum , i.e., the vacuum 
to the quasiparticle operators defined in (66): 

|7?BCS >= ff {Ui + Viafa£\0 > , (67) 

i>0 


which clearly satisfies o;i|^BCS >= 0 for any i. The BCS wave function is mani¬ 
festly time reversal invariant and represents even-even systems for which states 
(i, i) are degenerate in the HF approximation. The odd-A systems in this scheme 
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i >. Here, to simplify, we are considering only identical particles. 
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Pit i; — at- )/\/ 2 * 
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are represented as one quasiparticle states (here and in what follows, i will denote 
states with m > 0; i, its time reverse): 

l^odd >= at I^BCS >= If (Ui + v t af af )a£ |0 > , (68) 

iy^k 

while excitations of the even-even system are represented by two-quasiparticle 
states. 

From (67), the meaning of u and v is apparent: v\ is the probability that 
a pair ii be filled; i if is the complementary probability that the pair be empty. 
The static HFB eqs. take in this case a simple form as one replaces the U and 
V matrices by their corresponding expression in the BCS transformation (66): 



u - 

u- = 

v %3 

- SjiUi V-ij — Sj i Vi 

Sjiui V l3 SjiVi , 

(69) 

2J 

^.1 

1 1 

{V + V) tj vfSij = pAj , 

(70) 

1 1 

*** 

1^ 

se 

*** 

= ( V + U) i j = UivAj = Kidij . 

(71) 


Then, the HFB eqs. can be written in the static case (59) as the following 
eigenvalue problem: 
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(72) 


where we have replaced the Hartree-Fock hamiltonian h by: 


(*A)* 


(K 


A 


*3 


f - 


with 


rdp) 
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which in particular may include Gav'f for j = i. A is the pairing potential: 
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The eigenvectors have the solution: 




ii/Ei) , «? = 1 - v? 


% 1 


(76) 


with eigenvalues — d= + A ?. 

The condition that, in the limit Ai 
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0, vi 


1 for d < A and vj 


0 


for €i > A, selects the plus sign for the eigenvalues E^ which represent the 


quasiparticle energies: 


E* 



e 


2 + A 2 . 


(77) 
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Equations (76) and (77) define the BCS equations with the constraining 
condition on the particle number: 

N p /2 = , p = *,v (78) 

These equations are solved selfconsistently for protons and neutrons separately, 
unless proton-neutron pairing interaction is included. 

Usually, the Hartree-Fock equations are first solved with Uh = 1, u p = 0. 
This defines the chemical potential A, single particle wave functions and energies. 
Then, with this A and e$’s, one solves the BCS equation with a phenomenological 
value of A, to find new occupation numbers The new occupation numbers 
Vi are inserted in the selfconsistent potentials to get new sets of single particle 
solutions and so on until convergence is achieved. These procedure is called 
HF+BCS and has been shown to be very successful in most applications. 

For applications to high spin states, the richness of the full HFB ansatz 
is necessary to deal appropriately with the time reversal non-invariant mean 
field (introduced by the constraint * J of the cranking approximation). Most 
applications to ground and low-spin states give similar results in HF + BCS with 
fixed pairing gap or in HFB. The connection between both approaches is made 
by the Bloch-Messiah [16] theorem that we only mention here. Strictly speaking, 
the Bloch-Messiah theorem puts very restrictive conditions for the equivalence 
of both approaches; nevertheless, in practice, similar results are obtained for 
ground state properties when using effective interactions. 

Since the 80’s, many successful HFB calculations have been made (mainly 
with Gogny force [17])of yrast bands, high spin states, etc. (a topic that is 
discussed in the lectures of P. Ring). On the other hand, HF+BCS with Skyrme 
forces describes fairly well ground state properties as binding energies, r.m.s. 
radii, spatial and momentum density distributions, ..., of nuclei with A > 16. 
Both HFB and HF+BCS are the building blocks of most reliable microscopic 
calculations of heavy nuclei carried out nowadays. 


3 Static HF or HFB solutions 

and restoration of symmetries 

We have mentioned already that in HF approach the ground state system is 
represented by an independent particle wave function (Slater determinant) that 
breaks in general several symmetries of the total hamiltonian H. To begin with, 
it violates translational invariance . In the bound system, the particles must be 
localized in space relative to each other. In the independent particle picture, 
we do that by localizing them in space, i.e., breaking translational invariance. 
Any representation of the bound system that is eigenstate of the total linear 
momentum P, must involve a correlated motion of the particles and thus it 
cannot be described by an independent particle wave function. We thus may 
consider that the independent particle wave function $> describes a wave packet 
with various eigenstates of the linear momentum operator P. To project a 
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given component we can therefore use the projection operator: 



d Re iRk e~ iRp 



A A _ 

with P = Y Ji Pi = -i V, the total linear momentum operator. Then: 

= K 1 **'= k / ri - R . ri - R) • (80) 

where we have used the fact that if </>(ri,..., va) is a Slater determinant (see (4)) 
of single particle wave functions < 



when we act with the operator e lR P , we get the same Slater determinant with 
the coordinates displaced by an amount R : 


e 



WaM) 


e 



Vat (Vi) 


II <PaAr 


R) 


(82) 


A 


Since H commutes with P, it is easy to show that all the states <Pr (any R) 
have the same energy as 


< $r\H\$r >=< <51 if I <5 > , for any R . 


(83) 


This degeneracy is a characteristic feature of any symmetry breaking by 
approximate solutions of the variational eqs. (8). One can take advantage of this 
to construct variational ansatz that are linear superpositions of the (j)R states 
like in (80). This is the basis of two methods: the Generator Coordinate Method 
and the Method of Variation after Projection , that have been proved to give 
the exact inertial mass for the translational mode (see, for instance, [18]). What 
we want to emphasize here is that (80) describes an eigenstate of the total linear 
momentum and that this state is no longer a single Slater determinant. After 
projection the energy of the system is then obtained as: 

< | H\$ k >= I ^ e ir k < *| He~ ^ v -1* > , (84) 

with 

=J 7^ eir ' k < *i n v * i* > • ( 8s ) 

^ ^ i 

The integrand in (85) can be put in the form of a Slater determinant of the 
following form: 


Af(r) 


<<2>|TTe-’- v -|3> >= || M a0 (r) 


1 


( 86 ) 


where the matrix elements M a p(r) are given by: 


M alS (r) 


$ a (3 


r* < (p a \V\(f{3 > 


r 


2 


2 


< ( Pa\^ 2 \ ( Pj3 > + 


* * * 


1 + D(r) . (87) 
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Hence, the determinant in (86) can be written as: 


II M(r) 


e 


TV(ln M) _ 0 Tr(D(r)-iD 2 (r)+-) 


e 


1 


( 88 ) 


but, from parity considerations, it can easily be seen that: 


Tr(ln M) 


r 


2 


A 


< P 2 > +0(r' r ) , 


4 


2 


with 


2 


<P 2 >=< $\ 


|£> . 


(89) 


(90) 


* •* 

Similarly, we may expand < <&\He ir ' p \<& > in powers of r to give: 


< <P\He 


i T’P 


\$> 




r 


2 


2 


53 < $\HP 2 \$ > L +0(r 4 )) M, 


(91) 


with 


A 


< $\hp 2 \$ 




< $\H\& >< <P|P 2 |<1> > , 


(92) 




and & any 2-particle-2-hole excitation with respect to Keeping terms to order 


r 2 and integrating over r, one gets for k 


0 : 


Ek 


o 


<& k \H\& k > 

< &k\&k > 


A 


< p 2 > 

2 M 


Pi if 


k =0 


1 


(93) 




<P 2 > 2 

< 4>\Hpi\<t> > L ’ 



which gives an estimate of zero point motion correction to the Hartree-Fock 
energy, and of the inertial mass. This expression (94) for the inertial mass is 
obviously not right and, as already mentioned, the variation after projection 
method has to be used to get the right mass AM. A double projection method, 
where one projects on both k and R gives the translational energy for k ^ 0 
and the right mass. We have nevertheless worked out the method in some detail 
for the translational mode to serve as a guide for the more complicated case of 
angular momentum projection that we consider in what follows. 

When the HF (or HFB) solution is not an eigenstate of angular momentum, 
which is the general case for open shell nuclei, the states of the ground state 
rotational band can be approximated by projecting out of the wave function ^ 
the eigenfunctions of J 2 , J z with eigenvalues J, M as follows: 








1 


(95) 
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The rotation operator is 


K(Q) 


e 


i aJ z 


e 




1 


(96) 


where f di? defines the integral over the three Euler angles a , (3 and 7 [19]: 



27T 


da d(cos (3) f* 71 d 7 - 

The analogy between the projector in (95) and that in (79) is clear. The 
unitary operator for translation is replaced by the unitary operator for rotations, 
and the eigenstates of linear momentum are replaced by the eigenstates 
of J, J z and J 3 (the z-aods in the body-fixed system). 

The method explained before for the generator of the translational motion 
can be repeated for the generators of the rotational motion. In particular, when 
the Slater determinantal wave function has axial symmetry and is time reversal 


27T 


0 


invariant, K is a good quantum number and takes the value 0 (J z |<2> > 


0 ). 


Then, only the integration over the angle (3 between 0 and 7 r /2 has to be done 
numerically and one can use a similar procedure to the one discussed before 
to compute the norm and the expectation values of operators. In this case, the 
integrands are expanded in powers of < j 2 > , instead of < p 2> , and the expression 

of the energy takes the form 


< &M'\HWm >= $JJ f $MM f {EHF 


< > + + 1 ) i 


21 


21 


(97) 


where the moment of inertia is given by the Yoccoz formula : 


2X 


< 7 > 2 


< $\Hjm 



(98) 


This approximation clearly gives an expression for the energy of projected 
states that follows the sequence J( J + 1 ) of the rotational band. Again the 
expression for the moment of inertia can be considered as an approximation to 
the cranking type expressions obtained when one uses variation after projection. 
However, at variance with the translational case, there is no exact expression for 
the moment of inertia with which we may compare, nor is it possible a separation 
like that of “intrinsic” and “centre of mass” coordinates. 


Besides, for well deformed nuclei, < Jy > is a large quantity (typically < Jy > 


2 


> 


is 


> 100 in the rare earth region) and the expansion used in powers of -rk 
rapidly converging. 

Isospin projection methods follow similar considerations as those for angular 
momentum, and are not repeated here. 

To finish with this section, we recall that HFB solutions break in addition 
particle number . In this case, the independent quasiparticle HFB or BCS wave 
functions, c p >, exhibit clearly their condition of “wave packets” containing 


A 


many components of eigenfunctions of the particle number operator N with 


A 


A 


different eigenvalues. Wave functions that are eigenstates of and N v (proton 
and neutron particle number operators) can be constructed from |c p > using the 
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projectors P K1 P v as follows: 




A recent application of particle number and isospin projection can be found 
in [20] for the HFB ansatz corresponding to a monopole pairing hamiltonian 
that contains proton-proton, neutron-neutron and proton-neutron interaction. 
A major success of PHF(actually, angular momentum projected HF+BCS) ap¬ 
proach were the predictions on longitudinal and transverse form factors of de¬ 
formed nuclei (see [19] and refs, therein). Here we just may add two important 
final general comments: 


1. The projected HF (or HFB) energies are lower than those of the unprojected 
HF (or HFB) minimum, reflecting the fact that the projected wave function 
contains more correlations, i.e., goes beyond mean field approximation. 

2. The projected HF (or HFB) wave functions can be used as ansatz in the 
general variational principles (eqs. (7), (8)) to go beyond the mean field 
approximation in a fully selfconsistent way. This method is called variation 
after projection (VAP), which is clearly superior, but much harder to solve. 
What variation after projection does with respect to the mean field ansatz is 
to enlarge the space of trial wave functions that have the proper symmetries, 
eliminating components with different quantum numbers than the chosen 
ones. This induces correlations that are selfconsistently determined. The 
ground state energy becomes even lower. 


4 Collective modes and the adiabatic time dependent 

Hartree—Fock approach 

Nuclei present a rich variety of excitation modes. In the pure HF picture only 
single particle excitations can be described when a nucleon jumps from a level 
below Fermi level to one above. We refer to these excitations as bare particle- 
hole (1 ph) excitations . The presence of pairing correlations in the HFB of BCS 
schemes transforms the bare 1 ph excitations into two-quasiparticle excitations 
(2 qp); bare 2 qp excitations are the elementary modes of excitation of a BCS-like 
ground state.Yet, many of the known nuclear excitations demand a cooperative 
contribution of several nucleons in the nucleus. Such modes of excitation are 
called collective modes and are typically classified into rotations and vibrations 
in a wide sense, as well as fusion and fission modes, which are large amplitude 
modes and are of higher collectivity. As we saw in Sect. 2, many nuclei choose 
as equilibrium shape a non-spherical shape, but rather an ellipsoidal, preferably 
prolate shape. Such nuclei present a characteristic low line spectrum that follows 
the sequence I (I + 1)/2X, characteristic of a quantum mechanical rotor with 
collective hamiltonian 

1 2 

TT _ 

j^rot — cyq- * 


( 100 ) 
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All known nuclei (except for the lighter ones) present vibrational excitations 
governed by collective hamiltonians of the form: 

^ibr = E f + ^ X t X X^] = E ^ F^ Fx , . (101) 

M V / M 

The phonon operator F or the collective coordinate X may correspond to 
a variety of small amplitude oscillations of the system around equilibrium (os¬ 
cillations of shape, volume, charge, ...) and may also involve spin and isospin 
degrees of freedom. Well deformed nuclei may also undergo fission when the 
Coulomb repulsion wins over surface tension, in the collective hamiltonian 

*«• = 2W) + ' » 

where e denotes elongation and where we make explicit reference to the depen¬ 
dence on e of the inertial mass and potential energy, though other additional 
macroscopic or collective parameters are also needed to describe the process. 

4.1 ATDHF 

The purpose of ATDHF (adiabatic time dependent Hartree-Fock approximation) 
is to describe such collective processes within the framework of the selfconsistent 
mean field concept. More specifically, the theory aims at deriving microscopically 
(from the basic nucleon-nucleon interaction) the inertial parameters of the sys¬ 
tem assigned to various collective modes, and particularly to large amplitude 
collective modes where the adiabaticity concept may apply. 

ATDHF was originally formulated in two different ways by Villars [21,22] and 
by Baranger and Veneroni [23]. The latter formulation follows from the TDHF 
eq. (31) assuming that p(t) can be decomposed into a time even part po(^)> and 
a time odd part %(t) (that keeps small at any time and that can be regarded 
as the canonical conjugate momentum to po). I will discuss here a state vector 
formulation of Villars [21] and Villars and myself [22], which is somewhat more 
intuitive and better suited to further extensions of the theory like quantization, 
or the study of friction or damping along the fission path. 

A common feature to all collective hamiltonians ((100)-(102)) is that they are 
quadratic in the collective velocities. Except for translational motion that com¬ 
pletely decouples from the intrinsic variables of the system, the actual nuclear 
collective modes present anharmonicities and are not completely decoupled from 
one another. Yet the phenomenological hamiltonians (100)-(102) describe in a 
first approximation our experimental information on collective modes. Then, to 
begin with, the adiabaticity assumption can be made of a slow collective motion 
with negligible coupling to other modes, whose amplitude can be large (like in 
the case of elongation in the path to fission). 

We restrict attention to a particular mode, that we assume for simplicity to 
be characterized by a single coordinate q and velocity v = p/M(q). We may then 


The limits of the mean field 


175 


parametrize the time dependence of the wave function t ) in the variational 
principle, (6)-(7), in terms of the time dependence of these canonical conjugate 
coordinates \P(t) = & (q(t), p(t)). Hence the Lagrangian in (6) reads: 

£ = <${q,p)\il-H\${q,p) >= 

= < &(q,p) I (i<?J^ + ■ ( 103 ) 

Equation (103) reflects the fact that we are assuming that any other degrees of 
freedom of the system are frozen or evolve through the evolution of q and p. We 
shall see later on how this constraint can be released [22]. Now if, as in TDHF, 
we assume that &(t) is a Slater determinant at any time and that the motion is 
slow, we can write 

!P(i) ~ <%, p) = <%) + i pQ$(q) + ■■■ = e ipQ <P(q) , (104) 

with $(q) a Slater determinant and Q a hermitian one-body operator, to be 
determined by the variational principle. For simplicity, we shall assume that the 
nucleus is even-even, so that $(q) is time-even and so is Q. By virtue of Thouless 
theorem [24], Q can be chosen to be a 1 ph operator. We can therefore expand 
the Lagrangian in powers of p to write the least action principle in (7) as 

Sh 2 = S f 2 d t(pq < $(q)\[P,iQ]\$(q) > -H(q,p)) = 0 , (105) 

Jtx 

We have introduced a new operator (time-odd), defined by the relation 

P|<%) >=i|-|<%) > (106) 

and a classical hamiltonian 

H(q, p) =< <%) |<%) >= + V(q) , (107) 

where we have used the fact that from time reversal invariance 

<$(q)\[H,Q]\$(q)>=0, (108) 

and the slow velocity assumption allows to truncate the expansion to second 
order in p . The inertial parameters are thus to be determined from <&(q) and Q 
as follows: 

V{q) =< 0{q)\H\0{q) > , =< 4>(q)\[[H,iQ],iQ]\<l>(q) > . (109) 

Then, if we impose the condition that at any time (i.e., at any q value) 


<<%)|[P,iQ]|<%) >=1, 


(HO) 
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we see that the Lagrangian in (105) acquires the form of a standard classical La- 
grangian, and that, taking variations with respect to q and p, we get Hamilton’s 
equations of motion 



which ensure that p is the canonical conjugate momentum of q.We then call 
condition (110) the canonical condition. 

Hence, to know how the system evolves, all we need is to find out what are 
V(q) and M(<?), and hence how we can determine <&(q) and Q. The equations for 
Q and $(q) are obtained again from the minimum action principle (7) with \P(t) 
replaced by (104); using the p-expansion and the definitions (106) and (109), we 

get 


<<J«P( g )|(jT-^Q)+p([JT,iQ]-T 


+ 0{p 2 )\${q) >=0, 



where S$>(q) is any Slater determinant orthogonal to $(q) (i.e., any 1 ph exci¬ 
tation). Since (112) has to be satisfied independently of the p value, we end up 
with two conditions: 

1. < 5<P(q)\H - Q\<P(q ) >= 0 and h.c. 

2. < S$(q) | [H, iQ\ - £ |<%) >= 0 and h.c. 

These conditions express the fact that the action must be stationary with 
respect to small changes in $(q) at any fixed (q,p) point and, together with 
condition (110), form a set of selfconsistency conditions to determine optimal 
Slater determinantal wave functions along the collective (adiabatic) path. These 
three conditions are static equations that are to be satisfied at any point q. The 
consistency of these equations with the equations of motion and definitions (109), 
that determine the classical collective path according to Hamilton’s equations, 
can be shown. The actual consistency of these equations can be easily shown by 
taking in particular 5<P = Q& or 5<P = P& in the static variational equations. 

Condition 1 is a static constrained Hartree-Fock equation with Lagrange 
multiplier A = =< &(q)\[H, -lP]|<?(< 3 >) >. These conditions imply that the 

energy surface has a minimum with respect to variations perpendicular to the 
collective path at any point q along the path, the constraining operator deter¬ 
mined selfconsistently by the system. 

In realistic applications, it is not an easy task to solve this set of selfconsistent 
conditions at arbitrary points of the collective path. The clearest case is when 
we start at the ground state, i.e., at the point <?o where the potential has its 
absolute minimum. At this point, we must have 



<<2>o| [H, -lP 0 ]|#o >= 



Q—Qo 




<$o\m-iP 0 \, 


-lPo]|#o >= 



= K> 0. 



Q—Qo 
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Therefore, at this point conditions 1 and 2 read 


<8$ 0 \H\$ 0 >=0, 


(115) 


<5$o\[H,-iP 0 \-KQ 0 \$ 0 >= 0 , 

< 6$ 0 \[H,iQ 0 ] - P 0 /M\$ 0 >= 0 , 


(H6) 

(117) 


where the subscript 0 means that wave functions and operators are at q 
qo . Condition (116) is obtained from condition 1 by taking the derivative with 
respect to q and then the limit q = q$. Equation (115) is nothing else than 
the static unconstrained HF equation for the ground state, while (116) (117) 
are the RPA (Random Phase Approximation) equations for the oscillations of 
the system around equilibrium, subject to the canonical condition (110), that 
ensures normalization. These eqs. can be written down in the standard form [25 
as follows. Since Qq (Pq) are hermitian time-even (time-odd) 1 ph operators 
acting on we may write 


Qo 


^ ^ ((XphQ' 


+ 

V 


* 


&h T Q'ph^'h ^p) 


ph 


1 


y/2Mw 



+ 


+ ^4) , 


( 118 ) 
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i ^ ^ [ftph&p &h i^ph^h ^ 


ph^h P 


ph 


1 



Mu 
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Using the standard notation for the operators A + , A: 


A + 


Y (X* h a+a h - YP h a+a p ) , 


ph 


A) . 


(H9) 


(! 20 ) 


with 


j^ph 
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2 Mu 


($ph T (M^u)cXph,) 


(! 2 !) 


YPh 
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2 Mu 



* 

ph 


(Mu) a 


* 

ph 



(! 22 ) 


it is a simple matter to show that (116), (117) take the standard form 


< 5$o\[H,A + }\$o >= w < d$o\A + \$o > 


( 123 ) 


< 8$q\[H,A]\$ q >= -u < 8$o\A\$ 0 > , 


(124) 


which are the well known RPA equations 


A 

B’ 


B 

A 


* 


X 

Y 


X 


u 


Y 


1 


(125) 


for the normal modes of the system when u is real and positive. 


178 


E. Moya de Guerra 


u) = \JK/M is the phonon energy and X, Y the forward and backward 
phonon amplitudes subject to the normalization condition 

£ (x} - Yi) = 1 , 

k 

that follows from the canonical condition (110). 

We denote by k the 1 particle-hole state element p^h*. (i.e., p^h*. = k). In 
this notation, the A and B matrices are 




<W( e Pfc — e hjJ — < Pfchfc'IVIPfc'hfc > 



Bkk f =< VkVk f \V\hkAk f > * (128) 

Thus, we see that RPA equations are correlated lph-excitations. 

In this approximation, the excitation energies u) on the ground state are 
described not just by single 1 ph excitations, but rather by sets of correlated ph 
excitations, the correlations being determined by the same two-body interaction 
that is used to generate the mean field single particle basis. Thus, one goes 
beyond mean field approximation without losing selfconsistency. The consistency 
between the mean field (HF or HFB) basis and the residual interaction, is a 
crucial point (often overlooked in practical applications) to ensure that RPA 
solutions exist and are meaningful. 

The RPA equations can be derived in many ways, yet the above derivation 
is particularly simple and intuitive. The main point is that the RPA equations 
appear clearly linked to the condition of minimum for the Hartree-Fock energy. 
An equivalent formulation in terms of the one-body density matrix and the 
energy density functional £(p) is 


d£ 

dpk 



d 2 S 

dpkdpy 




The generalization to the HFB scheme is straightforward. In that case, of 
course, one has that in (115)-(117) represents the HFB vacuum and 5<P o, 

any two-quasiparticle excitation. Similarly, the operators Qq , Pq (and hence A, 
A + ) are two-quasiparticle operators. Likewise, in (129), £ is replaced by the 
HFB energy functional that depends on p and K (£ = £(p 1 k)), and (129) is 
extended to take also variations with respect to the pairing tensor k. The RPA 
equations become QRPA equations and their solutions correspond to correlated 
two-quasiparticle excitations. 

It is also instructive to consider the rotational mode in this scheme. Let 
be the unconstrained HF minimum of an axially symmetric even-even nucleus, 
i.e., £ 0 satisfies 

< S$o\H\$o >= 0 (130) 

and has a certain deformation (do =< d>o|(32o|d>o >). If <&(q) represents the static 
solution rotated by an angle q around the axis x (perpendicular to the symmetry 
axis), we can write 

Mq) >= |$ 0 > , P\$(q) >= Jx$(q) ■ 


( 131 ) 
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If q is time dependent, changing at a rate <?, we write the time dependent wave 
function $(t) as 

$(t) = e iqG e~ iqJ * \$ 0 >= e- iqJ *e iqG °\$ 0 >= e~ iqJ *e ipQo \$ 0 > , (132) 

with Go a time-even 1 ph operator to be determined, p = q/X, Qo = XGq 
and X the moment of inertia. In this case, the condition 1 is simply (130), as 
the potential energy V =< $(q)\H\<l>(q) > does not depend on angle q (i.e., 
[H 1 J x \ = 0), and condition 2 reads 

< 6${q) | [H, iQ] - X -|<%) >=< S$o I [H, iQ 0 ] - ^ |«P 0 >= 0 . (133) 

This is an equation for Qo, or rather for Qo^ = Go, which together with the 
canonical condition, < ^q\[Qq 1 —iJ x \\^Q >= 1, gives for the moment of inertia: 

X=< # 0 |[G 0 , -iJ x ]|$o >=< $o\[[HAGoUGo]\$o > , (134) 


which represents the selfconsistent cranking result. In the simplest approxima¬ 
tion, (134) leads to the Inglis moment of inertia , or to 




< a\jx I/? > 

E a + Ep 




in the HFB scheme. However, (134) is more general than (135), it can be used 
as a variational principle for X if we write 



[< <Pq\[Gq, -U x }\<pQ >] 2 

<$o\[[H,iGo},iGo}\$o> ’ 



involving the total 2-body interaction. 


4.2 Quantization 

RPA can be considered as the small amplitude limit of ATDHF because the set 
of selfconsistency conditions (115)-(117) can be obtained using an expansion in 
powers of q of the ATDHF ansatz in (104): 

$(t) = (1 + i (pQ - qP) + • • •) |$ 0 >= e iT(9 ’ p) |$ 0 > , (137) 

with 

T = T(q,p) = P Q-qP (138) 

a hermitian operator depending on the variables q and p . 

Here and in what follows, to simplify the notation, we assume (without loss 
of generality) <?o = 0. It is clear that in this limit, ATDHF provides a way to de¬ 
termine the inertial mass and restoring force parameters (M, K) of the collective 
vibrational mode. These parameters are obtained quantum mechanically, i.e., as 
expectation values of operators in the HF (or HFB) state ^o* Yet, the collective 
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motion is described classically by Hamilton’s eqs. (Ill) for the classical coordi¬ 
nate and conjugate momentum. To describe the actual (115) collective nuclear 
mode, we need to quantize the classical variables and hamiltonian. This implies 
that ( q , p) are to be considered as coordinate and linear momentum operators 
satisfying Heisenberg uncertainty principle [q,p] = i h. 

Since the quantal states we are representing are phonon states of frequency 
we define phonon creation and destruction operators 


F + = ^ _ i p/Mu) , F = (F+)+ , (139) 

satisfying boson commutation rules, and quantal states |/o >, l/l > 

in the phonon space representing the phonon vacuum, one-phonon state, ..., 
n-phonon state, respectively, i.e., 


F\fo>=0 




Since these states represent the quantal collective ground state and excita¬ 
tions, we can write expectation values of any operator 0 between the actual 


nuclear states F n , as 


26 



^/n(# A \q,P = 





where 0{q,p) is the representation of the operator 0 in collective space. Then 
we mav consider that 



is the classical representation of the operator 0(q 1 p) 1 and that the latter can be 
obtained by an expansion like that in (144), in which the classical variables ( q , 
p) in the exponent T are replaced by their quantal analogs (fy p). Thus, the 
particle-hole operator T in (138) is transformed into [26] 

f = T(q,p) = -i (A+F - AF+) , (145) 

which is a two-fold operator acting as a microscopic (ph-operator) on the HF 
vacuum and as a phonon operator in collective space. The quantal representation 
in (144) then gives for the operator 0(q,p) an expansion in powers of F 1 , F + 
operators: 
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with coefficients: 

0o,o = < $o\0\$o > < $o\[[@,A + ],A] - [Q,A]A + + [0, A+]A\$ 0 > 

0o,i = < $ 0 \[G, A + ]\$ 0 > 

0i,o = - < <P 0 \[O, A}\$ 0 > 

0i,i = — 2 < $o\[[0,A + ],A] + [[O,A],A + }\$ 0 > (147) 


The two-phonon term must be taken with caution as it is most sensitive to 
anharmonicities. 

Substitution of (146) into (142) gives the following meaning to these coeffi¬ 
cients: @o,o is the expectation value of the operator @ in the ground state phonon 
vacuum; @o,i and @i ; o are the matrix elements of the operator @ between the 
phonon vacuum and the one-phonon state; @i ; i is the expectation value of @ 
between 1-phonon states and so on. This gives in particular for the ground state 
energy 

< MH\% >=< fo\n\fo >= # 0,0 = £hf - Vp h | 2 , (148) 

ph 

which gives a quantal (zero point) energy correction to the Hartree-Fock energy 
analogous to that obtained in the generator coordinate method. This energy is 
called the RPA correlated ground state energy. 

Similar arguments can be used to obtain zero point energy corrections and 
quantal collective hamiltonians for large amplitude collective modes. For applica¬ 
tions to the description of fission or fusion path, it is more convenient to use the 
formulation of [22,26], where several collective degrees of freedom are allowed to 
develop along the path. This permits in particular to study the coupling between 
small and large amplitude modes, and to establish a framework for a microscopic 
description of friction or damping. The actual power of this fully selfconsistent 
scheme has not been fully exploited in realistic calculations, but the elements 

introduced in this section, like constrained HF (or HFB), RPA (or QRPA), as 

well as zero point energy corrections are currently taken into account in many 
microscopic calculations of energy spectra [27], fission barriers [28], electromag¬ 
netic response functions [29] and /?-decay half-lives [30]. Some of these recent 
results are illustrated in F igs.l, 2, and 3. 


4.3 Generator coordinate method 

To finish with this section, we point out that the quantized ATDHF approach 
has a parallelism with the generator coordinate method (GCM). In GCM, one 
looks for solutions of variational problems starting with the ansatz 


& = / (d q)f(q)$(q) , 


(149) 
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where q = (<?i,..., q n ) are the generator coordinates, that may or may not be 
interpreted as collective coordinates. The weight functions f(q ) are determined 
by the variational condition 

se _ n c _ <&\h\&> 

5f(q) ~ U ’ C — <^|^> ’ 

leading to the Hill-Wheeler equation 



(d q f ) < $(q)\H - E\$(q f ) > f(q f ) = 0 . (151) 


We also note that GCM and variation after projection methods may be 
treated in parallel, although GCM is not necessarily related to broken symme¬ 
tries. Here we just apply the method to the vibrational modes around equilibrium 
shape (^o)> to show the analogy with quantized ATDHF. We then may represent 
<P(q) as 

>= ex P(X! ^P hfl P fl h) |#0 > , ( 152 ) 

ph 

where q p h are complex parameters. The scalar product is given by 

< ^(^)|^(^) >= exp (Tr ln(l + A)) = exp ^Tr(A —-A 2 H-, (153) 

where the non zero matrix elements of A are 

Ahh' = ^2 9ph9ph' • ( 154 ) 

p 


The integrand of the Hill-Wheeler eq. (151) can then be expanded in terms 
of <?, q f to give: 



(155) 

with A and B the matrices defined in (127), (128). Substitution of this equation 
into Hill-Wheeler equations leads to the RPA equations if we approximate the 
overlap function by 

< ^(q)\^(q f ) >= e TrA = e^ . (156) 


This is known as the quasiboson approximation because the overlap function has 
the form of a scalar product of coherent states 


< qW > 


< Ole 


q‘-b q'-b+ 


10 > 


e 


— — / 

q q 




(157) 


with = (£q,...,6+) boson creation operators and |0 > the boson vacuum. 
We now consider f(q ) in (151) as the Bargmann representation of a state|/ > 
(i-e-, /(<?) =< Q 1/ >) and make use of the properties of coherent states 


h\q>=qk\q>, K\<i >=-^\<i > 


(158) 
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and of the completeness relation 



J dq\q ><q 1 - 1 , 

(159) 

as well as of (157), 

to write the Hill-Wheeler equation as 



H c \f>= (E-E 0 )\f>, 

(160) 

with 



U c 

( 161 ) 


kk f 


The transformation that diagonalizes this hamiltonian leads to the RPA equa¬ 
tions (125). 
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Fig. 1 . Qec values and /3-decay half-lives of even-even Kr isotopes 


Recent applications of the methods discussed in the previous sections are 

illustrated in Figs. 1, 2, and 3. 

Fig.l shows results of beta decay half-lives of several Kr even-even iso¬ 
topes (from stable A = 78 to proton rich N = Z), obtained in a consistent 
HF+BCS-bQRPA scheme that has no free parameters.The experimental values 
are indicated by open circles in the top panels. Vertical segments represent “the¬ 
oretical error bars”, to indicate that different values are obtained depending on 
the effective 2-body Skyrme type interaction (Sk3 or SG2) used in the calcula¬ 
tions. 

These “error bars” include also results corresponding to beta-decay from 
different HF+BCS minima,which as seen in Fig.2 in most cases are very close 
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in energy. The occurrece of shape coexistence in these isotopes is seen in Fig. 2, 
where we plot the energy as a function of qudrupole deformation. As a general 
rule (see also [29,30]) prolate shapes with Sk3 force give the largest half-lives.lt 
is remarkable that half-lives ranging from few seconds to several hours are well 
accounted for by the QRPA calculations. 



-4HH II 400 HO# -4mi) 0 4h Kiln -4HII - 10 'll i -4ou ( 4lu H(Mi 


Q« Oni * 1 

Fig. 2. Energy profiles from HF+BCS calculations with two different Skyrme type 
forces of even-even Kr isotopes 


In Fig. 3 we show recent HFB calculations of the fission path of 254 No by 
Egido and Robledo [28],where quadrupole and octupole deformations are active 
degrees of freedom. Zero point energy corrections discussed in sections 3 and 4 
are also taken into account in the curve labled HFB+ZPE. 

5 Relativistic bound nucleon dynamics 

probed by quasielastic electron scattering 

In previous lectures, we discussed microscopic methods and approaches to go 
beyond mean field approximation using as support an optimal single particle 
basis provided by non-relativistic selfconsistent mean field theory. In this section, 
we look at the boundaries of non-relativistic mean field from other point of 
view, that of relativistic mean field theory. Although most of nuclear structure 
can be understood treating bound nucleons non-relativistically, it pays to study 
what are the implications of Dirac equation for bound particles. The subject 
of relativistic mean field (RMF) theory will be discussed by P. Ring. I will 
concentrate here on the implications that relativistic bound nuclear dynamics 
has for observational features in quasielastic electron scattering. 

Mean field based theories may not compete with shell model oriented ap¬ 
proaches in their spectroscopic achievements in medium mass nuclei. Yet, except 
for the very light systems, selfconsistent mean field theories have no substitute in 
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Fig. 3. Fission path calculations for 254 No by Egido and Robledo [28] 


describing spatial and momentum distributions on nucleons in nuclei. It has been 
aiready mentioned that DDHF approach describes well charge and magnetization 
density distributions of spherical nuclei and that even the electric and magnetic 
form factors of deformed nuclei are well understood with angular momentum 
projected DDHF wave functions. As explained in the talks of T.W. Donnelly, 
these properties are measured experimentally by elastic and inelastic electron 
scattering to discrete nuclear states. 

Elastic electron scattering maps out the charge and magnetic form factors 
of nuclei. Similarly, quasielastic electron scattering maps out the momentum 
distributions. When an electron interacts with a bound proton and knocks it 
out of the nucleus, the outgoing proton can be measured in coincidence with 
the electron and the bound nucleon wave function in momentum space can be 
mapped out. This process dominates the electron-nucleus cross section when 
the energy transfer to c=i \Q 2 \/2M (i.e., when the scaling variable y 0 or the 
Bjorken x c=t 1). Relativistic effects of bound nucleon dynamics are expected to be 
seen preferentially in their momentum distributions, and thus (e,e ? p) coincidence 
measurements at quasielastic kinematics can be thought of as the main source of 
information of the role of relativity in the nuclear interior. Actually, very little 
is known phenomenologically because: 

• In high energy physics, particles are always treated as plane waves and their 
internal structure is oversimplified. 

• In atoms and nuclei, electrons and nucleons can mainly be treated non- 
re la t i vis t ic ally. However, it is well known that spin-orbit interaction origi- 
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nates from Dirac equation and that,in particular, the different central po¬ 
tentials (Coulomb and Woods-Saxon type potentials) in atoms and nuclei 
explain the fact that spin-orbit is much stronger in nuclei. 


Except for spin-orbit interaction, there is very little knowledge about char¬ 
acteristic features of relativity for bound particles. An issue that may be crucial 
to understand quark dynamics in the hadron interior. 

In a series of papers [31], we have investigated this issue comparing predic¬ 


tions on momentum distributions obtained with relativistic and non-relativistic 


nucleon wave functions. To make a long story short, we may summarize it as 
follows: 


1. Relativistic (RDWIA) and non-relativistic (DWIA) approximations were 
used to analize existing data on hole states close to Fermi level in 208 Pb 
and 40 Ca, with the conclusion that the spectroscopic factors S a obtained in 
RDWIA were larger than those obtained in DWIA. For 3 S 1/2 shell in 208 Pb, 
^(RDWIA) ~ 0.7 and S^DWIA) ~ 0.5. A reduction from the HF value 
S a = 1 to S a = 0.7 at most is what can be expected from short range cor¬ 
relation effects [32], while long range correlations are expected to cause less 
than a 10% effect, except in soft nuclei [26]. Thus, on theoretical grounds, a 
spectroscopic factor of 0.7 for the 3^/2 shell in 208 Pb is better justified than 
one of 0.5. 

2. For high missing momentum P m (i.e., for high bound nucleon momentum), 
RDWIA calculations agree with experiment much better than DWIA. The 
latter give too small cross sections when using wave functions and spectro¬ 
scopic factors fitted to the lower P m -sector. 

3. The longitudinal-transverse response ( Rtl ) reaches much larger absolute 
values in RDWIA than in DWIA. In addition, for spin-orbit partner orbitals 

lj=1+1/2)1 RPWIA predicts a larger effect on \Rtl\ for the jack¬ 
knifed (lj=i- 1 / 2 ) than for the stretched state [33], a prediction that has been 
confirmed experimentally [34]. 

In what follows, I will describe why this is so. But first we explain what 
the terms RDWIA and DWIA mean: DWIA stands for distorted wave impulse 
approximation, the prefix R is used to denote relativistic approach. To avoid 
confusion, we have to make it clear that relativistic or non-relativistic refers 
only to the treatment of the nucleon wave functions and current operator. At 
the energies involved in (e,e’p) experiments, electrons are ultrarelativistic, and 
the expressions for differential cross sections are obtained from a relativistic 
invariant amplitude 

M = P+/\Q 2 \ , (162) 

with P the leptonic current and the hadronic current. When final state in¬ 
teractions are taken into account and nucleon distorted waves are used for the 
outgoing nucleon, the four-vector hadronic current is written as 





(163) 
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In RDWIA, Eb and &p are relativistic bound [35] and scattering [36] wave 


functions, respectively and is the relativistic free nucleon current operator. 
In DWIA, the nucleon wave functions are obtained from Schrodinger equations 
with phenomenological (Woods-Saxon type) potentials and the 4x4 matrices 

A A 


are replaced by non-relativistic 2 x 2 matrices J™ r for free bispinors, which 
are usually truncated to order (P/M) 2 . Thus, there are three types of relativistic 
effects of different nature to be examined: 


• Effects due to above mentioned truncations of the current operator which 
are kinematical, i.e., come from relativistic kinematics compared to the non- 
relativistic one. 

• Effects due to the S — V potentials, which are dynamical. Among the latter, 
we have to distinguish between complex S — V optical potentials [36] used 
for the scattering nucleon wave and real S — V potentials [35] used for the 
bound nuclear states. 


The effects of the S — V potentials are best discussed transforming Dirac 
equations for E 

[ 70 P — 7 * p — M]P = 0 , (164) 

with 

E = E-V, M = M -S , (165) 


into Schrodinger like equations for the upper (& up ) and lower (&d own ) compo¬ 
nents 



up 

^down 



From Dirac eq. (164), we get 



er * p 


E 


^down 


M 



^down = ■ (168) 

We recall that the label k in four-spinors E stands for j- and 7 r-quantum numbers. 
The relativistic parity operator 


II = 7 °P (with P(^(r)) = $(—r)) , (169) 


has eigenvalue i r = (— 1) k k/\k\, and the total angular momentum eigenvalue is 
j — \k\ — 1/2. Thus, corresponds to k — even > 0 (j — k — 1/2) or to 
k — odd < 0 (j = —k — 1/2), and j~ corresponds to k — odd > 0 (j = k — 1/2) 
or to k = even <0 (j = — k — 1/2). From (167), (168), it is clear that and 

2own have opposite parity, and their eigenvalues of orbital angular momentum 
differ by one unit. Since in the non-relativist ic limit only prevails, we may 

use the £-label of this components to characterize the k states and the label l 
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to characterize the Z-eigenvalue of ■ From the above arguments, it is clear 

that j v states are characterized using the following correspondence: 




K > 0 , 

i = 

= K = 

- even, 

i -- 

= K ~ 

- 1 — odd, 

• 

3 = 

= K 

K < 0 , 

i = 

= K 

— 1 even, 

i 

= K 

odd, 

• 

3 = 

= K 

K > 0 , 

i = 

- K — 

= odd, 

i= 

- K — 

1 even, 

• 

3 = 

- K 

K < 0 , 

i = 

- K 

— 1 odd, 

i = 

- K 

even, 

• 

3 = 

- K 


1/2 


1/2 


1/2 


1/2 


(170) 


As we shall see, these relations are important to understand the third point 
above mentioned. They are also at the origin of pseudospin symmetry invoked 
by Ginochio [37]. After separation of angular and spin dependence in (167), 
(168), one gets the standard coupled linear differential equations for g K = gi and 


/ 


fi , whose solutions are used in RDWIA calculations [31,33]. However, to 


understand dynamical relativistic effects, it is better to rewrite (164) (or (167), 


(168)) 


as: 


V 2 + 


dA 


+ 


A 


+ 


dr 


a * l 


r 


d 

dr 




up 


0 


(171) 


V 2 + 


A 


dA. 

dr 


a * l 


r 


d 

dr 




^down 


0, 


(172) 


with 


A± 


E±M , 


(173) 


which are Schrodinger like equations, with non-local potentials, equivalent to 
Dirac eq. (164). Note that V includes Coulomb potential, and S is defined with 
opposite sign to the usual convention for convenience of notation (thus, in nuclear 


matter, Vq 




330MeV and So 




430MeV). Equations (171) and (172) show that 


* 


up 


and tiSdown are subject to the same central energy dependent potential 


U c 


(E 


M 2 ) 


(E 


M 2 ) 


V 


s 2 


2 M 


2 (VE 


2 M 


MS) 


1 


(174) 


but to different spin-orbit and non-local potentials (or different effective masses). 
Furthermore, one can remove the non-local terms in (171), (172) to make the 
equations look like standard Schrodinger equations with central potentials. It is 
a simple matter to show that the function 


K(r ) 




A 


E+M 


v+s 

E+M 


(175) 


does this for us. If we define a bispinor 


(r) 


K(r)V*(r) , 


(171) takes the form 


V 2 

2 M 


(176) 


^DEB ) ^( r ) = 0 


(177) 
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Vdeb is called the Dirac equivalent Schrodinger potential. It contains a new 
central potential (Vc = Uq + Vd) and the spin-orbit potential 

Cdeb = U c + V d + V so <t • l , (178) 


with the well known spin-orbit term 



_L_1 dA+ 

2 Mr A + dr 


and the Darwin term 





1 3K 

K~dr 





We are now in a position where we may compare standard non-relativistic 
optical potentials to DEB ones. In Figs.4 and 5, we show by solid lines the various 
terms of the potentials and the function K(r) for kinematical conditions that 
match those of(e,e’p) experiments used to extract above mentioned spectroscopic 
factors in 208 Pb (where protons of 100 MeV were detected). Ldeb relativistic 
terms in Fig.4 are obtained from the S—V global potentials of [36]. The standard 
non-relativistic terms are those used in the non-relativistic analyses obtained 
from fits to elastic scattering from 208 Pb of 100 MeV protons. 



1 R * ■ 1 ■ 1 ■ 1 ■ 1 ■ 1 ■ * _ Q 0 * ■ 1 ■ 1 ■ 1 ■ 1 ■ 1 ■ I 
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Fig. 4. Real and imaginary parts of Central and spin-orbit standard and DEB optical 
potentials for 100 MeV protons on 208 Pb 


Let us then study point 1. The comparison of the spectroscopic factors 
(S a (RDWIA) ~ (7/5)S , a (DWIA)) indicates that RDWIA produces more ab¬ 
sorption than DWIA. However, as seen in Figs.4(a) and 4(b), neither real nor 
imaginary parts of standard and DEB potentials differ in a way that explains 
such a big effect. Why is then an increased absorption? 

The answer to this question is in (176) and in Fig.5, which show that the 
relativistic component \fr uv has an important depletion in the nuclear interior 
compared to <2>(r). This important effect of “increased absorption in the nuclear 
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interior” is due to the Darwin or non-local potential 


non—loc 


1 d In A+ d 


2 M dr dr } 1 


which similarly to spin-orbit potential (Vso)i comes out automatically from 
Dirac equations with S — V potentials. Such an effect can also be incorporated 
in phenomenological non-relativistic potentials. The advantage of using Dirac 
phenomenology is that both Vso and Won-ioc come from the same S — V rel¬ 


ativistic potentials. The increased suppression of the scattering wave function 
in the nuclear interior produced by K(r) (non-locality factor) can also be inter¬ 


preted as due to the reduced effective mass in the nuclear interior (for E 




M, 


K 2 (r ) 




M*(r)/M ~ 0.6 in nuclear matter). In this sense, we may consider that 


(e f e’p) experiments are a probe of the effective mass . We stress here that this 
effect is less and less important as the kinetic energy of the detected outgoing 
proton becomes larger and larger. 

The answer to remaining questions 2 ,3 (why in RDWIA we have larger high 
momentum components? and why increased asymmetry or Rtl response?), can 
be understood as due mainly to the role of the down (fPf[ own ) components of the 
bound nucleon wave function. More precisely, these effects are mainly due to the 
dynamical enhancement of down components of Eg. This in turn is also related 
to the effective mass because as seen from (168) 


^down 


E + M up 


1 


1 


E + M E + M 


cr * pE. 


K 

up 


( 181 ) 


Thus, the dynamical enhancement of ^ own is proportional to (M*/M) -1 for 
E ~ M . Note that the dynamical enhancement of down components increases 
with increasing binding energy. 

A 

In non-relativistic approaches, the current operator is expanded in a basis 
of free nucleon plane waves. This amounts to a truncation of the nucleon propa¬ 
gator that ignores negative energy solutions of the free Dirac equation, and thus 
negative energy projections of the bound nucleon wave functions. In RDWIA, 
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this truncation is not made.Thus, non-zero overlaps of bound nucleon wave func¬ 
tions with Dirac sea (which are proportional to the dynamical enhancement of 
the down components) contribute to the cross section. This contributions en¬ 
hance the high momentum components and the TL asymmetry of the reduced 
cross section [33] in a way that makes theory compatible with experimental 
observations. 


16 0 E m =12.1 MeV p 1/2 



1 iv 

Fig. 6. Rtl response for proton knockout from p 1 f 2 and p 3 / 2 orbitals in O. Rel¬ 
ativistic calculations with ccl and cc2 current operators are labelled as rell, rel2 , 
respectively. NR1 and NR,2 stand for nonrelativistic calculations 


This is illustrated in Fig. 6, where we show the TL response ( Rtl ) calculated 
in relativistic and non-relativistic approaches [33]. The RDWIA results seem to 
be confirmed by recent experimental data also shown in the figure [34]. Not only 
the enhancement of the asymmetry and \Rtl\, but also the fact that the latter 
reaches larger values for psf2 than for p \/2 bound states seems to be confirmed 
by data and can be understood by inspection of the cross section in RPWIA 
(i.e., omitting the effect of final state interactions and using plane waves for the 
outgoing nucleon,within relativistic scheme). 

If we expand the bound nucleon wave function in momentum space T K (p) in 
the complete basis of positive (u) and negative (t>) energy free Dirac spinors, we 
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<7 * p 


E p + M 
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<S W, 
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down 


(T * p 




Km 


E p + M up 




Note that A ^ (p) is zero in the limit of plane waves as well as in the non- 
relativistic limit, and is proportional to the dynamical enhancement of $ r d own - 
Using plane waves for the outgoing nucleon wave function and the expression 
in (182) for the bound nucleon wave function, it is easy to show that the differ¬ 
ential cross section takes the form 


d<7 

(]k e (]p ; v 


OC K P u N uu (p) + a%N vv (p) + aZN uv (p)} , 

RPWIA 



where the two last terms come from the negative energy component A^ (p) and 
are not present in the non-relativistic (PWIA) approach. In the latter approach, 
one has the factorized expression: 


(d<r)pwiA oc <J ep u N uu {p) . 



In DWIA, factorization is lost also in non-relativistic approach, but the asym¬ 
metry caused by the two additional terms in (185) produces an enhanced RDWIA 
asymmetry. 

Finally, the fact that as seen from (170), the down component of P 1/2 is an 
s -wave while that of the p^/2 is a d-wave, explains the different effect on the TL 
response for the p \/2 state . This is a genuine relativistic effect that cannot be 
accounted for in non-relativistic approaches. 
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The microscopic treatment of the nuclear system 


Peter Ring 
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Abstract. Modern microscopic theories treat the nuclear structure in the framework 
of relativistic field theories. We discuss recent applications of Relativistic Mean Field 
(RMF) and Relativistic Hartree-Bogoliubov (RHB) theory for structure phenomena at 
the limits of stability, such as the quenching of the spin-orbit splitting far from the valley 
of stability, halo phenomena at the neutron drip-line, proton-radioactivity, rotational 
bands at super deformed shapes and collective vibrations with low-lying dipole strength 
for nuclei with large neutron excess. 


1 Introduction 

New experimental facilities in planing will allow in future years the investigation 
of new regions of the periodic table, nuclei far from the valley of stability and 
super-heavy nuclei bound only by shell effects. It is therefore a challenge for 
theoretical investigations to provide models with a high predictive power. In the 
region of very light nuclei, essential progress has been made in solving the many- 
body problem ab initio using forces derived from the nucleon-nucleon scattering 
data. For the large majority of nuclei, however, in particular those interesting 
for astrophysical processes, the most successful theoretical techniques are still 
microscopic models models based on the mean field approximation. These mod¬ 
els are in principle density functional theories, where the density functional is 
parameterized by a phenomenological ansatz. They are very successful, because 
being effective theories they include in a global way a large number of impor¬ 
tant effects going beyond the mean field, such as Brueckner correlations, ground 
state correlations, vacuum polarization, exchange terms etc. Of course the form 
of the density functionals should contain basic physical phenomena. Arguments 
of simplicity and the proper treatment of the underlying symmetries play an 
essential role. 

After thirty years of considerable progress with non-relativistic models con¬ 
nected with the names of Skyrme [1] or Gogny [2], relativistic models gain in 
recent years more and more interest. Since the early days of nuclear physics one 
has known that the spin plays an important role in our understanding of nuclear 
spectra, and that, in principle, one should use a relativistic theory for a com¬ 
plete description of the nuclear system even in the low energy domain, where 
relativistic kinematics plays no role. Early attempts in this direction of Teller et 
al [3], however, have been forgotten and it was much later - in the seventies - 
that Walecka [4,5] pointed out the power, the simplicity and the elegance of a 
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phenomenological relativistic description of the nuclear system. Walecka and col¬ 
laborators proposed a linear model, which includes only very few degrees of free¬ 
dom, besides the Coulomb field essentially only a scalar attraction (parametrized 
by the <r-meson) a vector repulsion (the cu-meson) and the isospin dependence in 
the form of a vector meson (p-meson). Lorentz-symmetry and relativistic invari¬ 
ance lead then, without any further parameters to nuclear saturation, a large 
spin-orbit interaction, time-reversal breaking mean fields, properties which had 
to be adjusted in the non-relativistic models separately. 

In fact it turned out that the Walecka model with all its beauty and elegance, 
is far from being able to describe nuclear properties in a satisfying way. Finite 
nuclei are determined to a large extent by surface properties and these cannot 
be described properly in the simple Walecka model. The break through came 
with the inclusion of an effective density dependence in the model by Boguta 
and Bodmer [6] in the form of non-linear coupling terms between the mesons. 
This non-linear model is know today under the name Relativistic Mean Field 
(RMF) theory. It became very popular in the last ten years and it has been 
applied nearly all over the periodic table. 

RMF theory is a phenomenological theory. It is conceptually similar to den¬ 
sity dependent Hartree-Fock theory with Skyrme forces, which is nowadays stan¬ 
dard for the microscopic description of nuclear properties over the entire periodic 
table. It shares with this theory, that it contains only a few parameters which 
are adjusted to data of nuclear matter and a few closed shell nuclei. All the other 
nuclei are described with one parameter set. 

In this series of lectures a overview is given of a number of recent investiga¬ 
tions of problems of low energy nuclear structure within the framework of RMF 
theory. In section 2 we give a short summary of the basic facts of relativistic 
mean field theory. In section 3 we discuss the problem of pairing and the exten¬ 
sion of relativistic mean field theory to relativistic Hartree-Bogoliubov theory. 
The other sections are devoted to recent applications, such as the quenching of 
the spin-orbit splitting in section 4, the formation of halo’s at the neutron drip¬ 
line in section 5, investigations of the proton drip-line and proton radioactivity 
in section 6, the description of superdeformed rotational states in section 7, and 
recent applications of time-dependent relativistic mean field theory within the 
framework of relativistic RPA in section 8. In section 9 we give a short summary 
and an outlook. 

2 Relativistic mean field theory 

Relativistic Mean Field (RMF) theory is a classical relativistic field theory sim¬ 
ilar to classical electrodynamics. Only the nucleons are treated as quantum me¬ 
chanical Dirac-particles with the four component wave functions ^ moving with 
relativistic dynamics in several classical meson fields. As in any mean field theory, 
these fields describe in an average way the interaction produced by the exchange 
of the corresponding mesons. The theory is phenomenological similar as the den¬ 
sity dependent Hartree-Fock theories with Skyrme or Gogny forces. Therefore 
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the number of mesons entering this theory is limited and the corresponding pa¬ 
rameters, the meson masses and the coupling constants between mesons and 
nucleons are neither derived from a more fundamental theory, nor taken from 
the properties of these mesons in the vacuum, rather they are adjusted to data 
of the correlated nuclear many-body system. 

The mean field produced by the exchange of single pions is neglected. It 
breaks parity, a fact not observed in nature. Pions are, however, taken into ac¬ 
count indirectly by the mean field of the so-called <j-meson . This particle has not 
been observed experimentally so far as a resonance, but it has been interpreted 
as a complicated bound state of two pions in the medium. On the phenomenolog¬ 
ical level we cannot decide whether this interpretation is the proper one. Many 
experimental observations, however indicate the importance of a large scalar 
field in the nucleus. This scalar field is taken into account by the phenomeno¬ 
logical <j-meson in RMF-theory. Since relativistic covariance leads to attractive 
fields for scalar particles and to repulsive fields for vector particles, we need in 
addition a vector meson, the cu-meson. This particle has been observed in nature 
as a resonance at = 783 MeV. a- and cu-meson carry both isospin 0. For 
nuclei with large neutron excess we need in addition a meson carrying isospin 1, 
the p-meson, which is also observed in nature as a resonance at m p = 763 MeV. 
Finally we need the Coulomb-force, i.e. the photon. 

Apart from the Dirac wave functions x ) (i = 1... A) for the nucleons 
we therefore have one field for the scalar a -meson <r( x) and 4 fields for each 
Lorentz-vector particle, i.e. for the cu-meson: for the three iso-vector p- 

mesons p^{x) and for the photon 

In order to keep the number of adjustable parameters small, we use the 
experimental values for the masses of the nucleons mjv and the masses of the u- 
and the p-meson. In this most primitive version of the theory we have only four 
parameters, the mass of the <j-meson m a and the three coupling constants g ai 

and g p . The rest is more or less given by Lorentz invariance and the principle 
of simplicity (minimal coupling). It leads to the following Lagrangian density: 

C = $y>- g u i/b - g a cr - m N ) rp 

+ - \m 2 y - + \mltoy, ( 1 ) 

where Q pi/ = d p u) u —d u u) p is the field tensor for the vector mesons. For simplicity 
we neglect in this and in the following equations the other vector mesons, the 
p-mesons and the photons A M , because they are treated in a similar way as 
the u). In all the calculations, however, these fields are fully taken into account. 

Although this simple version of the Walecka-model is able to give a qualitative 
description of saturation and many nuclear properties [4,5], it fails to describe 
properly the experimental surface properties. Boguta and Bodmer [6] therefore 
extended the model by including a nonlinear self-coupling of the scalar mesons, 
i.e. the mass term ^m 2 <j 2 in the Lagrangian (1) is replaced by a polynomial 
of forth order U(a) = ^m 2 <j 2 + §p 2 <^ 3 + ^p 3 <r 4 containing two additional 
parameters p2 and g%. Conceptually this is equivalent to the modification of the 
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original Skyrme force with its linear density dependence by a modified density 
dependence of the type p a . All the great quantitative achievements of RMF- 
theory in recent years were only possible in non-linear versions of the theory. 
Most of them use the non-linear coupling of the <j-mesons, but there are also 
more recent versions containing non-linear cu-couplings [7], where the mass term 
^rn^u)^0)^ is replaced by Nowadays standard and rather 

uniform parameter sets have been adjusted in the literature. Some of them are 
given in Table. 1. 

Using the fields a and u) as dynamical variables Hamiltons variational 
principle allows to derive the Euler-equations as equations of motion: the Dirac 
equation for the nucleon spinors and Klein-Gordon equations for the meson fields: 

+ 9u)^) + {p^N + Qa&)} ipi = 0, (2) 

{—A + <9 2 }<r + U f (i j) = —gaps (3) 

{-A + df + mlju) 1 * = g u j^ (4) 

The scalar density p s = {'ip'ip) and the baryonic current are cal¬ 

culated from the solution of the Dirac equations by summing over all particle 
states with the appropriate BCS occupation probabilities vf: 

ps = E v i , f = E v i ■ ( 5 ) 

* * 

% % 

In principle we should - in a relativistic theory - include into these sums also 
negative energy solutions of the Dirac equations, the anti-particle states in the 
Dirac sea, i.e. to allow for a polarization of the vacuum. In principle this can 
be done [8] using a suitable renormalization procedure. In such a case, however, 
the parameters of the Lagrangian have to be readjusted and so far no essential 
differences have been found for such a readjusted renormalized theory compared 
to a theory summing only over the positive energy solutions. Since one is dealing 
with a phenomenological theory where the parameters are adjusted to experi¬ 
mental data, one therefore usually uses the no sea approximation and restricts 
the sums in Eqs. 5 over positive energy solutions only. However this does not 
mean that vacuum polarization is neglected completely. It is just taken care of 
in a global way by the phenomenologically adjusted parameters. 

The quantities p s and j M serve as sources in the Klein-Gordon equations (3) 
and (4), which determine the mesons fields. These meson fields, finally, enter the 
Dirac equation (2) and determine the motion of the nucleons in a self-consistent 
way. The whole system of equations is solved by iteration. 

For the ground state properties of even-even nuclei we have the static limit 
with meson fields constant in time and in addition time reversal invariance, i.e. 
the currents vanish. In this case the theory becomes extremely simple: 

{ap + y + i 8(M-5)}^ = e i ^, 

-Au + U\u) = -gaps, 

{-A+ mljoj 0 = 9uPv 


( 6 ) 

(7) 

( 8 ) 
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where the attractive scalar field S( r) and the repulsive vector field V(r) in the 
Dirac equation are determined by the corresponding meson fields 

S( r) = -g<rcr( r) (9) 

and 

V(r) = g u LOo(r). (10) 

In a relativistic theory we have to distinguish two types of densities, the scalar 
density p s = {'t/5'0), and the vector density p v = {ip+ip}, the time-like component 
of the current. The vector density is the usual baryon density. It contains the sum 
of the squares of large and small components, which are normalized to unity. The 
scalar density contains the difference of the square of large and small components 
and is not normalized. This purely relativistic effect prevents the theory from an 
attractive collapse: in the case of a very strong attractive <r-field the gap in the 
Dirac equations becomes relatively small. However, the theory remains stable, 
because in such a case the small components become relatively large too and the 
scalar density is quenched. Since this quantity is the source of the scalar field, 
the latter is quenched too in a self-consistent way and the collapse, which one 
would find in an equivalent non-relativistic system, is prevented. 

The six parameters m ai g ai g w m pi g 2 , and g% have been obtained by careful 
fitting of experimental data of nuclear matter and a few finite spherical nuclei. 
Pairing properties are taken into account in the constant gap approximation. 
In Table 1 we show standard parameter sets (the masses are given in MeV, 
the parameter £2 in fm _1 and the other coupling constants are dimensionless) 
and some results for symmetric nuclear matter: the baryon density po (in units 
of fm -3 ), the binding energy per particle E/A , the incompressibility AT, the 
asymmetry parameter J (all given in units of MeV), and the effective mass 

ra*/ra. 

The standard set was for a long time NL1 [9]. Since it produced a too large 
value for the asymmetry parameter J, two new sets NL-SH [10] and NL3 [11] 
have been more carefully adjusted to the isospin properties of nuclei in the 
nineties. They are thus particularly suitable for calculations in the region of 
exotic nuclei far from the line of ^-stability. All these sets (apart from NL2 [9]) 
share the problem of having a negative value for the non-linear parameter g$ 
proportional to <r 4 . The classical solutions of the field equations move only in a 
local minimum. For very large <r-values the theory becomes unstable even in the 
classical limit. We have to keep in mind, however, that we are dealing with a 
phenomenological theory adjusted to the classical limit for not too high densities, 
where everything is stable. Already by this reason the theory is by no means a 
fully fledged quantum theory. We also give in Table 1 the parameter set NL2, 
which has a positive value g%. It is successful for the description of light nuclei. 
It fails, however, completely for heavy nuclei. In addition we give the parameter 
set of Horowitz and Serot [12], which contains only linear coupling terms. It 
produces a much to high value for the incompressibility K nrn of nuclear matter. 
The parameter set TM1 [13] finally contains also a non-linear uncoupling. 
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Table 1. Various sets of meson parameters and results for symmetric nuclear matter. 
Details are given in the text. 



HS 

NL1 

NL2 

NL3 

NL-SH 

TM1 

m N 

939.0 

938.0 

938.0 

939.0 

939.0 

938.0 

m<j 

520.0 

492.25 

504.89 

508.194 

526.059 

511.198 

m w 

783.0 

795.359 

780.00 

782.501 

783.0 

783.0 

m. p 

770.0 

763.0 

763.0 

763.0 

763.0 

770.0 

9<? 

10.47 

10.1377 

9.1112 

10.217 

10.444 

10.0289 

9 

13.80 

13.2846 

11.4928 

12.868 

12.945 

12.6139 

9p 

4.035 

4.9755 

5.3866 

4.474 

4.3830 

4.6322 

92 

0.0 

-12.1724 

-2.304 

-10.431 

-6.9099 

-7.2325 

9s 

0.0 

-36.2646 

13.7844 

-28.885 

-15.8337 

0.6183 

C3 

0.0 

0.0 

0.0 

0.0 

0.0 

71.3075 

Po 

0.148 

0.152 

0.146 

0.148 

0.146 

0.145 

E/A 

-15.731 

-16.423 

-17.029 

-16.240 

-16.328 

-16.3 

K 

^ v nrn 

545.0 

211.7 

399.2 

271.8 

355.0 

281.0 

m* jm 

0.54 

0.57 

0.67 

0.59 

0.60 

0.634 

J 

34.9 

43.5 

43.9 

37.4 

36.1 

36.9 


Using various parameter sets (as for instance NL1 and NL3 given in Table 1) 
one has calculated the ground state properties of many nuclei in the periodic 
table in recent years [14], in particular binding energies, nuclear radii, charge 
distributions and nuclear deformation parameters. One- and multi-dimensional 
energy surfaces have been produced by constraint Hartree calculations [15,16]. 
Apart from the region of transitional nuclei, where the whole concept of a mean 
field theory breaks down, the agreement with experimental data is excellent. It 
is of the same quality as standard Skyrme and Gogny results. 


3 Relativistic Hartree-Bogoliubov theory 


The inclusions of pairing correlations is essential for the correct description of 
structure phenomena in open-shell nuclei and in deformed nuclei. The relativistic 
mean field theory, as described in the previous section, does not include pairing 
correlations. The Lagrangian contains only single-particle field operators with 
the structure In a generalized single-particle theory pairing correlations can 
only be described by field operators and 'ip'ip, which do not conserve the 

particle number. Therefore pairing correlations are often included only in a phe¬ 
nomenological way within the simple BCS approximation [14] using occupations 
factors 




1 
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in the sums for the calculation of the densities and the currents in Eqs. (5). 
The pairing gap A is usually determined from experimental binding energies. 
However, the BCS model presents only a poor approximation for exotic nuclei 
far from the valley of /^-stability, because (i) it requires the knowledge of the 
binding energies, which is often not available in this region and (ii) close to the 
drip-lines one has to occupy partially levels in the continuum, which leads to 
an unbound system of a nucleus surrounded by evaporating neutrons. In the 
non-relativistic approach this problem is solved in the framework of Continuum 

Hartree-Fock-Bogoliubov (CHFB) theory [17-19]. 

The relativistic extension of Hartree-Fock-Bogoliubov (HFB) theory was in¬ 
troduced in Refs. [20,21]. The starting point is again the Lagrangian (1). By 
performing the quantization of the meson fields and using similar Greens func¬ 
tion techniques as they have been used in the non-relativistic case by Gorkov 
[22] relativistic Dirac-Hartree-Bogoliubov equations are derived. 

As in non-relativistic HFB theory [23], the ground state of a nucleus \<&) is 
described as the vacuum with respect to independent quasiparticle operators, 
which are defined by a unitary Bogoliubov transformation of the single-nucleon 
creation and annihilation operators. The generalized single-particle Hamiltonian 
contains two average potentials, the self-consistent Hartree-Fock field r which 
includes all the long range ph- cor relations and the pairing file A which sums 
up the pp-correlations. In the relativistic extension the exchange terms are usu¬ 
ally neglected in G, and the resulting Relativistic Hartree-Bogoliubov (RHB) 
equations read 


ho 


ttin 


X 


A 


A 


A 


* 


A 

/in + W'N + A 


£4(r) 

Vk(r) 


U k (r) 

Vk(r) 


E 


k. 


( 11 ) 


where ho is the single-nucleon Dirac Hamiltonian 


h D = a(p - g M <jj) + + l3(m N + g a cr) (12) 

and rriN is the nucleon mass. The chemical potential A has to guarantee the 
conservation of particle number on the average. The pairing field A is in general 
an integral operator 



with the kernel 



a, f3 are the Dirac-indices of the spinors and 



(^lVv(r')V’a (r)|#) 



Ek> 0 




(15) 
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is the pairing tensor. V aa 'ppf (r, r') is the relativistic two-body interaction in the 
pairing channel. If one derives it from the Lagrangian using Gorkov-factorization 
one obtains the one-boson-exchange interaction of the mesons in the Lagrangian. 

In Ref. [20] these forces have been used to investigate the pairing properties of 
symmetric nuclear matter and it has been shown that the usual RMF parameters 
of the Lagrangian as for instance NL1 are not able to produce realistic pairing 
properties of nuclear matter as one knows them form non-relativistic calculations 
using Gogny forces [24]. The reason it that the behavior of these forces at large 
relative momenta or short distances is not adjusted properly in relativistic mean 
field calculations, where only momenta up to the Fermi surfaces are important. 
Because of the large meson masses the relativistic exchange forces have too short 
a range as compared to non-relativistic Gogny-forces, i.e. they reach to very large 
momenta and produce a pairing gap at the Fermi surface, which is roughly 3 
times larger as that obtained with Gogny forces. 

More recent calculations [25] with relativistic one-meson exchange forces of 
the Bonn-group [26] which are adjusted to the nucleon scattering data give sat¬ 
isfying agreement with phenomenological Gogny forces, because they have a 
proper cut-off at large relative momenta describing the ^o-phase shifts properly. 
Of course, it is still an open question, why one should use bare nucleon-nucleon 
interactions in the pairing channel. In the Hartree-channel one knows since the 
early days of nuclear physics [27] that one cannot use bare nucleon-nucleon inter¬ 
actions for Hartree- or Hartree-Fock calculations. This seems to be no longer true 
in the ^o-channel of the pairing force. On the other hand the use of one-meson 
exchange forces in the pp-channel is technically rather complicated. Therefore, 
so far in none of the applications of RHB-theory for finite nuclei relativistic me¬ 
son exchange forces have been used. In most of the successful applications of 
the theory in recent years one therefore used non-relativistic Gogny-forces in the 
pairing channel [28-37,39]. The justification for this approximation is that pair¬ 
ing correlations play an essential role only in a small energy interval around the 
Fermi surface, where relativistic effects can be neglected. Gogny forces provide 
a fully self-consistent parameter-free description of pairing correlations all over 
the periodic table. They are carefully adjusted in the literature [2,40]. Having a 
realistic finite range they do not need any energy- or momentum-cut-off. There 
exist also fully relativistic RHB-calculations using a relativistic <5-force [41] in 
a finite oscillator space. They depend crucially on a strength parameter, which 
is adjusted for this configuration space to the Gogny calculations of Ref. [32]. 
Therefore their predictive power is rather limited. 

As an example of RHB calculations with Gogny forces we show in Fig. 1 
one- and two-neutron separation energies for the chain of Ni-isotopes obtained 
with the parameter set NL3 in the Hartree- and for the Gogny force D1S in the 
pairing-channel . 

In the following we discuss several applications of Relativistic Hartree- 
Bogoliubov Theory with Gogny forces for nuclei far from the line of ^-stability 
and for nuclei at high spins. 
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Fig. 1. One- and two-neutron separation energies in Ni Isotopes (from Ref. [32]). 

4 Quenching of the spin-orbit splitting 

The spin-orbit interaction plays a central role in the physics of nuclear struc¬ 
ture. It is rooted in the basis of the nuclear shell model, where its inclusion is 
essential in order to reproduce the experimentally established magic numbers. 
In non-relativistic models based on the mean field approximation, the spin-orbit 
potential is included in a phenomenological way. Of course such an ansatz intro¬ 
duces an additional parameter, the strength of the spin-orbit interaction. The 
value of this parameter is usually adjusted to the experimental spin-orbit split¬ 
tings in spherical nuclei, for example 16 0. On the other hand, in the relativistic 
framework the nucleons are described as Dirac spinors. This means that in the 
relativistic description of the nuclear many-body problem, the spin-orbit interac¬ 
tion arises naturally from the Dirac-Lorenz structure of the effective Lagrangian. 
No additional strength parameter is necessary, and relativistic models reproduce 
the empirical spin-orbit splittings. 

Experiments with radioactive nuclear beams provide the opportunity to 
study nuclei with large neutron excess. Neutron drip lines of relatively light 
nuclei have become accessible, and the investigation of properties of such exotic 
objects is becoming one of the most exciting challenges in the physics of nuclear 
structure. Because of their relevance to the r-process in nucleosynthesis, nuclei 


204 


P. Ring 



r (fm) 

Fig. 2. Density distributions in Sn and Ni isotopes calculated within R,HB theory using 
the parameter set NL3 in the Hartree channel and the Gogny force D1S in the pairing 
channel, (from Ref. [32]). 


close to the neutron drip line are also very important in nuclear astrophysics. 
Knowledge of their structure and properties would help the determination of as- 
trophysical conditions for the formation of neutron rich stable isotopes [42]. For 
drip line isotopes, nuclear shell effects become very important and the spin-orbit 
term plays an essential role. Very different scenarios for the isospin dependence 
of the spin-orbit interaction have been suggested in the Skyrme model [43], and 
in the relativistic mean-field theory [44]. In the following present work we in¬ 
vestigate the behavior of the spin-orbit potential in light and medium heavy 
neutron rich nuclei using the Relativistic Hartree-Bogoliubov (RHB) theory. 

In the relativistic mean-field approximation, the spin-orbit potential origi¬ 
nates from the addition of two large fields: the field of the vector mesons (short 
range repulsion), and the scalar field of the sigma meson (intermediate attrac¬ 
tion). In the first order approximation, and assuming spherical symmetry, the 
spin orbit term can be written as 



(16) 


(MeV/fm ) 
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r (fm) 

Fig. 3. Spin-orbit potentials defined in Eq. (16) for Ni isotopes (from Ref. [32]). 


where Vi s is the spin-orbit potential [21,45 




m 


m eff 


(V + S). 



V and S denote the repulsive vector and the attractive scalar potentials, respec¬ 
tively. m e ff is the effective mass 


™e// 



l(V + S). 



In Fig. 2 we show the density distributions for two chains of Ni- and Sn-isotopes. 
The inserts show that the surface thickness t and the diffuseness parameter a 
grows steadily, if one leaves the valley of ^-stability. The surface thickness is 
defined to be the change in radius required to reduce p(r)/po from 0.9 to 0.1 
(po is the maximal value of the neutron density). The diffuseness parameter a 
is determined by fitting the neutron density profiles to the Fermi distribution 

p(r) = Po (l + exp( r a ' R ° )) (19) 


where Rq is the half-density radius. With the increase of the number of neutrons 
the effective spin orbit potential V 8t0t in Eq. (16) decreases, because it is pro- 
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Fig. 4. Spin-orb it splittings in Ni and Sn isotopes as a function of the neutron number 
(from Ref. [32]). 

portional to the slope of V + S. This is shown clearly in Fig. 3 for the chain of 
Ni-isotopes. This implies a weakening of the spin-orbit splitting of the neutron 
levels in the canonical basis 

AEi s = e n) i t j=i- 1/2 — e n) i t j=i+ 1/2 ( 20 ) 

as it is shown in Fig. 4 for several spin-orbit partners in the Ni- and Sn-chains. 
Obviously this effect is more pronounced for lighter nuclei and it becomes dra¬ 
matic in the Ne region as shown in Fig. 5. These results are at variance with 
those calculated within the non-relativistic Skyrme model, which has a different 
isospin dependence of the spin-orbit term [46]. 

5 The neutron drip-line and halo phenomena 

Since the experimental discovery of neutron halo phenomena in n Li [47], the 
study of exotic nuclei has become a very challenging topic in nuclear physics. 
Experimentally a sudden rise in the interaction cross-sections has been observed 
for light neutron-rich nuclei, specifically while going from 9 Li to n Li, 12 Be to 
14 Be and 15 B to 17 B. This sudden increase in the interaction cross-sections has 
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Fig. 5. Spin-or bit splittings in Ne and Mg isotopes as a function of the neutron number 
(from Ref. [46]). 

been attributed to a relatively large rms matter radius as compared to that 
expected from the conventional mass dependence 1.2A 1 / 3 . This large radius has 
been interpreted by the fact that filling in more and more neutrons in the nuclear 
well, the Fermi surface for the neutrons comes close to the continuum limit in 
the nucleus n Li. Due to the small single-neutron separation energy, the tails of 
the two wave functions of the last filled orbital (lpi/ 2 ) reach very far outside of 
the nuclear well and a neutron halo is formed. 

Although this simple interpretation is based on the mean field picture, several 
microscopic theoretical investigations within self-consistent mean field models 
have failed [48-51]. In fact, it would be a strange accident if the last occupied 
neutron level in 11 Li would so close to the continuum limit that the tail of 
the last two uncorrelated neutron wave functions reaches so far out as would 
be necessary to reproduce the large experimental radius observed. Therefore, 
in the non-relativistic scheme Bertsch et al [48] and Sagawa [50] introduced an 
artificial modification to the potential in order to reproduce the small separation 
energy in their mean field calculations using Skyrme interactions. In this way 
the authors were able to reproduce qualitatively the observed trends, although 
some discrepancies still remained. 
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Koepf et al [49] were the first to investigate the neutron halo in relativistic 
mean field (RMF) theory both for spherical symmetrical and axially deformed 
cases. They found large deformations for the lighter Li isotopes, but a spherical 
shape for n Li. As in the non-relativistic investigations the binding energy of the 
lpi /2 was too large so as to reproduce a neutron halo. Zhu et al [51] improved 
the result of the RMF calculations by applying a similar modification to the 
potential as in Ref. [50] in order to adjust the proper size of the halo. 

Bertsch and Esbensen [52] recognized that pairing correlations play an es¬ 
sential role. Performing a quasiparticle continuum RPA calculation using a core 
of 9 Li and a density dependent interaction of zero range in the pairing channel, 
they found a large neutron halo for the nucleus n Li and could reproduce the 
proper size of the experimental matter radius. 

We discuss here an investigation based on Relativistic Hartree-Bogoliubov 
theory [53] where pairing correlations and the scattering of Cooper pairs into 
the continuum were taken into account in a fully self-consistent way using the 
continuum Hartree-Bogoliubov formalism in the framework of relativistic mean 
field theory. In this calculations a density dependent <5-force was used in the 
pairing channel. For a fixed cut-off energy of 120 MeV the strength was adjusted 
to corresponding calculations in 7 Li with a Gogny force. 

In Fig. 6 we show the calculated density distributions for the neutrons in the 
isotopes 9 Li and n Li. It is clearly seen that the increase of the matter radius 
is caused by a large neutron halo in the nucleus n Li. Its density distribution is 
in very good agreement with the experimental density of this isotope indicated 
with its error bars by the shaded area. 

Fig. 7 we show the average potential V — S together with the single-particle 
levels in the canonical basis (for details of the definition of the canonical basis 
see Ref. [23]). The microscopic structure of this halo can be understood by the 
fact that the Fermi level for the neutrons is very close to the continuum limit 
in close vicinity to the ^lpi /2 level below the continuum and the v 2$ 1 /2 level 
in the continuum. Pairing correlations cause a partial occupation (given by the 
length of the lines for the levels) of both the vlpi /2 and the v 2 s\j 2 level, i.e. a 
scattering of Cooper pairs in the continuum. This is in contrast to earlier Skyrme 
and RMF calculations without pairing, where the last occupied ^lpi /2 level had 
to be shifted artificially very close to the continuum limit by an adjustment of 
the potential. In the RHB-calculations the halo is not formed by two neutrons 
sitting in occupying the ^lpi /2 level very close to the continuum limit, but it is 
formed by Cooper-pairs scattered mainly into two levels vlpi /2 and v2s\j2 * This 
is made possible by the fact that the v2s\j2 level comes down close to the Fermi 
level in this nucleus and by the pairing interaction coupling the levels below the 
Fermi surface to the continuum. 

In contrast to the earlier explanations with use the accidental coincidence 
that one single-particle level is so close to the continuum threshold that the tail 
of its wave function forms a halo, this is a much more general mechanism, which 
could possibly be observed in other halo nuclei also. One needs only a bunching 
of single particle levels with small orbital angular momenta and correspondingly 
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small centrifugal barriers close, but not directly, at the continuum limit. In fact, 
going along the neutron drip-line there are several such regions, in particular 


guin^, euon^, tut: nt:u li on uiip-niie Liieie . 

the region where the 2 p and the 3 p levels 

flan ft ref no on o mitlft r\o fftnln VioIa in flan 


come 



continuum limit 


the first case a multi-particle halo in the region of heavy Ne-isotopes has been 
predicted in Ref. [30] and in the latter case a giant halo has been predicted for 
the region of very neutron rich Zr-isotopes in Ref. [54]. 
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Fig. 7. Average Potentials V — S for protons and neutrons in the nucleus 11 Li. Details 
are given in the text (from R,ef. [53]). 

ing to the continuum does not play such an important role and the standard 
methods of nuclear structure physics can be applied more easily here. On the 
other side, there are also very interesting experimental phenomena seen or pre¬ 
dicted in this region, such as proton-emission or pn-pairing in the vicinity of 
the N=Z line. The precise knowledge of the nuclear structure along the proton 
drip-line in the region 30 < Z < 50 (see Fig. 8) is also of great interest for astro- 
physical investigations, because the path of rapid proton process leads through 
this region. 

The structure and decays modes of nuclei at and beyond the proton drip-line 
represent therefore one of the most active areas of experimental and theoretical 
studies of exotic nuclei with extreme isospin values today. In the last few years 
many new data on ground-state and isomeric proton radioactivity have been 
reported. In particular, detailed studies of odd-Z ground-state proton emitters 
in the regions 51<Z<55 and 69<Z< 83, have shown that the systematics of 
spectroscopic factors is consistent with half-lives calculated in the spherical WKB 
or distorted-wave Born (DWBA) approximations [55,56]. 

In the theoretical description of ground-state and isomeric proton radioac¬ 
tivity, two essentially complementary approaches have been reported. One pos¬ 
sibility is to start from a spherical or deformed phenomenological single-particle 
potential, a Woods-Saxon potential for instance, and to adjust the parameters of 
the potential well in order to reproduce the experimental one-proton separation 
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N 

Fig. 8. The proton drip-line between Z = 30 and Z = 50 (from Ref. [38]). 


energy. The width of the single-particle resonance is then determined by the 
probability of tunneling through the Coulomb and centrifugal barriers. Since 
the probability strongly depends on the valence proton energy and on its an¬ 
gular momentum, the calculated half-lives provide direct information about the 
spherical or deformed orbital occupied by the odd proton. For a spherical proton 
emitter it is relatively simple to calculate half-lives in the WKB or DWBA ap¬ 
proximations [56]. On the other hand, it is much more difficult to quantitatively 
describe the process of three-dimensional quantum mechanical tunneling for de¬ 
formed proton emitters. Modern reliable models for calculating proton emission 
rates from deformed nuclei have been developed only recently [57,58]. A short¬ 
coming of this approach is that it does not predict proton separation energies, 
i.e. the models do not predict which nuclei are likely to be proton emitters. In 
fact, if they are used to calculate decay rates for proton emission from excited 
states, the depth of the central potential has to to be adjusted for each proton 
orbital separately. In addition, the models of Refs. [56-58] do not provide any 
information about the spectroscopic factors of the proton orbitals. Instead, ex¬ 
perimental spectroscopic factors are defined as ratios of calculated and measured 
half-lives, and the deviation from unity is attributed to nuclear structure effects. 

In Refs. [33-35] relativistic Hartree Bogoliubov (RHB) theory has been used 
to calculate properties of proton-rich spherical even-even nuclei with 14<Z<28, 
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Fig. 9. Proton separation energies in Ta and Lu isotopes. Empty symbols are calcula¬ 
tions within RHB theory and full symbols are experiments (from Ref. [37]). 


and to describe odd-Z deformed ground-state proton emitters in the region 
53 < Z < 69. The RHB framework has been also used to study the location of 
the proton drip-line, the ground-state quadrupole deformations and one-proton 
separation energies at and beyond the drip line, the deformed single particle or¬ 
bitals occupied by the odd valence proton, and the corresponding spectroscopic 
factors, i.e. the BCS-occupation factors u** in the canonical basis. The results 
of fully self-consistent calculations have been compared with experimental data 
on ground-state proton emitters. However, since it is very difficult to use the 
self-consistent ground-state wave functions in the calculation of proton emission 
rates, the RHB model provides informations which are complementary to those 
obtained with the models of Refs. [56-58]. 

As an example (for details see Ref. [37]) we show in Fig. 9 the one-proton 
separation energies 


S P (Z, N) = B(Z, N) - B(Z - 1, N) (21) 

for the Lu and Ta isotopes as function of the number of neutrons. The pre¬ 
dicted drip-line nuclei are 154 Lu and 159 Ta. In the process of proton emission 
the valence particle tunnels through the Coulomb and centrifugal barriers, and 
the decay probability depends strongly on the energy of the proton and on its 
angular momentum. In rare-earth nuclei the decay of the ground-state by direct 
proton emission competes with ft + decay; for heavy nuclei also fission or a decay 
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Table 2. Lu ground-state proton emitters. Results of the RHB calculation for the one- 
proton separation energies £ p , quadrupole deformations 02 , and the deformed single¬ 
particle orbitals occupied by the odd valence proton, are compared with predictions of 
the macroscopic-microscopic mass model, and with the experimental transition ener¬ 
gies. All energies are in units of MeV; the RHB spectroscopic factors are displayed in 
the sixth column. 



N 

s P 

02 

p- orbital 

u 2 

O 77 

s P 

02 

E p exp. 

149 Lu 

78 

-1.77 

-0.158 

7/2“ 

[523] 

0.60 

5/2“ 

-1.51 

-0.175 


150 Lu 

79 

-1.31 

-0.153 

7/2" 

[523] 

0.61 

5/2“ 

-1.00 

-0.158 

1.261(4) 

151 Lu 

80 

-1.24 

-0.151 

7/2“ 

[523] 

0.58 

7/2“ 

-0.99 

-0.150 

1.233(3) 


can be favored. In general, ground-state proton emission is not observed imme¬ 
diately after the drip-line. For small values of the proton separation energies, 
the width is dominated by the ft + decay. On the other hand, large separation 
energies result in extremely short proton-emission half-lives, which are difficult 
to observe experimentally. For a typical rare-earth nucleus the separation energy 
window in which ground-state proton decay can be directly observed is about 
0.8 - 1.7 MeV [56]. In Fig. 9 the calculated separation energies (empty symbols) 
are compared with experimental transition energies (full symbols) for ground- 
state proton emission in 150 Lu, 151 Lu, 155 Ta , 156 Ta, and 157 Ta. In all five cases 
an excellent agreement is observed between model predictions and experimen¬ 
tal data. In addition to 151 Lu, which was the first ground-state proton emitter 
to be discovered [59], and 150 Lu, the self-consistent RHB calculation predicts 
ground-state proton decay in 149 Lu. The calculated one-proton separation en¬ 
ergy —1.77 MeV corresponds to a half-life of a few jis, if one assumes that the 
nucleus is spherical. Direct proton emission with a half-life of the order of few 
jis is just above the lower limit of observation of current experimental facilities. 
For the Lu ground-state proton emitters, in Table 2 the results of the RHB 
model calculation are compared with the predictions of the finite-range droplet 
(FRDM) mass model [60] : the projection of the odd-proton angular momentum 
on the symmetry axis and the parity of the odd-proton state , the one-proton 
separation energy, and the ground-state quadrupole deformation. Included are 
also the RHB spectroscopic factors. The separation energies are compared with 
the experimental transition energies in 150 Lu and 151 Lu. Both theoretical mod¬ 
els predict oblate shapes for the Lu proton emitters, and similar values for the 
ground-state quadrupole deformations. On the other hand, while the FRDM as¬ 
signs spin and parity 5/2“ to the deformed single-particle orbitals occupied by 
the odd valence proton in all three proton emitters, the RHB model predicts the 
7/2“ [523] Nilsson orbital to be occupied by the odd proton. We also notice that 
the RHB separation energies are much closer to the experimental values. The 
spectroscopic factors of the 7/2“ [523] orbital are displayed in the sixth column 
of Table 2. The spectroscopic factor of the deformed odd-proton orbital k is de¬ 
fined as the probability that this state is found empty in the daughter nucleus 
with even number of protons. 
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Relativistic mean field theory in the rotating frame 


In non-relativistic nuclear physics the cranking model plays an important role 
in the description of rotating nuclei. It has been introduced with phenomenolog¬ 
ical arguments already in the fifties by Inglis [61]. Later-on it has been shown, 
that it can be derived from a microscopic many-body theory as an approximate 
variation after angular momentum projection [62]. Therefore it is the symmetry 
breaking mean field version of a variational theory with fixed angular momen¬ 
tum. In the self-consistent version [63] it allows to include alignment effects [64] 
as well as polarization effects induced by the rotation, such as Coriolis-anti- 
Pairing or changes of the deformation. But already in the simplified version of 
the Rotating Shell Model with fixed mean fields [65] it is able to describe suc¬ 
cessfully an extremely large amount of data in the high spin region of deformed 
nuclei. 

The cranking idea can be used for a relativistic description too [68,69]: one 
simply transforms the coordinate system to a frame rotating with constant an¬ 
gular velocity 17 around a fixed axis is space assuming - as in non-relativistic 
nuclear physics - that this axis is perpendicular to the symmetry axis of the 
nucleus in its ground state. According to the cranking prescription the absolute 
value of the angular velocity |i?| will be determined after the self-consistent so¬ 
lution of the equations of motion in the rotating frame by the Inglis condition 
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In this way we obtain for the classical field equations in the rotating frame: 
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These equations are very similar to the RMF equations in the non-rotating frame. 
There are only three essential differences: 


1. 


j- V / 

non-relativistic cranking. 


term nj 


2. The Klein-Gordon equations for the mesons contain terms proportional to 
the square of the corresponding Coriolis terms. It turns out, however, that 
they can be neglected completely for all realistic cranking frequencies, be¬ 
cause (i) they are quadratic in Q and (ii) mesons being bosons are to a large 
extend in the lowest s-states with only small d-admixtures 

3. The Coriolis operator in the Dirac equation breaks time-reversal invariance. 
Currents j are induced, which form the source of magnetic potentials in 
the Dirac equation (nuclear magnetism). In this way the charge current 
j is the source of the normal magnetic potential A, the iso-scalar baryon 
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current j B is the source of the spatial components of the cu-mesons and 
the iso-vector baryon current j 3 is the source of the spatial component p 3 
of the p-mesons. In contrast to the Maxwellian magnetic field A having a 
small electro-magnetic coupling, the large coupling constants of the strong 
interaction causes the fields and p to be important in all cases, where 
they are not forbidden by symmetries, such as time reversal. They have a 
strong influence on the magnetic moments [66] in odd mass nuclei, where 
time reversal is broken by the odd particle, as well as on the moment of 
inertia in rotating nuclei, where time reversal is broken by the Coriolis field 

[67]. 

7.1 Superdeformed rotational bands in the Hg region 

The investigation of superdeformation in different mass regions still remains in 
the focus of low-energy nuclear physics. Experimental data on superdeformed 
rotational (SD) bands are now available in different parts of the periodic table, 

namely, in the mass regions A ~ 60, 80, 130, 150 and 190. This richness of data 

provides the necessary input for a test CRMF theory at superdeformation. It has 
been applied in a systematic way for the description of SD bands observed in the 
A ~ 60 and the A ~ 150 mass regions. The pairing correlations in these bands are 
considerably quenched in these mass regions and at high rotational frequencies a 
very good description of experimental data is obtained in the unpaired formalism 
in most of the cases as shown in Refs. [70-72]. 

On the contrary, pairing correlations have a considerable impact on the 
properties of SD bands observed in the A ~ 190 mass region and more gen¬ 
erally on rotational bands at low spin. Different theoretical mean field meth¬ 
ods have been applied for the study of SD bands in this mass region. These 
are the cranked Nilsson-Strutinsky approach based on a Woods-Saxon potential 
[73], self-consistent cranked Hartree-Fock-Bogoliubov approaches based either 
on Skyrme [74] or Gogny forces [75,76]. It was shown in different theoretical 
models that in order to describe the experimental data on moments of inertia 
one should go beyond the mean field approximation and deal with fluctuations in 
the pairing correlations using particle number projection. This is typically done 
in an approximate way by the Lipkin-Nogami method [77-79]. With exception of 
approaches based on Gogny forces, special care should also be taken to the form 
of the pairing interaction. For example, quadrupole pairing has been used in ad¬ 
dition to monopole pairing in the cranked Nilsson-Strutinsky approach. Density 
dependent pairing has been used in connection to Skyrme forces. These require, 
however, the adjustment of additional parameters to the experimental data. 

Yrast SD bands in 194 Pb and 194 Hg are linked by experimental observation 
of the transitions to the low-spin level scheme. In addition, there is a tentative 
linking of SD band in 192 Pb. These data provide an opportunity to compare with 
experiment in a direct way not only calculated dynamic moments of inertia 
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Fig. 10. Dynamic ( J (upper panels) and kinematic (J^) (bottom panels) moments 
of inertia. The experimental values (full circles) are compared with CRHB calculations 
(solid lines) (from Ref. [39]). 


but also kinematic moments of inertia 

jV = 

U 



On the contrary, at present the yrast SD bands in 19 °T92jjg an d are no ^ 

linked to the low-spin level scheme yet. Thus some spin values consistent with 
the signature of the calculated yrast SD configuration should be assumed for the 
experimental bands when a comparison is made with respect of the kinematic 
moment of inertia 

In Figs. 10 and 11 we show theoretical results obtained within the Cranked 
Relativistic Hartree-Bogoliubov approach. The parameter set NL1 is used in the 
ph -channel and the Gogny force D1S in the pairing channel. The theoretical 
values agree well with the experimental ones in the cases of linked SD bands in 
194 Pb and 194 Hg. The comparison of theoretical and experimental values 
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Rotational frequency [MeV] 

Fig. 11. The same as in Fig. 10 but for yrast SD bands in 190 > 192 Hg (f rom R e f. [39]). 

indicates that the lowest transitions in the yrast SD bands of 190 Hg and 192 Hg 
with energies 316.9 and 214.4 keV, respectively, most likely correspond to the 
spin changes of 14 + —> 12 + and 10 + —> 8 + . If these spin values are assumed, 
good agreement between theory and experiment is observed. Calculated and 
experimental values of the dynamic moment of inertia agree also well. 

The increase of kinematic and dynamic moments of inertia in this mass re¬ 
gion can be understood in the framework of CRHB theory as emerging from a 
combination of three effects: the gradual alignment of a pair of J 15/2 neutrons, 
the alignment of a pair of ^ 13/2 protons at a somewhat higher frequency, and 
decreasing pairing correlations with increasing rotational frequency. With in¬ 
creasing rotational frequency, the values determined by the alignment in 
the neutron subsystem decrease but this process is compensated by the increase 
of J due to the alignment of the iis /2 proton pair. This leads to the increase 

of the total -value at Q x > 0.45 MeV. The shape of the peak (plateau) in 
J ( 2 ) depends on a delicate balance between alignments in the proton and neu¬ 
tron subsystems which depends on deformation, rotational frequency and Fermi 
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energy. For example, no increase in the total moment of inertia has been 
found in the calculations after the peak up to Q x — 0.5 MeV in 192 > 19 4jjg ( see 
Figs. 10 and 11). It is also of interest to mention that the sharp increase in 
of the yrast SD band in 190 Hg is also reproduced in the present calculations. One 
should note that the calculations slightly overestimate the magnitude of at 
the highest observed frequencies. The possible reasons could be the deficiencies 
either of the Lipkin-Nogami method or the cranking model in the band crossing 
region or both of them. Calculated values of transition quadrupole moments Q t 
are close to the measured ones, however, more accurate and consistent exper¬ 
imental data on Q t is needed in order to make detailed comparisons between 
experiment and theory. 


7.2 


Moments of inertia at the ground state 


One of the oldest problems in our understanding of collective motion of nuclei 
is the moments of inertia of ground state rotational bands in well deformed 
nuclei. They depend in a very sensitive way on the collective properties such 
as deformations and on pairing correlations of these many-body systems. Since 
rotational bands have been detected in nuclei nearly fifty years ago and since 
the first microscopic calculations of the moments of inertia by Inglis [61], these 
quantities have been used as a testing ground for nearly all microscopic theo¬ 
ries of collective motion. They describe the response of the strongly interacting 
nuclear many-body system to an external Coriolis field breaking time reversal 
symmetry. They are, therefore, in some sense comparable to the static magnetic 
susceptibility in condensed matter physics. 

The earliest microscopic calculations were based on a mean field of a deformed 
harmonic oscillator. In these calculations, residual interactions were neglected. 
In this way one found the values of the moments of inertia identical to those 
of a rigid body with the same shape, in strong disagreement with the experi¬ 
mentally observed values, which where considerably smaller. It has been pointed 
out already very early [80,81] that residual two-body interactions would lower 
the values of the moment of inertia obtained in the Inglis model. The most im¬ 
portant correlations causing such a reduction are pairing correlations [82]. In 
fact, Belyaev [83] showed that a simple extension of the Inglis formula in the 
framework of the BCS theory is able to reduce the theoretical moments of inertia 
dramatically because of the large energy gap in the spectrum of quasiparticle 
excitations occurring in the denominator of the Belyaev formula. Therefore, the 
small moments of inertia of the rotational bands provided one of the most im¬ 
portant experimental hints for a superfluid behavior of these heavy open shell 
nuclei. Extended calculations using the theory of Belyaev have been carried out 
by Nilsson and Prior [84] using the BCS model based on the single particle 
spectrum of the Nilsson potential. 

Apart from the fact that the results of these calculations were relatively 
successful, there are, as we know today, a number of open problems, namely: 

i) Belyaev’s formula is based on generalized mean field theory violating es¬ 
sential symmetries. It was pointed out already by Migdal [85,86] that Galileian 
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invariance is broken. He therefore modified the Belyaev formula by taking into 
account more complicated correlations to correct the violation of this symmetry. 

ii) Since Belyaev’s formula describes only quasi-particles moving indepen¬ 
dently, higher order correlations have to be taken into account. This has been 
done by Thouless and Valatin [87] who considered all orders of the interaction 
in a theory describing the linear response of the system to the external Corio¬ 
lis field. Marshalek and Weneser [88] showed that the method of Thouless and 
Valatin preserves all the symmetries violated in the mean field approximation in 
linear order. In that sense Migdal’s formula was just a special case to deal with 
Galilean invariance. Marshalek showed in a series of papers (see for example Ref. 
[89]) that this is just the linear approximation of a more general theory based on 
Boson expansion techniques treating the symmetries appropriately in all orders. 

iii) Much more elaborated versions of the cranked Nilsson model [90,91] 

2 

showed that the l -term in this model, which corrects in an elegant way the 
fact that realistic potentials for heavy nuclei are much flatter than an oscillator 
in the nuclear interior, introduces a strong spurious momentum dependence. This 
leads to the values for the moments of inertia deviating considerably from the ex¬ 
perimental values. However, this problem is to large extent cured by Strutinsky 
renormalization of the moments of inertia. 

Realistic applications of the Thou less-Valatin theory are by no means trivial. 
They should be based on self-consistent solutions of the mean field equations, 
because only for those solutions the RPA theory preserves the symmetries [23]. 
In addition, they require the inversion of the RPA-matrix. Meyer-ter-Vehn et 
al. [92] have carried out such calculations in a restricted configuration space 
replacing the self-consistent mean field in an approximate way by the Woods- 
Saxon potential. As residual interaction they used density dependent Migdal 
forces F w in the ph -channel and F^ in the pp-channel. These interactions have 
been carefully adjusted to experimental data for the underlying configuration 
space. The results of these calculations showed, that there are indeed effects 
originating from both channels, each of them modifying the Belyaev values, but 
cancelling themselves to a large extent. Therefore one could understand why 
older calculations [84] based on the generalized mean field model gave reasonable 
results as compared to the experiment. 

Nowadays there are theories available where the Hartree-(Fock)-Bogoliubov 
equations can be solved in a fully self-consistent way in the rotating frame for 
finite angular velocity 17. Using the resulting wave functions \Fq) the Thouless- 
Valatin moment of inertia can be found as 

J = j7y(&n\Jx\&n) • (29) 

In this way one avoids the inversion of the full RPA-matrix, a task which is so 
far technically impossible for realistic forces in a full configuration space. 

Calculated moments of inertia are given in Fig. 12. Cranked Relativistic 
Hartree-Bogoliubov (CRHB) calculations are compared with Cranked Hartree- 
Fock-Bogoliubov (CHFB) calculations with Gogny forces. Comparing results 
without particle number projection and those with particle number projections 
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Fig. 12. Moments of inertia at the ground state in several chains of rare earth isotopes 
(from Ref. [93]). 


in the Lipkin-Nogami approximation PNP(LN), it is clear that the moments of 
inertia are systematically larger in the relativistic case. Although one cannot 
completely exclude that this feature is to some extent connected with a different 
angular momentum content of single-particle orbitals in relativistic and non- 
relativistic calculations, a detailed analysis of pairing energies and moments 
of inertia suggests that this fact can be explained in a more realistic way by 
the different effective masses of the two theories: m*/m ~ 0.6 in RMF theory 
and ~ 0.7 in the non-relativistic theory. Thus the corresponding level density 
in the vicinity of the Fermi level is smaller in the relativistic theory which in 
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general leads to weaker pairing correlations as compared with non-relativistic 
calculations and as a result to larger moments of inertia. PNP(LN) restores to 
a large extent the correct size of pairing correlations and thus its effect is larger 
in relativistic calculations. The average decrease of the moments of inertia due 
to PNP(LN) over the considered set of nuclei is 1.35 and 1.15 in relativistic and 
non-relativistic calculations, respectively. It is also clearly seen that PNP(LN) 
improves in average and especially in relativistic case the agreement between 
experimental and calculated moments of inertia. The level of agreement between 
calculations with PNP(LN) and experiment is similar in both theories, however, 
some discrepancies still remain. 


8 Time dependent RMF theory 

So far most of these investigations have been concentrated on ground states of 
nuclei all over the periodic table, but in several cases one has used such theories 
very successfully also for the description of excited states very. An example we 
have seen in the last section, where Cranked Relativistic Mean Field (CRMF) 
theory was used to determines the lowest state in a rotating frame. This has 
turned out to be very successful in describing a large variety of phenomena in 
rotational bands of superdeformed nuclei in a fully microscopic way. 

In a further attempt Time Dependent RMF (TDRMF) theory has been used 
to describe giant resonances in nuclei [96-98]. The time-dependent classical equa¬ 
tions of motion 


id t i>i = h(t)ipi = {a[V - V(r, t)\+V (r, t) + (3m - S( r, t)} tpi (30) 

are solved for time-dependent mean fields 

S(r,t) =-g a <j{r,t), (31) 

V^(r,t) = g^uiu, (r, t) + g p TPu, (r, t) + eA^ r,t), (32) 

Neglecting retardation these fields are given at each time t by the solution of the 
Klein-Gordon Equations: 


[-A + ml 
[-A + ml 



-g< 7 ps(r,t) - g 2 cr 2 (r,t) - g 3 a 3 (r,t) 

9uju(r,t) 


where the densities and the currents are given by 





(33) 

(34) 



(36) 
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With these densities one calculates time dependent expectation values R(i), 
D(t), or Q(t ) for the root mean square radii, the isovector dipole moments or 
the quadrupole moments which show in the case of small amplitude excitations 
pronounced oscillations. A Fourier analysis of these results allows to determine 
the resonance energies. Using the non-linear parameter sets NL1 or NL3 it was 
in is possible is this way to describe rather successfully the energies of the giant 
monopole resonances (GMR) as well as those of the giant dipole (GDR) and the 
giant quadrupole (GQR) resonances [96-98]. No new adjustment of the parame¬ 
ters of the Lagrangian was necessary. The disadvantage of these time dependent 
RMF calculations is that they require on one side a very large computational 
effort and on the other side they are - apart from the monopole case - based 
on deformed mean fields. Therefore they break rotational symmetries and mix 
quantum numbers. Such calculations cannot be used to describe low-lying col¬ 
lective excitations. 

The standard tool for the description of excited states in non-relativistic 
descriptions [99,100], the Random Phase Approximation (RPA) has so far been 
applied successfully for the relativistic models only very recently and so far only 
in a few very specific cases [101,102]. This slow development has two essential 
reasons. Of course, Relativistic Random Phase Approximation (RRPA) codes 
are around since more than fifteen years [103-107], but those where based on 
the linear version of the Walecka model, which is not able to describe realistic 
nuclei, and therefore the results obtained with these codes were not in agreement 
with experiments. 

Even the consideration of current conservation [108], which requires to in¬ 
clude a/i-configurations, i.e. configurations where a particle is removed from the 
Fermi sea and put into the empty Dirac sea (sometimes called Pauli blocking 
terms), does not change this situation dramatically. It is certainly important for 
the proper treatment of the spurious states and for low-lying excitations with the 
same quantum numbers, but it has an essential influence on the giant resonances 
only for isoscalar excitations [109] . 

The break through came only after the development of new techniques to 
include the non-linear terms in RRPA [110]. Only with these techniques was 
it possible to realize the large effects of the ah -configurations on the isoscalar 
giant resonances and to include them in the calculations for relativistic lin¬ 
ear response [101] or for the diagonalization of the RRPA-matrix [102]. These 
large effects where completely unexpected, because they occur in particular for 
quantum numbers (T = 0, J n = 0 + or 2 + ) orthogonal to the spurious mode 
(T = 0, J 71 " = 1 _ ). They have no non-relativistic analogon: they are caused by the 
fact that the matrix elements coupling the a/i-configurations to the normal ph- 
configurations through the exchange of scalar mesons are essentially suppressed 
because of orthogonality between negative energy and positive energy spinors. 
This quenching of the scalar part of the interaction disturbs the detailed balance 
between scalar attraction and vector repulsion and one is left with unexpected 
large matrix elements corresponding to the exchange of the vector particles. By 
this effects the coupling matrix elements between a/i-configurations and the nor- 
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mal p/i-configurations are extremely large. Therefore they can have an influence 
on the physical p/i-configurations, even if distance in energy is more than 1200 
MeV and because of the no-crossing role of Wigner this leads always to a repul¬ 
sive effect: the inclusion of the a/i-configurations shifts the resonances to higher 
energies. 

The time-dependent calculations include automatically both effects: they are, 
of course, based on the non-linear version of the model and they automatically 
include a/i-configurations, because they are an immediate consequence of the 
no-sea approximation in the relativistic mean field. A rigorous derivation of the 
RRPA-equations in the small amplitude limit of TDRPA [109] shows that the 
small variation of the density matrix Sp has not only the usual p/i-components 
with a particle orbit p above the Fermi sea and a hole orbit h in the Fermi 
sea, but also components with a particle a in the Dirac sea and a hole h! in 
the Fermi sea. The no-sea approximation is imposed automatically at each time 
in TDRMF calculations because only particles in the Fermi sea are propagated 
in time explicitly [96]- [98]. An analogous propagation of the negative energy 
spinors would leave them automatically at each step in time orthogonal to the 
particles in the Fermi sea. This does not mean, however that by expanding the 
time-dependent Dirac spinors in terms of the static basis, one does not have to 
include anti-particles with respect to the stationary basis. Just by reasons of 
completeness such configurations show up. 

There are two practical ways to obtain in RRPA the physical quantities 
relevant to nuclear excitations. The first method is to calculate directly the 
linear response function of the nucleus whereas the second method consists in 
solving the RPA equations in matrix form. In both cases one starts with a 
self-consistent solution for the ground state and obtains in this way the static 
mean field. Technically this is achieved by diagonalizing the Dirac equation in 
a spherical harmonic oscillator basis including 20 oscillator shells [14]. Among 
the solutions a set of particle-hole ( ph ) and anti-par tide-hole (ah) pairs with 
the appropriate quantum numbers is chosen. Their number is restricted by a 
maximal p/i-energy (e p — < E max ) and a minimal ah-e nergy (e a —> E m i n ). 

The corresponding 4-component spinors are then used to build the unperturbed 
polarization operator 77° or the RPA matrix. 

The linear response of the nucleus with respect to an external operator is 
given by the imaginary part of the retarded polarization operator 

R(F, F; k, u) = -ImII R (F, F; k, k; uS) , (37) 

7T 

where F is a one-body operator represented by a 4x4 matrix. The polarization 
operator is calculated as a solution of the linearized Bethe-Salpeter equation in 
momentum space (for details see Ref. [110]). 

For linear models, the meson propagators are of the well known Yukawa form. 
In general, i.e. with non-linear meson couplings, the meson propagators can no 
longer be given in analytical form, but they can be obtained numerically by 
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solving a Klein-Gordon equation, 

+ *,)£>*(*, y) = -S(x-y), (38) 

where U$((/>) is the generalized mass term in the effective Lagrangians with meson 
self-interactions. For non-linear a models it is parametrized as [9,11]: 

= -m 2 a 2 + 2 ^ 2<j3 + 4 ^ 3<j4 * (39) 

In some versions of effective Lagrangians self-interactions of the u) -field self¬ 
interactions are also considered [13]: 

U u (u:) = + ic 3 (w A1 a; A1 ) 2 . (40) 

We obtain after a Fourier transformation the propagators in momentum space, 



In the absence of meson self-interaction terms the propagators are diagonal in 
momentum space, D^(ki ; k2,c<;)=<5(ki — k 2 )H^(ki) and we have simply, 


£>^(k,u;) 




where the plus (minus) sign corresponds to vector (scalar) mesons. In the linear 
response formalism retardation (the frequency dependence of the propagator) 
can be easily taken into account, which is not the case in the time-dependent 
formulation [111] nor in cases where the RPA equations are solved by matrix 
diagonalization in configuration space. However, because of the fact that the 
meson masses are very large compared to nuclear excitation energies retardation 
effects play only a negligible role in calculations of collective modes. 

In the matrix diagonalization method [109] one must build in configuration 
space the RPA matrices: 


A = 
B = 




0 
y 


pa'hh' 


v. 


aa'hh 



0 

^hjdaa'dhh 


+ 


V. 


V. 


ph f hp f v ph f ha f 

*ah'hp' *ah'ha' 


where the residual interaction V has the form: 


V(ri,r 2 ) 



1 — 


(44) 

(45) 


(46) 
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Here, and (3^ are the Dirac matrices acting in the space of particle i, and 
we have omitted for simplicity to write the contributions of the p-meson and the 
photon. 

The eigenmodes of the system are determined by the usual RPA equations 
in configuration space (matrix-RPA): 


A 
B 


* 


B 
A 


* 


X 

Y 


X 

Y 


n 


v 


(47) 


V 


V 


One can then express transition densities and transition amplitudes in terms of 
the RPA amplitudes (X U1 Y U ) [23]. The RPA-matrix has a dimension of twice 
the number of p/i-pairs and it is obviously non Hermitian. However, in non- 
relativistic investigations with real matrix elements and with positive definite 
matrices (A zb B) one can reduce the number by a factor 2 and end up with a 
symmetric eigenvalue problem of half this dimension (for details see Ref. [23]). 
This is no longer the case for relativistic RPA, because the matrix A has large 
negative diagonal elements and eigenvalues connected with the a/i-excitations 


( £ a 


Ch) < 


1200 MeV. This enhances the computational effort of the matrix 


diagonalization method for relativistic RPA calculations considerably as com¬ 
pared to the that of the non-relativistic case. 

As an application we study in the following the distribution of the isovec¬ 
tor dipole strength in nuclei at and far from the valley of stability within the 
framework of fully self-consistent RRPA, including configurations spaces with 
negative-energy Dirac states. Two basic dipole modes have been observed. In 
Fig. 13 we display the isovector dipole strength distribution in 208 Pb (left panel), 
and the corresponding transition densities to the two states at 7.29 MeV and 
at 12.95 MeV (right panel). The discrete spectrum of RRPA has been folded 
with a Lorentzian distribution with a width of 0.5 MeV. The calculated energy 
E=12.95 MeV of the main peak in Fig. 13 has to be compared with the exper¬ 
imental value of the excitation energy of the isovector giant dipole resonance: 

13.3zb0.1 MeV. In the energy region between 5 and 11 MeV two prominent peaks 
are found: 7.29 MeV and 10.10 MeV. The lower peak can be identified as the 

pygmy dipole resonance by the following reasons: 

The transition densities to the states 7.29 MeV and 12.95 MeV are displayed 
in the right panel of Fig. 13. The proton and neutron contributions are shown sep¬ 
arately; the dotted line denotes the isovector transition density and the solid line 
has been used for the isoscalar transition density. Although the isoscalar B(E1)- 
value to all states must identically vanish, the corresponding isoscalar transition 
densities to different states need not to be identically zero. The transition density 
for the main peak at 12.95 MeV display a radial dependence characteristic for 
the isovector giant dipole resonance: the protons and neutron densities oscillate 
with opposite phases. The total isovector transition density is much larger than 
the isoscalar component. At large radii both have a similar radial dependence. 
A very different behavior is observed for the transition densities to the states at 
7.29 MeV: the proton and neutron densities in the interior region are not out 
of phase. There is almost no contribution of the protons in the surface region. 
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E [MeV] r [fm] 

Fig. 13. Isovector dipole strength distribution in 208 Pb (left panel) and transition 
densities for the two peaks at 7.29 MeV and 12.95 MeV (right panel). All transition 
densities are multiplied with the factor r 2 (from Ref. [94]). 


isoscalar transition density dominates over the isovector one. 
component in the surface region contributes to the formation 


of a node in the isoscalar transition density. 


The phenomenon of low-lying isovector strength was already studied almost 
thirty years ago in the framework of the three-fluid hydrodynamical model [112]: 
the protons, the neutrons in the same orbitals as the protons, and the excess 
neutrons. Two normal modes of dipole vibrations were identified: (i) vibrations 
of protons against the two types of neutrons, and (ii) the vibrations of the excess 
neutrons against the proton-neutron core. In the case of neutron rich nuclei, the 
later mode corresponds to pygmy resonances. 


The same effect of an increasing low-lying dipole strength is found even more 
pronounced in neutron rich nuclei far from the valley of stability. In Fig. 14 
we plot the distribution of the isovector dipole strength for neutron rich Ca- 
isotopes. As the neutron excess increases, the spectra become more fragmented, 
and starting with 54 Ca, the onset of low-lying dipole strength is observed below 
10 MeV. This result is in agreement with non-relativistic RPA-calculations [113]. 
No dipole strength is found below 10 MeV for 48 Ca. In the RRPA strength 
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Fig. 14. R,RPA isovector dipole strength distributions in Ca isotopes. The thin dashed 
line separates the region of giant resonances from the low energy region below 10 MeV 
(from Ref. [95]). 


function of the extremely neutron rich nucleus 60 Ca, the low-energy region is 
strongly fragmented, with many peaks of similar intensity. Together they exhaust 

10 % of the EWSR, compared with 40 % of the EWSR exhausted by the main 
IVGDR peak at 15.2 MeV. 

The RRPA transition densities for the state at 7.3 MeV (illustrative for the 
low-energy region) and for the GDR state at 15.2 MeV are compared in Fig. 
15. The transition densities for the state at 15.2 MeV display the characteris¬ 
tic behavior of the giant dipole resonance, the protons and neutrons oscillate 
with opposite phases. For the low-lying state we observe again a large neutron- 
component in the surface region, characteristic for a pygmy resonance. In par¬ 
ticular we notice the long tail of the neutron transition density for the state at 

7.3 MeV. 

In Fig. 16 we compare the RRPA results for the centroid energies of the GDR 
in the Ni isotopes with the empirical relation 78 A -1 / 3 MeV. The centroids in 
the low-energy region below 10 MeV are compared with the hydrodynamical 
prediction (SIS) for the excitation of the pygmy resonances in the two-fluid model 
of Suzuki, Ikeda and Sato [114] in the lower panel. We notice that the RRPA 







Fig. 15. Transition densities for the peaks at 7.3 MeV and 15.2 MeV in 60 Ca. Both 
isoscalar and isovector transition densities are displayed, as well as the separate proton 
and neutron contributions. All transition densities are multiplied by r 2 . (from Ref. 

[95]). 


energies are in fair agreement with the empirical mass dependence of the GDR. 
The SIS model predicts the pygmy dipole resonance to increase with neutron 
excess, in contrast to the RRPA results which display the opposite behavior. 


9 Conclusion and outlook 

Within recent years a large number of problems in nuclear structure physics 
have been tackled by relativistic mean field theory. It has turned out, that this 
theory is very successful in describing nuclear properties over the entire peri¬ 
odic table with a minimal set or parameters in a fully microscopic way. It is 
a phenomenological theory as all the other competing non-relativistic density 
dependent Hartree-Fock theories, but is goes beyond these theories in several 
respects: (a) it incorporates relativistic phenomena such as the large scalar at¬ 
traction and the large vector repulsion in a consistent way, (b) it deals properly 
with the spin-orbit term in the nuclear medium, which has a great influence 
on many details in nuclear structure, (c) it uses the field-theoretical techniques 
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Fig. 16. Centroid energies of the isovector dipole strength distribution in the region of 
the giant resonances (upper panel), and in the low-energy region below 10 MeV (lower 
panel), as a function of the mass number of the Ni isotopes. More details are given in 
the text (from Ref. [95]). 

and the language of nucleons and mesons. It is therefore much better suited to 
provide a connection to more fundamental theories derived from QCD, and (d) 
it is in many ways technically simpler, requiring less manpower, than Skyrme or 
Gogny theories, which are either non-local or have to take into account non-local 
effects by complicated momentum dependencies. 

There is certainly a lot to be done: A microscopic theory based on fully rel¬ 
ativistic meson-exchange potentials has so far been developed only in nuclear 
matter. Applications to finite nuclei are missing. It is still not clear, whether the 
isospin dependence is included properly in the present RMF-models, where all 
the isospin dependence has its origin in the vector-meson p. Looking into rela¬ 
tivistic Brueckner calculations there should be also a scalar field carrying isospin 
(5-meson). So far the available experimental data do not allow to disentangle the 
isospin-dependence of the scalar and the vector channel properly enough. A bet¬ 
ter knowledge of the experimental isospin dependence of the spin-orbit splitting 
would certainly be helpful in this direction. The isospin carrying 7r-meson is 
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not included in most of the present high precision fits. It enters only via the 
exchange term, which complicates the numerical effort considerably. However, 
there are indications that the tensor force connected with the pion exchange has 
an essential influence on the spin-orbit splitting. Increasing computer power will 
certainly allow in the next future to address those questions and to obtain in 
this way a more reliable predictive power for extrapolating our present models in 
the unknown regions far from stability and in the region of super-heavy nuclei. 
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Semi-classical methods in nuclear physics 


David M. Brink 

Theoretical Physics, 1 Keble Road, Oxford 0X1 3NP, UK 


Abstract. These lecture notes present an introduction to some semi-classical tech¬ 
niques which have applications in nuclear physics. Topics discussed include the WKB 
method, approaches based on the Feynman path integral, the Gutzwiller trace formula 
for level density fluctuations and the Thomas-Fermi approximation and the Vlasov 
equation for many-body problems. There are applications to heavy ion fusion reac¬ 
tions, bremsstrahlung emission in alpha decay and nuclear response functions. 


1 Introduction 

Semi-classical mechanics is an approximation to quantum mechanics which is 
valid in the limit of large quantum numbers, or more generally, where de Broglie 
wavelengths are small compared with characteristic dimensions of a quantum 
problem. Semi-classical mechanics is valid in the limit of large quantum numbers 
or, more generally, where h is small compared with a classical action which is 
characteristic of a particular problem. The idea can be introduced by examples 
which have been used by other lecturers during this course. 

Deformed nuclei have rotational spectra which can be approximated by the 
energy states of a rigid rotor 


Ei = ^1(1 + 1 ) ( 1 ) 

where 9 is the moment of inertia and the angular momentum I is even. For 
large angular momenta the angular velocity u) is related to I by the classical 
relation HI = Qw. The 7 -ray transition energies in the spectrum are related to 
the angular velocity by 

Ej — Ej—2 — Ehw. (2) 

Equation (2) is used to measure the angular velocity of a rotating nucleus even 
when the spectrum deviates from that of a rigid rotor. 

In some situations quantum mechanics is mixed with classical mechanics. An 
example is Time Dependent Hartree-Fock theory (TDHF). The time dependence 
of the mean field is classical while the motion of the nucleons in the mean field is 
quantal. In the Strutinsky shell correction method the total energy of a nucleus 
Etot is a combination of a classical liquid drop term Eld and a quantal shell 
correction term Eg hell 


Etot = Eld + Eg hell- 
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This is another example of applying classical ideas to one aspect of a system and 
quantum ideas to another part. 

In the next section we discuss two different approaches to semi-classical me¬ 
chanics. The idea of the WKB (Wentzel, Kramers and Brillouin) method is to 
look for approximate solutions of the Schrodinger equation which are valid in the 
semi-classical limit. The Feynman path integral approach uses a stationary phase 
approximation for the path integral. Later in the lecture notes there are discus¬ 
sions of barrier penetration based on the path integral method, heavy ion fusion 
reactions, bremsstrahlung emission in alpha decay, level density fluctuations and 
the Strutinsky shell-correction method, the Thomas-Fermi approximation and 
the Vlasov equation. 


2 The WKB method in one dimension 


The Schrodinger equation is 


ti 2 d 2 j) 

2m dx 2 




Looking for an approximate solution of the form = c pe %s ^ h and neglecting c p n 
we get the usual WKB expressions for c p and S. In a classically allowed region 
where E > V(x) and p(x) = hk(x) = >j2m{E — V (a:)) is the local momentum 


1 




Wk(x) 


and 


and k(x) is the local wave number. In a 


1 


<P 


VW) 


and 


S = d= J k(x)dx (5) 

classically forbidden region (V (a?) > E) 

S = =Fi [ 7 (x)dx ( 6 ) 


where hj(x) = y/2m(V (a?) — E). The WKB approximation is not valid near a 
classical turning point where the local momentum p(x) is zero. A more accurate 
connecting formula must be used to determine the boundary condition at a 
turning point . For example if there is a turning point at x — a and if the region 
x < a is classically forbidden and the region x > a is allowed then there is a 
solution which decays exponentially in the forbidden region 



and oscillates in the allowed region 



when x < a 


when x < a. 


(7) 

( 8 ) 


The matching condition (8) can be derived by approximating the potential 


V(x) 




A(x — a ) by a linear function of x near the turning point [13, Sect. 47]. It 
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can also be derived by analytical continuation [6], [12], [5, Sect. 3.3]. If V(x) is an 
analytical function near a turning point at x = a then the exact solution of the 
Schrodinger equation ip(x) is also analytic at and near the turning point. The 
WKB approximation is an analytic function near the turning point but has a 
branch point at x = a. The two functions are different in the complex plane, but 
a WKB solution can be a good approximation to an exact solution in certain 
regions of the comlex plane sufficiently far from the turning point. Thus making 
an analytic continuation of eq.(7) of the decaying solution for x < a along a 
contour in the upper half of the complex x-plane to the real axis for x > a gives 
the incoming wave component of (8) while making an analytic continuation along 
a contour in the lower half plane gives the outgoing wave component. 


3 Feynman path integral 


3.1 The time dependent propagator 


Another approach to semi-classical quantum mechanics is to start with the Feyn¬ 
man propagator [8], [2],[5]. The propagator K{x\ 1 Xq\T) from an initial point 
Xq to a final point x\ after a time T can be defined either as a matrix element 
between initial or final states in the coordinate representation 


K(xi,xq;T) 


or as a Feynman path integral 


Xi 


exp 


iHT\ 


h 



Xq 


(9) 


K(x-l,xq\T) 



i 


D[x(t)]e^[-S[x(t)] 


( 10 ) 


where 

5[a:(£)] = J £(x,x)dt = J ^-mx 2 — V(x(t)) S jdt (11) 

is the classical action calculated for a path x(t) which satisfies boundary condi¬ 
tions 

x(0) = Xo and o?(T) = aq. (12) 

The integral in eq.(10) implies a sum over all paths satisfying these boundary 
conditions. 

Let S(xq,X\\T') be the action calculated along a path which satisfies the 
classical equations of motion 



dc 

dx 




with boundary conditions a?(0) = Xo and x(T) — x\. This action function satisfies 
three relations which are needed later 



8S 

dxo 




(14) 
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Here po and pi are the momenta at the ends of the classical path (at t — 0 
and t = T) and E is the total energy which is constant along the path. A path 
x c (t) satisfying the classical equation of motion is a path which makes the action 
stationary, SS[x c (t)] = 0. 


3.2 The stationary phase approximation 


The method of stationary phase gives an approximate formula for the integral 




' g(z) exp 

a 





where g(z ) and 'ip(z) are real functions of a real variable z. The idea is that in the 
limit where h is small the exponential in eq.(15) is a rapidly oscillating function 
of z except near points where 'ip(z) is stationary 


d'lp 

dz 





Then one can assume that the main contribution to the integral comes from 
near these stationary points because the contributions of nearby points will be 
in phase and will add constructively. In other regions the contributions will cancel 
because of the rapidly varying phase. If the stationary points are isolated from 
one another the contributions I a of each can be obtained by approximating 
the integrand by a gaussian function and replacing the limits (a, b ) by (—oo, oo). 
The integral can be evaluated to give 



The index fi a depends on the sign of ^'(Za) 




The semi-classical limit of the Feynman propagator K is obtained by evaluat¬ 
ing the path integral by the method of stationary phase. The basic assumption is 
that the most important contributions to the path integral come from the neigh¬ 
bourhoods of classical paths x c (t) for which the action integral is stationary 


SS[x c (t ) 




These paths satisfy the classical equations and the boundary conditions (12). If 
there is just one classical path satisfying the boundary conditions, the application 
of the stationary phase method gives an expression analogous to eq.(16) 


K(xi,xq; T) ~ 


1 d 2 S 

27 tH Ox 0 Ox -| 




S(Xi,X2’,T) 
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The index v is an integer depending on the number of turning points on the 
path x c (t). 

The semi-classical propagator (20) is exact for some simple potentials; for 
free particle motion and for linear and quadratic potentials. For a harmonic 
oscillator potential V(x) = 


S{x ll x 2 \T) 


1 2 2 
2 mu; x 

mu) 


2 sin u)T 1 


(x 2 + x%) cos u)T 


2 


d 2 S 


mu) 


dxodxi 


while for a parabolic barrier V(x) 


sin u)T 

1 2 2 
T^mco x 


S(x 1 ,x 2 ]T) 


mu) 


2sinhu>T L 


(xl + x$) cosh u)T 


2 


d 2 S 


mu) 


dxodxi 


sinh u)T 


2 ^ 1 X 2 ] , 


2x1X2] , 


( 21 ) 


( 22 ) 


(23) 


(24) 


3.3 


Historical notes on the stationary phase method 


Stokes (1856) [20] was the first to use the stationary phase argument to find 
an approximate expression for the Airy integral. Kelvin formulated the general 
procedure in 1887 and used it to study "Waves produced by a single impulse 
in water of any depth” [11]. He writes a general wave as a superposition of 
harmonic waves, which corresponds to an impulse at x = 0 when t = 0 . In his 
notation the expression is 


OO 


u 


dm cos m[x — tf(m)\. 


(25) 


0 


Here m is the wave number and /(m) is the phase velocity. He then makes the 
stationary phase argument as follows: 

When x — tf(m ) is very large , the parts of the integral which lie on the two 
sides of a small range , fi — a to fi + a, vanish by annulling interference ; fi being 
a value , or the value , of m which makes 


d 


dm 


{m[x 




0 . 


(26) 


Kelvin finds the stationary point, expands about it to second order and evaluates 
the resulting Fresnel integral. He then discusses several examples. The dispersion 
relation for deep sea waves is f(m) = \fgjm . The stationary point \x is given by 


x 


1 

2 


t 



or 




gt 


2 


4x 2 


(27) 


Expanding the argument of the cosine in eq.(25) about the stationary point and 
evaluating the resulting Fresnel integral gives 


u(x) 


t 




gx 


3/2 


cos 


gt 


2 


4x 


7 r 

4 


It is a good approximation if t is not too small. 
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4 The energy representation 


The propagator or Green’s function in the energy representation is defined by 


G(x i, a?o; E) 



OC 



K(x 1 ,x 0 ; T ) exp 





Using the definition (9) this is equivalent to 


G(x i, a?o; 



E + ie — E n 



The wave-functions <j> n (x) represent a complete set of eigenstates of the Hamil¬ 
tonian H with energy E n and the small imaginary factor ie ensures that 
G(x\,Xq] E) is the propagator from Xq to aq. Substituting the semi-classical 
expression (20) for the time dependent propagator into the integral (28) and 
evaluating it by the method of stationary phase gives a semi-classical expression 
for the propagator in the energy representation 


G(x i, xq; E) 





p a (x)dx 


iX 


a 



xo 



Here xo and aq are the particle velocities at xo and aq respectively. The sum is 
taken over all classical paths a with energy E which start at Xq and end at aq; and 
p a (x) is the local momentum at x on the path a. The phase is determined by 
the sign of the second derivative of S a with respect to T. Penetration through a 
potential barrier is an example of a one-dimensional problem where one classical 
path gives the dominant contribution to the Green’s function. We will discuss this 
application later in the present section. The semi-classical classical propagator 
G(x\,x o; E) for a bound state problem has contributions from many paths and 
will be analyzed in section 4 of these lecture notes. 

Consider the propagator G(x\ 1 Xq\E) from a point xo to a point aq on op¬ 
posite sides of a barrier representated by a potential V(x) with a maximum 
between Xq and aq. If the energy E is above the top of the barrier there is a 
unique stationary point in the integral (28) associated with the real classical 
path from the initial to the final point at the given energy. The semi-classical 
propagator, given by eq.(30), has a magnitude depending on the velocities at 
the initial and final points and a phase depending on the integral of the local 
momentum. When the energy E is below the top of the barrier there is no real 
classical path linking the initial and final points and no stationary point in the 
integral (28). There is, however, a dominant saddle point at T = T a + T& — ir in 
the complex T-plane and the saddle point evaluation of the integral (28) leads to 
a semi-classical propagator which is still given by eq.(30) but now the argument 
of the exponent is a sum of three parts 
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There are real contributions to the phase from the initial point xo to the classical 
turning point a to the left of the barrier and from the right-hand turning point 
b to the final point aq and a sub-barrier contribution 


i r b 1 f b _ 

K{a 1 b 1 E) = —- / p(x)dx = — / \J 2 m(V(x) — E)dx > 0. (32) 

J a ^ J a 

Because E < V (x) under the barrier the velocity and momentum are both 
imaginary 

p(x) = mv( x) — i^/2m(V(x) — E). (33) 

The time for the motion in the classically forbidden region from a to b is imagi¬ 
nary and is given by 



As a consequence of eq.(31) the square of the magnitude of the propagator at a 
sub-barrier energy E is decreased by a factor 


P(a, b , E) = exp(—2 K(a, b , E)) (35) 

in going from a to b. This is just the semi-classical barrier penetration factor 
which can also be derived using the WKB method. 


4.1 The parabolic potential barrier 


The parabolic barrier 

V(x) = Vo — ^ mu) 2 x 2 (36) 

£ 

has a height Vq and characteristic frequency constant u). When the incident 
energy is below the barrier top integrals for r(a, 5, E) and AT(a, b;E) can be 
calculated analytically with the results 

r(a, 5, E) = — and K(a 1 b; E) = 7T^r - (37) 

U) TVjJ 


both are independent of Vo provided E < Vo. The barrier penetration constant 
is given by (34) 

P(a, b , E ) = exp (-2 tt(V 0 - E) /M (38) 

provided the incident energy is sufficiently far below the barrier top, 2 n(Vo—E) > 
Hu). There is a generalization which is valid over the whole energy range 


P(a,b,E) 


1 

1 + exp (27r(W — E) /hco) 



Sufficiently far below the top of the barrier (To — E >> fko) this goes over to the 
simpler relation in eq.(38). If the incident energy is far enough above the barrier 
top (E — Vq hw) then the penetrability goes to unity. 
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The Schrodinger equation with the potential (36) has exact solutions which 
can be expressed in terms of parabolic cylinder functions [1] and the penetration 
factor (39) can be derived from the asymptotic forms of the solutions. It can 
also be obtained either by the propagator method or by analytic continuation of 
WKB wave functions. The analytic continuation argument is given in Landau 
and Lifschitz [13] section 50. The derivation form the propagator G(x\ 1 Xq\E) 
starts with eq.(28) and uses the exact form of AT(aq, Xq; T) for the parabolic 
barrier from eqs.(20) and (23). When the points xo and aq are far from the barrier 
on opposite sides the integral (28) can be evaluated by a change of variables [18], 

[5] to give 


G{xi,x 0 ]E) oc J 0 (/3) 



OO 


exp 


OO 


%e 


y 


(l + if3)y 


dy 



where /? = (To — E)/Hlu and T(l/2 + i(3) is a gamma function. The penetration 
factor is 


P(a,b,E) 


M(3)\ 


2 


1 


27T 



p(tt/?) 


r ( \ + i/3 


2 


1 


1 + 



P(2?r/3) 


(41) 


The modulus of the gamma function is given in Abramowitz and Stegun 

6.1.30]. 



4.2 Fusion excitation functions 


The results of the previous section have been used by C.Y. Wong to obtain 
a very simple formula for heavy ion fusion cross sections for energies near and 
below the Coulomb barrier. The true heavy ion Coulomb plus centrifugal barrier 
is approximated by a parabolic barrier with height depending on the angular 
momentum in each partial wave l 

El = B ° + ^R2 l( - 1 + ^ ( 42 ) 

Here Bq is the height of the Coulomb barrier and R is the radial position. 
The second term in eq.(42) is the modification due to the centrifugal energy. 
The fusion cross section is proportional to a sum over partial waves of barrier 
penetration factors for each l with a degeneracy factor (21 + 1) 



7r 21 T 1 

k 2 ^ 1 + exp (27T (Ei — E ) /Hlo) 

\ 



The sum can be approximated by an integral and evaluated to give a total fusion 
cross section at each center of mass energy E 


(Jw(E,Bq) = 



1 + exp 
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The Wong fusion cross section formula (44) depends on E and the Coulomb 
barrier height Bq. This cross section decreases exponentially for energies well 
below the barrier and has the classical form 

a (E) = nRl (l - E) (45) 


well above the barrier top. 

When compared with experiment the cross section in eq.(44) decreases much 
too rapidly for energies below the barrier. Many authors have argued that there 
are important physical effects which are not taken into account by the simple 
barrier penetration model. In particular there is a coupling between the radial 
degree of freedom and various internal collective degrees of freedom of the target 
and projectile which should be taken into account. If the collective degrees of 
freedom have a period T co u which is sufficiently small ( T co uu) 1) one can 

make a sudden approximation and assume that the collective degree of freedom 
does not change during the fusion process. Each value of the collective degree of 
freedom has a particular value of the barrier height which leads to a probability 
distribution of barrier heights D{B ) and a total fusion cross section 

a(E) = [ a w (E, B)D(B)dB (46) 


Lindsay, Nagarajan and Rowley [15], [14] developed an eigen-channel theory 
for the barrier height distribution. Each eigen-channel has a probability w a and 
a barrier height B a so that 

D(B) = ^ w a 6(B - B a ) (47) 

a 


This theory has led to a very fruitful way of analyzing experimental fusion data 
[17] which involves the second derivative of Ea. For a classical barrier with a 
height B 


1 d?Ecr 
irR 2 dE 2 




If there is a distribution of classical barriers with a distribution function D(E ) 


1 d 2 Ea 
7 tR 2 dE 2 




For a single Wong barrier 


1 d 2 E<Jw 
^B 2 dE 2 



2 tt e x 
ho (1 + e x ) 2 


where 

9t r 

x=rl(E-B) 

nio 
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In the case where there is a distribution of eigenchannels 


1 d 2 Ea 


7 tR 2 dE 2 


D(E) 


D(B)G(x)dB 



w 


a 


G(x 


a 


(52) 


a 


It turns out that P(E) can be extracted from the experimental data by a 
numerical evaluation of the second derivative on the left hand side of eq.(52). 
The values of w a and B a extracted by fitting the data are sensitive to details 
of the collective motion. For example, measurements of the energy dependence 
of the fusion cross- section can yield detailed information on the nuclear shape 
[16]- 


5 


Bremsstrahlung in alpha-decay 


In a-decay the a-particle appears on the surface of the emitting nucleus, it pen¬ 
etrates the Coulomb barrier and is accelerated by the Coulomb field outside the 
barrier. Bremsstrahlung (photon) emission can take place during the accelera¬ 
tion phase outside the barrier. This contribution should be described well by 
classical electromagnetic theory. The photon emission amplitude can also have 
a contribution from the sub-barrier region and might also be influenced by the 
a-formation process. Both of these are essentially quantal processes. The exper¬ 
iment of Kasagi et al. [10] on bremsstrahlung emission in the a-decay of 210 Po 
was motivated by a desire to understand the relative importance of the three 
contributions. Their results were in disagreement with the predictions of classical 
theory and were also not in agreement with a simple semi-classical theory. This 


was surprising because the Sommerfeld parameter r] = Z e ffe z /hv ~ 22 ^ 1 
and, under these conditions, a semi-classical theory would be expected to give 
reasonably accurate predictions. Bertsch and Papenbrock [3] made a quantum 
mechanical calculation using the Fermi golden rule for the photon emission with 
modified Coulomb wave functions for the initial and final state of the a-particle. 
Their theory was in agreement with the data within the experimental errors. 
Subsequently Dyakonov [7] obtained satisfactory results with a semi-classical 
theory. In this section we discuss the relation between these different theoretical 
approaches and try to understand why the classical and simple semi-classical 
approaches fail. It turns out that the sub-barrier contributions to the photon 
emission amplitude are important for a consistent theoretical description, but 
that it is unlikely that there is a strong dependence on the a-formation process. 

According to classical electromagnetic theory the energy spectrum of the 
photons emitted during the acceleration outside the Coulomb barrier is 


dP 


2aZ 2 


eff 


dE 


7 


37tEjC 2 


i m 


2 


(53) 


where I (to) is the Fourier transform of the alpha particle acceleration a(t), 





OO 


a(t)e 


itot 


dt 


(54) 
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Here E 1 — hu) is the photon energy. The alpha velocity is zero at time t — 0 when 
it emerges from the barrier. For high frequency photons the Fourier transform 
I (to) has an asymptotic expansion in inverse powers of u) which can be obtained 
from eq.(53) by repeated integration by parts. The leading term is 

I (to) ~ —ia( 0 ) (55) 

u 

The relation (55) predicts a high 7 -energy spectrum dP/dE 1 ~ E~ s , The ex¬ 
periment shows a much faster decrease with energy. There is a classical low 
frequency theorem which is in agreement with the experimental bremsstrahlung 
results 

I(to) —> as to —> 0, (56) 

where Vqq is the asymptotic alpha velocity at a large distance from the parent 
nucleus. 

The quantum calculation of Bertsch and Papenbrock was based on a specific 
model for the alpha decay. The alpha particle was assumed to move in a potential 
which is a constant inside the parent nucleus and is a Coulomb potential outside, 

V(r) = —Vq, r < Tq and V(r) = Zze 2 /r, r > Tq. (57) 


The depth Vq and radius ro were adjusted to give the experimental binding 
energy of the alpha particle in 210 Po. Bertsch and Papenbrock calculated the 
photon emission using Fermi’s golden rule for the transition rate 


>/ 




e 

me 






and made the dipole approximation, Aq = constant. The identity 



-iHAo * Vk(r) 



allows the matrix element of the alpha momentum p in eq.(58) to be replaced 
by a matrix element of the gradient of the potential W(r); 



ih{f |A 0 * Vk(r) 


% 



This lead to the following expression for the photon emission spectrum 



1 

3m 2 c 2 E 1 




Here 3^(r) is the radial wave function of the initial state with l = 0 and ^/(r) 
is the wave function of the final state with l = 1. The initial state ^i(r) was 
chosen to be a Gamow state with an outgoing boundary condition. In the case 
of the decay of 210 Po the life time is so long that the wave number ki can be 
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taken to be real. The final state $f(r) is a scattering state in the potential V(r) 
with wave-number kf. 

Both the initial and final states are combinations of regular and irregular 
Coulomb wave functions for r > ro- Bertsch and Papenbrock calculated the ra¬ 
dial matrix element (<2>y \dV/dr \ <£$) by a combination of analytical and numerical 
methods and obtained a photon emission spectrum which was in agreement with 
the data of Kasagi et al. to within the experimental error bars. The dominant 
contribution came from the imaginary part of the radial matrix element. This 
part could be calculated analytically and was insensitive to the sub-barrier part 
of the wavefunction. The real part of the radial matrix element was calculated 
numerically and was found to be much smaller. It contributed only a few per¬ 
cent to the final result. With the potential (57) the derivative dV/dr has a 
delta-function at r = ro* There is a strong cancellation between the contribution 
of this delta-function to the real part of the radial matrix element of dV/dr 
and the contribution coming from r > ro* It is this cancellation which makes 

R e($ f \dV/dr\$i ) « hn($f \dV/dr\$i). 

Bertsch and Papenbrock calculated the low frequency limit of the radial 
matrix element and found 


\{$ f \dV/dr\$i) 



as u) —> 0. 



in agreement with the classical low frequency limit in eq.(56). This low-frequency 
behaviour (62) of the photon emission matrix element is very general. It can also 
be derived from the matrix element on the left hand side of eq.(60). Then it 
depends only on the long-range behaviour of the initial and final wave functions 
and is quite independent of the exact form of the a-nucleus potential. 

Takigawa et. al. [21] repeated the calculation of Bertsch and Papenbrock 
and studied the role of the tunnelling region in more detail. They performed 
a quantum mechanical analysis in a way which has a close relation to semi- 
classical theory. They also studied the effect of different choices of the potential 
parameters Vq and ro which gave a different number of nodes in the internal 
wave function but always the same resonance energy. The final results were not 
very sensitive to the number of nodes. They stressed that a proper treatment of 
the delta-function in dV/dr at Tq is essential. 

There is a simple semi-classical extension of (53) which is inspired by the 
argument in sect. 4 that the alpha-particle propagates in imaginary time under¬ 
neath the Coulomb barrier . This suggests replacing the Fourier transform in 
eq.(53) by 

POO 

Ii(u>) = / a(t)e lUJt dt (63) 

J ir 

where ir (r > 0) is a suitable imaginary time related to a real starting radius 
r T under the barrier by a formula similar to eq.(). The integral in (63) is taken 
along a contour C in the complex t-plane running from t—ir to t = 0 along 
the imaginary t-axis and from t = 0 to t = oo along the real axis. The large-a; 
behaviour is improved by this substitution but the low frequency relation (56) 
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is changed to 


JiM 


Voo T ivo 


as 


U) 


0 , 


(64) 


where iv o is the imaginary velocity at ro- The resulting 7 -spectrum is very de¬ 
pendent on the choice of r T . Now we discuss a resolution of this difficulty which 
is related to the work of Dyakonov. 

The analysis of Bertsch and Papenbrock and of Takigawa et al have shown 
that it is important to treat the photon emission under the barrier in a consistent 
way. The potential (57) has a discontinuity at ro which has been shown to be 
very important [21] but is not easy to treat by semiclassical methods. In order 
to avoid this difficulty we replace the potential (57) which has a discontinuity 
at ro by a smooth potential where depth inside the barrier is adjusted to give 
a bound state at the experimental energy. With this new potential there is an 
internal turning point at ro and an external turning point at r e . We suppose 
that it is smooth enough for the semi-classical connection formula to be used at 


both of these turning points. We use eq.(63) with r 


tq corresponding to the 


internal turning point. The alpha particle velocity is zero at both the internal 


and external turning points so that Vq 


0 in eq.(64) and we recover the correct 


low energy behaviour. Integrating eq.(63) by parts we get 


OO 


OO 


JiM 


a(t)e 


itot 


dt 


MO) 


v(T 0 )e 


%U)Tq 


VjJ 


v(t)e 


itot 


dt 


(65) 


ZTo 


3T 0 


The boundary term is zero because the alpha-velocity is zero at both the internal 
and external turning points and eq.(65) reduces to 


OO 


h(u) 


iuv (u;) 


%U) 


v(t)e 


itot 


dt 


( 66 ) 


ZT 0 


Eq.( 66 ) is the semi-classical analogue of the quantum mechanical relation be¬ 
tween the matrix elements in eq.(60). The conclusion of this discussion is that 
the Fourier transform of the acceleration, /(a;), in the formula for the photon 
spectrum (53) should be replaced by from eq.( 66 ). 

Now we can make a connection with the semi-classical calculation of 
Dyakonov [7]. He replaced Ii(co) by —iuv(u) in the expression eq.(53) for the en¬ 
ergy spectrum of the bremsstrahlung, then he used a pure Coulomb potential to 
calculate the Fourier transform v(u). He argued that, because of the exponential 
damping of the integral in eq.( 66 ) under the barrier, the contribution from small 
values of r is not very important and assumed that the alpha particle starts 
at ro = 0. The dominant contribution to the bremsstrahlung spectrum comes 
from the real part of The imaginary part of Ii(co) has a contributions 

from outside the barrier and from under the barrier. These have opposite signs 
and there is a significant cancellation so that the imaginary part accounts for 
less than 20 % of the total photon emission probability for the highest photon 
energies studied in the experiment of Kasagi et al, and a smaller percentage for 
lower photon energies. If the sub-barrier contribution is emitted one gets the 
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classical spectrum which is larger than the quantum result at the highest ener¬ 
gies by a factor of 50. This is in agreement with the conclusions of Bertsch and 
Papenbrock and Takigawa et al. 

We conclude this discussion by making a connection with the semi-classical 
analysis in ref.[21]. The aim is to show how eq.(66) follows from making a semi- 
classical approximation to the wave functions in the matrix element in eq.(61). 
Before starting we note that the classical bremsstrahlung formula (53, 54) and 
the semi-classical formulae (65, 66) assume that the motion of the alpha particle 
in the final state is in the radial direction so that its orbital angular momentum 
l is zero. In the quantum calculation the initial state is an s-state and the final 
state is a p-state with 1 = 1. This angular momentum is small compared with 
the Sommerfeld parameter rj ~ 22 and its contribution is not very important. 
It is included in the semi-classical analysis in ref. [21] but it will be neglected 
here in order to simplify the discussion. With this simplification the radial wave 
functions of the initial and final states are 



Here ki(r ) and kf(r ) are the local wave numbers of the initial and final states 
corresponding to energies E.i and Ef = E^ — AE , where AE = fko is the energy 
of the omited radiation. The product of the semi-classical wave functions in the 
matrix element of dV/dr is the sum of two terms. One with a rapidly oscillating 
phase will be neglected. The other term with a slowly varying phase gives a 
contribution to the matrix element from the external region 






This is just the amplitude (54) for bremsstrahlung emission in the classical region 
outside the barrier. In making the step from eq.(69) to eq.(70) we have assumed 
that AE = Hu) is small enough to be able to neglect the difference between the 
external turning points in the initial and final states. In the pre-exponential term 
kf ~ ki ~ £;, while in the exponent ki(r) — kf(r ) ~ AE/hv(r) where v(r) is the 
particle velocity outside the barrier. 

The semi-classical sub-barrier contribution can be evaluated in a similar way. 
The initial and final wave functions under the barrier are 
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and the sub-barrier contribution to the transition matrix element is 




r e 



dV dr 

dr hj(r) 




Combining eqs.(70) and (73) leads to the amplitude I\ in eq.(65, 66). There are 
several points which have not been addressed in the above discussion. One is to 
check that the amplitudes in front of the semi-classical wave functions combine 
correctly. Another is to study the effect of the non-zero angular momentum in the 
final state. A third is to study the contribution of the internal region 0 < r < r$. 
A fourth is to try to extend the semi-classical argument to include the case of a 
discontinuous potential like the one used by Bertsch and Papenbrock. 

We conclude this discussion with a remark about the external turning point 
in eq.(69) and also in the derivation of eq.(73). In fact there are two different 
turning points r e i and r e f for the initial and final states [21]. They are approx¬ 
imated by an average value r e in going from eq.(69) to (70). There is a similar 
approximation in the derivation of eq.(73). Also the WKB wave functions are not 
accurate approximations to the true wave functions near the turning point. How¬ 
ever this difficulty can be avoided by using the analytical continuation argument 
at the end of section 2. 


6 The Gutzwiller trace formula 


The simple WKB approximation is only useful for one dimensional problems, 
or separable problems which can be reduced to the one dimensional case. The 
path integral method and semi-classical methods based on it can be extended 
to apply to non-separable problems. Some of these extensions are based on the 
Gutzwiller trace formula which is the topic of this section. The section begins 
with an introduction to the WKB quantization condition in one dimension. This 
is followed by a derivation of the same quantization rule starting from the semi- 
classical propagator and Gutzwiller’s trace formula. Then we discuss extensions 
to multi-dimensional problems. Our treatment is very schematic. Systematic 
discussions are given in Gutzwiller’s book [9] and in the book of Brack and 
Bhaduri [2]. 

The energies of bound states in a one-dimensional potential V ( x ) can be 
easily estimated using the WKB method. The trajectory of a particle with energy 
E has classical turning points at x = a and x = b with a < b. The WKB wave 
function satisfying the matching condition at the left-hand turning point at x — a 
is 
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where p{x) is the local momentum. The wave function with the WKB matching 
condition at the right-hand turning point is 



must 


the WKB quantization condition 


b 


p(x)dx 


a 


i 

(n+ -)ttH 


(76) 


There is a simple extension of the WKB method to several dimensions in the 
case of separable systems. For example for a particle moving three dimensions 
in a spherically symmetrical potential, the Schrodinger equation is separable in 
spherical coordinates. The wave functions in the (0, </>) variables have a sim¬ 
ple analytical form and the radial wave function can be approximated by the 
WKB method. Other examples of separable systems are the deformed harmonic 
oscillator which can be separated in rectangular coordinates, a spheroidal poten¬ 
tial, separable in spheroidal coordinates and the Coulomb potential, separable 
in parabolic coordinates. There is no simple method for finding the approxi¬ 
mate energy states for a non-separable potential. One has to resort to numerical 
solutions of the Schrodinger equation. 

A characteristic of the nuclear systems is the existence of shell structure. In 
the shell model single particle levels are grouped together. This property is most 
pronounced in the harmonic oscillator shell model. There are high degeneracies 
and a unique spacing Hu). Levels are clustered together with a characteristic 
pattern for other potentials like the Woods-Saxon and when a suitable spin-orbit 
interaction is added one obtains the shell structure which gives rise to the magic 
numbers. One approach to the study of shell structure is to find the individual 
energy levels and to look for groupings. Another is to study fluctuations in the 
single particle density of states. With this approach it is possible to go beyond 
separable systems by using the Gutzwiller trace formula or related methods. The 
idea is to divide the single particle level density g(E) into a smooth part and a 
fluctuating part. 

Q{E) ~ Qsrnooth{E) T $Qfl U ct{E) (77) 

The smooth part might be approximated by the Thomas-Fermi or extended TF 
level density. The problem is to understand the fluctuating part. 

The actual level density g(E) of a bound system with a discrete spectrum is 
a sum over <5-function spikes, one for each eigenstate with energy E n 


9(E) = E 5{E - E n ) (78) 

n 

A smoothed level density g(E) can be obtained from this by averaging with some 
suitable normalized weight function A(E) with f A(E)dE = 1 
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The generalization of the Green’s function (28) to three dimensions is 


G(r,r 0 ;E + ie) 


E 


n 


0n(r)0*(r o ) 


E -\- is — E ri 


(80) 


where the </> n (r) are a complete set of eigenstates of the Hamiltonian with en¬ 
ergies E n . To get the level density we can use the trace of the Green’s function 
which can be calculated by putting ro= r and integrating over r. 


TrG 


G(r, r; E + ie)d s r 


E 


E + ie 


E 


(81) 


n 


The smoothed level density can be obtained from Im(TrG) by using the relation 


9(E) 


Im 


7T 


G( r, r; E + ie)d s r 


7T 


E 


£ 


n 


(E 


E n ) 2 + s 


(82) 


where the averaging function A is a Lorenzian with a width of 2s. This 
is Gutzwiller’s trace formula [9],[2]. Using a semi-classical expression for the 
Green’s function yields an approximate level density. 

One can obtain some insight by applying the method to a one-dimensional 
problem. The semiclassical Green’s function (30) evaluated at xq = X\ = x is 


x is 


G(x 1 x; E) 




n 


h 


p n (x)dx 


IXn 


(83) 


where the sum is taken over all orbits n with energy E starting at x and ending 
at x. There are two classes of such orbits; 

1. Periodic orbits: In all of these cases the integral over momentum is indepen¬ 


dent of x 


h 


p n (x)dx 


n 


h 


p(x)dx 


nl 0 


(84) 


The integral p(x)dx 


HIq > 0 is the integral of the momentum around 


a simple closed path and n is the number of repetitions. The sign of the 
integral is always positive no matter whether the particle starts moving to 


the left or the right. The orbits with n 


1 are singly periodic and those 


with n > 1 are multiply periodic. All of these orbits are doubly degenerate. 


For the case with n 


0 the path is of zero length. It can be shown that 


Xn 


nir for these all these orbits. 


2 . Orbits with an odd number of turning points. In all of these cases the integral 
over momentum depends on x. The phase is rapidly oscillating, the integral 
over x in TrG is small in the semi-classical limit and the contribution of 
these orbits can be neglected. 

Taking the degeneracy of the different orbits into account the trace of the Green’s 
function is 


Tr G(E) 


T 

m 


1 + 2 exp (ni (Iq 


7r)) 


iT_ 
2 h 


cot 
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7r 


2 


(85) 
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where T is the period of the closed orbits. The trace of the Green’s function has 
poles corresponding to energy eigenvalues E m when Iq — it = 2mir where m is 
an integer. In other words 


(J) p(x)dx = (2m + l)7rh (86) 

This is just the semi-classical quantization condition (76). Finally a comment 
about the contribution of the paths of zero length to the density of states. From 
eq.(85) it is go(E) = T/2nh = ( Hu ;) _1 which is just the Thomas-Fermi density 
of states for motion in one dimension. 

The semi-classical propagator from r to ro at an energy E in several dimen¬ 
sions is 


Gi 


r. r 


> A o 


,E) 



2?r (2mH) 


(D+ 1)/2 


v\V 


exp 


class orb 


% 
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Sir, 
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,E) 
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Here D is the dimension of the space and T> is the determinant 


V(r,r 0 ;E) 


d 2 S d 2 S 

drdi'o drndE 

d 2 S d^S 

dr dE dE 2 



and ^(r, r 0 ; E) = f p(r)dr is the action calculated along the classical path with 
end points tq and r. The integral over r in the expressions (81) and (82) are 
calculated by the stationary phase method . The stationary point r in the integral 
for TrG is given by the condition 



= Po-Pi 

ro =ri=r 




At the stationary point both the coordinates and momenta at the initial and final 
points are equal. Thus only the periodic closed orbits from the sum over classical 
trajectories contribute to the level density. As in the case of one dimension there 
are simply periodic orbits, multiply periodic orbits and orbits of zero length. 
The orbits of zero length give the smooth Thomas- Fermi contribution gTF(E) 
to the density of states. The true periodic orbits give the fluctuating contribution 

$Qfluct (^ 0 * 

There is a wide class of problems for which the periodic orbits give the dom¬ 
inant contribution to the integral over r in the expressions for TrG and g(E) 
in eqs.(81) and (82) but there are important differences depending on the de¬ 
generacies of the orbits. If the classical system corresponding to the quantum 
problem is chaotic then most classical trajectories are ergodic and not periodic. 
But there are usually some isolated periodic orbits, some stable and some un¬ 
stable. In the semiclassical limit these orbits contribute to the fluctuating term 
8gfiuct(E) h 1 the density of states. For integrable systems where there are contin¬ 
uous symmetries, for example for a particle moving in a central potential, there 
are continuous classes of periodic orbits. The periodic orbits still contribute to 
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8gfiuct{E) but the techniques for calculating their contribution is different from 
the case where there are isolated periodic orbits. 

The upshot of it all is that the semi-classical level density g sc i{E ) = Qtf + 
Sgfiuct(E) is the sum of two parts, a smooth part gTF^E) Thomas-Fermi part 
from the trajectories of zero length in the Gutzwiller method, and a fluctuating 
part 5gfi uc t(E) which comes from the sum over periodic orbits. The method of 
calculating the fluctuating part is different for chaotic or integrable systems but 
its contribution can always be written in the condensed form [2, eq. (5.48)] 

Sgfiuct(E) = where 8 po (E) = ImAp 0 (E) eyLpi(S po (E) + <j>) 

po 

(90) 


In this equation 0 is a phase which is some combination of Maslov indices, 
Sp 0 (E) is the semi-classical action and A po (E) is a coefficient which depends 
on the stability properties of the periodic orbit. The sum over periodic orbits 
should give a density of states which is a sum of delta functions eq.(78).In fact 
the sum converges slowly and sometimes diverges. It is useful to introduce an 
energy averaged state density. In eq.(82) the delta-functions are averaged with 
a Lorenzian distribution, but sometimes a Gaussian average is more useful. For 
a Gaussian of width 7 



the semiclassical contribution of different orbits can be evaluated approximately 

to give [2, Sect. 5.5] 



Thus each orbit is damped exponentially and orbits with longer periods are 
damped more strongly than the short ones. Note that the period T po = nT ppo 
where n is the number of repetitions and T ppo is the period of a primitive peri¬ 
odic orbit. In many applications the first repetitions are sufficient to give a well 
converged course grained level density. There are analogous relations to the shell 
corrections for the particle number and total energy for a system of Fermions 
filled up to a Fermi level fi. 

Strutinsky [19], [2, Sect. 4.6.2] has proposed a semi-empirical approach to 
the study of the fluctuating part of the single particle level density which is less 
fundamental then Gutzwiller’s method but much simpler to use especially for 
the lower part of the energy spectrum. Let V{r) and V^(r) be two potentials 
which are similar so that one might assume that the fluctuating parts of the 
level density are similar for the two potentials. If the Schrodinger equation can 
be solved exactly for V^(r) then Sgfi uct (E) can be calculated exactly for Vq 
with any appropriate averaging method. This can be used as an estimate for 
the fluctuating part of the level density of V. We will come back to this in the 
next section and discuss the Strutinsky averaging approach applied to nuclear 
structure problems. 
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7 The Thomas-Fermi and Hartree-Fock approximations 


The Fermi gas model of nuclear matter assumes that nucleons move in plane 
wave states and that, in the ground state, the single particle states are filled 
up to a Fermi energy Sf = h 2 k 2 /2m where kf is the Fermi wave number. The 
nucleon density is related to the Fermi momentum and Fermi energy by 



for a system with an equal number of neutrons and protons. The factor 4 reflects 
the fact that for each eigenvalue k there are four spin-isospin states. Typical 
values are 


Po = 0.17 fm -3 , kf = 1.36 fm -1 , e f = 37 MeV (94) 

The average energy density is (h 2 /2m) Tq where 

o / o 2 \ 2/3 

to = (k 2 ) po = n(po) 5/3 , k = - (—) ■ ( 95 ) 

The Thomas-Fermi model is a simple semi-classical extension of the Fermi 
gas model. The nucleons are assumed to move in a potential V (r) which is a 
slowly varying function of position. At each point the nuclear material is like a 
piece of nuclear matter with a local density p(r) and a local Fermi wave number 
kf related by 


Ptf(V) 
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k f {r) 
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(96) 


The Fermi energy A is determined by the condition 


A 


pTF(r)d s r. 


(97) 


The kinetic energy density is (h 2 /2m)rTF(r) where 

eq.(95). 

Skyrme-Hartree-Fock (SHF) theory writes the ground state energy of a nu¬ 
cleus as an integral of a Hamiltonian density H( r) as 


K(p 


TF 


( r ))5/ 3 
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E 0 


H(r)d 
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(98) 


where the energy density is a function of a particle density p( r) a kinetic energy 
density (h 2 /2m)r(r) and a spin-orbit density J(r). A simplified form of the 
Hamiltonian densitv is 
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(99) 
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The densities are expressed in terms of the single particle wave functions (j>i of 
occupied states as 



JW =^[(V-V')xs(r,r')] r=r ,. 

In this equation s(r,r / ) is a spin density. The term containing J(r) gives rise to 
the spin-orbit interaction in the Skyrme model, the pr term leads to nucleon ef¬ 
fective mass and the (Vp) 2 contributes to the nuclear surface energy. Minimizing 
Eq with respect to the single particle wave functions leads to the Hartree-Fock 
self-consistent equations for the ground-state energy, particle density, and single 
particle energies. Shell effects have their origin in the kinetic energy density and 
the spin-orbit term. The Hartree-Fock method gives a good description of nu¬ 
clear shell effects and a good account of the surface properties, provided one has 
a good parametrization of the density functional (99). Is it possible to achieve 
good results in a simpler way? There are two simplified approaches which go a 
long way to achieving this goal. One is the Thomas-Fermi approximation and 
the other is the Strutinsky averaging procedure. Both can be regarded as semi- 
classical approximations. 

Omitting the spin-orbit term from the energy functional (99) and replacing 
r(r) by the Thomas-Fermi approximation ttf(f) gives an approximate expres¬ 
sion for Eq in (98). Minimizing with respect to the nucleon density p(r) gives 
the Thomas-Fermi approximation for the ground state energy and the nucleon 
density distribution. The results obtained are reasonably accurate, but two ef¬ 
fects are missing. One is the shell structure which is contained in r(r) and the 
spin-orbit term. The other is that the proper treatment of r(r) influences the 
surface properties and this contribution is neglected. The extended Thomas- 
Fermi (ETF) method gives an improved approximation to the kinetic energy 
density which improves the calculated surface properties of nuclei, but it does 
not introduce shell effects. 

Strutinsky invented the shell correction method (cf. [2] section 4.6.2) as an 
approximate way of taking into account shell effects which are not included in 
the Thomas-Fermi or ETF approaches.. The idea is to write the total energy of 
a nucleus as a sum of two parts 


Efot — Esmooth + ( 101 ) 

The smooth part is calculated by the ETF method or alternatively by using 
a phenomenological liquid drop formula. The shell correction SE is obtained 
from the eigenvalue spectrum of the mean field in which the nucleons move. 
The smooth part of the energy depends on some parameters a% specifying the 
size and shape of the nucleus. The mean field and hence the shell correction SE 
also depends on these parameters. The total energy is minimized with respect to 
the dk and there is a balance between the smooth term and the shell correction 
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which eventually determines the nuclear shape and the single particle energies. 
The shell correction is calculated from 




ft* 

I Eg(E)dE 

o 


where the averaged level density 





Here A(E — E n ) is some suitable averaging function like the Gaussian in eq.(91). 
The occupation numbers for the single particle states are v n = 1 if E n < ji and 
v n = 0 if E n ^ jji. The energies ji and p are chosen so that the total particle 
number is 

A= ^2 v n = I g(E)dE. 

The Strutinsky averaging method is underpinned by the Strutinsky energy the¬ 
orem (for a derivation see Bhaduri and Brack, Appendix 3 [2]). The Strutinsky 
method can be looked on as an approximation to Hartree-Fock theory. It has 
a number of advantages. For example it can be used in models with varying 
degrees of sophistication depending on the forms chosen for the parametrization 
of E srnoot } l and for the mean field which determines the single particle energies. 
It has been used very extensively in the theoretical study of deformed rotating 
nuclei. 


8 Time dependent theory 

There is no dynamics in the Thomas-Fermi theory or in the density functional 
method. Dynamics can be introduced in a classical or semi-classical approach 
through the phase space density /(r,p,t) which is the nucleon density in coordi¬ 
nate and momentum space at a time t. Here we always imagine a nuclear system 
with equal numbers of neutrons and protons where the two kinds of nucleons 
have the same phase space densities. This restriction can be removed easily. The 
phase space density is normalized so that 

J /(r, pp)d s rd s p = A. (104a) 

The particle and kinetic energy densities are 

p(r) = J f(r,P,t)d 3 p, ^~r( r ) = 7 T J p 2 f{r,p,t)d 3 r. (105) 

The Pauli principle can be incorporated into the theory bj imposing the con¬ 
dition that the maximum phase space density is 4/(27r H) , that is 4 nucleons 
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(2 protons and 2 neutrons) in each quantum cell of phase space. For nucleons 
moving in a potential V (r) the phase space distribution corresponding to the 
time independent Thomas-Fermi ground state is 

/(r - p) = (2Sp if h +v(r,<£ >' {m) 

/(r,p)=0 if | ’— + v (r)^£ f , (107) 

where Ef is the Fermi energy. The Fermi momentum is 


PfiT ) = \/ 2m 0v - V(r )). (108) 


These relations lead to the Thomas-Fermi expression for r(r). The relations 
(106,107) show that the phase space density depends only on the magnitude of 
the momentum and is therefore isotropic in momentum space. 

There is a close connection between the semi-classical phase space density 
and the quantum single particle density matrix p( r,r / ). The Wigner distribution 
function is defined by the Fourier transform 


fw{ r,p) 




The phase space density /(r,p) can be regarded as the semi-classical limit of 
fw( r, p). There is also a similarity between the Time Dependent Hartree-Fock 
(TDHF) mean field theory and classical mean field theory. The TDHF mean 
field equations for the single particle density matrix can be written as 

ih^ = [h,p\ (110) 

Here h is the self consistent single particle Hamiltonian 



and V (r,t) is the self-consistent potential. The corresponding semi-classical equa¬ 
tion is the Vlasov or self-consistent Liouville equation 




P 

m 


■ v r / + V P V(r) • Vp/ 



There is a very close connection between the solutions of the Vlasov equation and 
the solutions of the classical equations of motion of a particle with a Hamiltonian 
h moving according to the classical equations of motion 
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The solutions of the Vlasov equation (112) can be expressed in terms of the 
classical equations of motion (113). Suppose that at time t a particle has position 
and momentum (r(t),p(t)). At t = 0 its position and momentum were (ro ; po) 
where these initial values depend on r,p and t. If the initial phase space density 
is /o then the solution of the Vlasov equation is 

/(r, p,i) = /o( r o>Po>0) (114) 

This is just Liouville’s Theorem. The proof is given in textbooks on classical 
mechanics. In the case of the Vlasov equation it has interesting consequences. 
According to eqs.(106, 107) the phase space density is either 4/(27rfr) 3 or zero. 
From eq.(114) density of the occupied region of phase space is always the same. 
Only the boundaries are changed. In particular the density is never larger than 
4/(27T ft) 3 and the Pauli principle is preserved. The particle number and average 
energy are also conserved. 


8.1 Response function of a Fermi fluid 

Equation (114) shows that the time dependence of the phase space density is 
related to the classical mechanics of single particle motion in the potential V (r). 
We carry this investigation a little further [4] by studying the response of a Fermi 
fluid to an external field Q(r)f3(t ). The Hamiltonian is 

h= + V (r) + Q (r) (3 (t) = h 0 (r,p) + Q(r)/3(i). (115) 


We assume that the potential is time independent and that the external field 
is weak enough so that the Vlasov equation can be solved by linear response, 
that is by writing /(r,p,t) = /o(r,p) -b#(r,p,t) and working to the first order 
in g. Here /o(r, p) is the equilibrium phase space density corresponding to the 

Thomas-Fermi distribution (107, 108). Equation (112) takes the linearized form 



{h,g} + (3(t){Q,f 0 }- 



We also assume that V (r) is a central time independent potential. The exter¬ 
nal field only disturbs the surface of the Fermi surface in phase space so that 
g oc S(h o(r, p) — Sf). The time dependence of g is determined by the natural 
frequencies of the classical orbits in the potential V{r) with energy E = Ef. The 
character of these orbits depends on the potential. In general they are precessing 
planar orbits. 

The radial motion oscillates between a maximum and a minimum value and 
the angle of the point of maximum distance precesses uniformly. There are two 
important quantities; i) the period T of radial motion, ii) the precession angle T, 
ie. the angle between one point of maximum distance in an orbit and the next. 
In general these depend on the energy and angular momentum of the orbit. The 
natural frequencies of the orbits are 


co n (N) = ncoo + Nuq/v 


( 117 ) 
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where 

u ; 0 = 2tt/T, V = 27 t/R (118) 

The possible values of r and v depend on the shape of the potential. Here are 
some examples 


1 . An elliptic orbit in a Coulomb potential has F — 2tt and v — 1 . 

2 . An elliptic orbit in a spherical oscillator potential has F = 7T and v = 2. 

3. A square well potential. There are several possibilities: i) an orbit along a 
diameter has F = 7T and v = 2; ii)a triangular orbit has F = 27r/3 and v = 3; 
a square orbit has F = 7r/2 and v = 4; a 5-point star orbit has F = 47 t/5 
and v = 2.5. For a fixed energy the value of v increases with the angular 
momentum of the orbit. 

4. A Woods-Saxon potential: The possibilities depend on the potential param¬ 
eters and on Ef. In a typical case v ranges from v = 2 for a zero angular 
momentum orbit to a maximum of u = 2.9 for a high angular momentum 
orbit [4]. 

The response function at a frequency u) has the general form 

Mmax 

S L {co)= / n,N)5(u> — co n (N)) (119) 

J ° n t N 


The integral is over the possible values of the angular momenta of the orbits. 
The weight function Rl(\ tq N) depends on the mulipolarity L of the field Q(r) 
as well detailed properties of the orbits. The possible values of N are restricted 
by the mulipolaraity 

1. Monopole: N = 0. 

2. Quadrupole: N = 2,0,—2. 

3. Octupole: N = 3,1, —1, —3. 

The detailed form of the weight function and some numerical examples are 
given in ref. [4]. The calculated strength functions have a lot of structure which 
depend strongly on the mutipolarity of the excitation operator and which re¬ 
semble the quantum mechanical particle-hole strength functions calculated with 
the same potential and particle number. 
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Scattering and reactions of halo nuclei 


Ronald C. Johnson 

Department of Physics, School of Physics and Chemistry, University of Surrey, 
Guildford, Surrey, GU2 7XH, UK 


Abstract. In these lectures I describe some of the key features of halo nuclei and 
how these features require a re-think of theories required to adequately describe their 
collisions with stable nuclei. I provide the basic scattering theory needed to understand 
few-body models of halo cross sections. The ‘frozen halo’ approximation is explained 
in detail and applications of the theory to elastic scattering, break-up and transfer 
reactions are discussed. 

1 Introduction 

Several times in the lectures at this Summer School we have been shown a picture 
of the N-Z plane with the valley of stability displayed and an indication of the 
position of the neutron and proton drip lines. There has been some emphasis on 
the properties of medium mass and heavy nuclei far from the valley of stability. 
My lectures will be mainly concerned with the neutron dripline in the region 
of small N and Z where very different types of phenomena occur and theories 
emphasise a different set of degrees of freedom than is usual in heavy nuclei. 

One of the most exciting scientific developments in recent years has been the 
advent of accelerated beams of radioactive nuclei with exotic combinations of 
neutron and proton numbers. The new techniques produce beams of nuclei which 
decay by the weak interaction but are stable against decay into their constituents. 
Nuclear reactions induced by beams incident on targets of ordinary stable nuclei 
are important sources of information about the structure of the exotic species. 
For example, experiments of this type led to the discovery of the important new 
class of nuclei known as halo nuclei. [1-3] 

New experiments are extending our understanding of these novel systems. 
The mechanisms involved in reactions involving haloes and other nuclei far from 
the valley of stability present a special challenge to theorists. An important 
consideration is that exotic nuclei are often very weakly bound and easily broken 
up in the Coulomb and nuclear fields of the target nucleus. Halo nuclei are an 
extreme case with almost zero binding energy. As a consequence, theories which 
address the special features associated with strong coupling to excited states 
of the projectile which may be in the continuum are a prerequisite if reliable 
information on nuclear structure is to be deduced from reaction experiments. On 
the other hand, many of the relevant experiments, both current and planned, 
involve projectile energies which allow simplifying assumptions to be made which 
help to make the theory more transparent. I will present some of the insights 
obtained in this way with illustrations from recent experiments. 


J.M. Arias and M. Lozano (Eds.): LNP 581, pp. 259-291, 2001. 
© Springer-Verlag Berlin Heidelberg 2001 
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1.1 One-neutron halo nuclei 


Key features of halo nuclei [4] remind us of some familiar features of the deuteron. 
For present purposes we can ignore the small deuteron D-state and consider the 
deuteron to be a IS state in an attractive n-p potential of depth about 30MeV 
and range about 1 fm. The deuteron has a binding energy of 8$ = 2.2 MeV. 
Quantum mechanics tells us that in the classically forbidden region where the 
n-p separation r is bigger than lfm the space part of the deuteron’s wavefunction 
will have the form 

= Mf), r>1£m , (1) 

r 

where is a normalisation constant. The constant A^ is determined from the 
deuteron binding energy by = y / 2where fj, is the reduced mass of 
the n-p system. This is the functional form predicted by Yukawa for the inter¬ 
action associated with the exchange of massive particles. Particle exchange also 
proceeds through classically forbidden regions and hence gives rise to the same 
functional dependence on distance. 

The small deuteron binding energy results in the value 1/A^ = 4.2fm which 
is much larger than the range of the n-p interaction and means that in the 
deuteron the neutron and proton spend a significant part of the time in the 
classically forbidden region. Indeed, for many purposes its a good approximation 
to approximate the deuteron wavefunction by the form (1) for all values of r. 

The one-neutron halo nucleus n Be can be described in a similar picture. It 
costs 0.503 MeV to remove a neutron from 11 Be and leave 10 Be in its ground 
state. The simplest version of the halo model describes the corresponding com¬ 
ponent of the 11 Be wavefunction as a 10 Be core and a neutron in an S'-state. For 
n-core separations r bigger than the core radius the neutron wavefunction is 



where 1/An = 6.7 fm as detemined by the neutron separation energy. 

The key point here is that 1/An is much bigger than the size of the core 
so that the classically forbidden region outside the core plays a very important 
role, just as in the case of the deuteron. 

There are however some important differences between the d and n Be cases. 
In the first place, unlike the deuteron, n Be has a bound excited state with a 
separation energy of 0.18 MeV. Secondly the Pauli principle demands that the 
ground state of n Be be a 2 S state with a node in the core region in contrast with 
the nodeless function which simple potential models give for the deuteron. This 
reflects the fact that underlying this 2-body picture of n Be is a many fermion 
system. 

The qualitative features associated with very weak binding suggests that an 
approach based on the 2-body picture might be a good starting point for study¬ 
ing the structure of n Be, in contrast with mean field models which emphasise 
the identity of all nucleons. It is this possibility of an alternative good starting 
point for models of their structure which makes halo systems interesting from 
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a theoretical point of view. For an excellent bibliography and a discussion of 
corrections to the basic few-body models see [5]. 

In these lectures I will concentrate on one-neutron halos. Much of what I have 
to say is also relevant to multi-neutron halos such as the famous two-neutron 

halo 11 Li [1,4]. 


2 Nuclear reaction theory 


Nuclear reactions play a crucial role in the study of nuclei and halo nuclei are 
no exception. Well developed theories of nuclear reactions already exist [7]. The 
interesting questions for theory are whether these theories will work for reactions 
involving halo nuclei, and if not, how should they be modified. 

The weak binding of halo nuclei makes a positive answer to the first question 
unlikely. The weak binding of the neutron to n Be, for example, means that the 
halo degree of freedom is easily excited by the nuclear and Coulomb fields of 
a target nucleus. The weak binding also means that even a small transfer of 
momentum from the relative motion of the 2 nuclei will excite the halo nucleus 
into the continuum of unbound states from which fragments may propagate to 
large distances. We have to learn how to treat such configurations realistically. 
This is especially difficult when the fragments are charged. 


2.1 Few-body models 


It is natural to base the reaction theory for halo systems on few-body models. 
Here I emphasise approaches which treat only the halo degrees of freedom ex¬ 
plicitly, the other nuclear sub-systems being parameterised in terms of effective 
2-body interactions. 

As a concrete example we consider a 3-body model of reactions induced by 
a n Be projectile on a 12 C target. The 3 bodies involved are the 10 Be core and 
the halo neutron which make up our model of the projectile and the target. This 
system has been studied at GANIL at beam energies of 50 MeV/A. 

A suitable set of co-ordinates to describe the system is shown in Figure 1. 
The Hamiltonian in the over-all centre of mass system is assumed to be 

H = Tr + H n c + V n T(r n T) + Vct{tct ), (3) 


where Tr is the total kinetic energy of the 3-bodies in the overall centre of mass 
system and H n c is the Hamiltonian for the n — C relative motion. 




ti 2 

^f^nC 


V 2 r + V n c (r), 


(4) 
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2.2 


Two-body scattering 


In order to understand our approach to the 3-body system we must first remind 
ourselves of the formalism of 2-body scattering and learn how to express it in 
language which can be adapted to the many-body case. 
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The optical potential V n T in the 3-body Hamiltonian (3) is a complex func¬ 
tion of r n T which is taken from the analysis of n — T elastic scattering. It will 


usually have a Woods-Saxon shape, ie., 


V n T (r nr) 


Vt 


0 


iWt 


o 


1 + exp \(r nT 


R 0 )/aY 


(9) 


where a typical value of the real depth parameter Vq at low neutron energy is 40 
MeV and the imaginary depth Wo is about 0.26 Vq. The radius parameter Rq is 

given by 1.2A^/ 3 fm and the diffuseness a = 0.65 fm. 

For Vcti where C is 10 Be and T is 12 C, the analogous parameters would be 


Vo 


120 MeV, W 0 = 0.5V 0 , Ro 


0.75(A 


1/3 , A 1/3 


C 


+ A 


T 


) fm, a 


0.65 fm. 


I emphasise that these values are quoted for illustration only. All the optical 
parameters may depend on the centre of mass energy of the interacting nuclei 
and may have a more sophisticated geometrical form than I have indicated above. 
For nuclei with spin there may be important spin dependent terms such as the 
familiar L.I interaction and we should not forget that for charged particles there 
will be Coulomb terms which must be included. For ‘ordinary’ nuclei and the 
nucleon the systematics of the optical potential parameters are well understood. 
An important aspect of our approach is that we do not assume that these sys¬ 
tematics apply to halo and other weakly bound nuclei. The few-body models 
allow us to input relatively well understood physics for the sub-systems which 
make up an exotic projectile. 

To calculate the scattering of a particle from a target represented by a central 
potential V (R) we have to solve the equation 


(T r + V(R))x(R)=E X (R), 


( 10 ) 


where the kinetic energy operator Tr is as defined in (4) with an appropriate 
reduced mass. We require solutions which are regular at R = 0 and which for 

A 

R —> oo in the direction R satisfy 


x(R) 


A 



exp (iK.R) + f(R) exp {%KR)/R 1 


(ii) 


where K is the incident momentum. For present purposes I have ignored 
Coulomb forces (their long range introduces well understood technical compli¬ 
cations in the 2-body problem), and spin dependence. 

The elastic differential cross section is related to / by 



Calculating / for given V is a completely solvable problem. We use the fact that 
for a central V angular momentum is conserved just as in classical mechanics. 
This means that we can find solutions of (10) which are eigenfunctions of L 2 
and L z where L = R A (i -1 )V r is the angular momentum operator (in units of 
h) and z is an arbitrary z-axis. Such solutions have the form 


%(i?, #,</>) = Xlm(7?)1lm( 6 i , 0), 


(13) 
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where the angles (0, </>) describe the direction of R in the chosen co-ordinate 
system. The spherical harmonics Ylm are angular momentum eigenfunctions 
and satisfy 


L 2 Y lm = L(L + 1)Y LM , 

L z Y lm = MY lm . 


(14) 

(15) 


The radial function Xlm(R) satisfies the ordinary differential equation 


h 2 1 d 2 
'2[_l i ’T R dR 2 


(RXlm(R)) + [V(R) + 



}Xlm{R) = E\lm{R )* 

(16) 


This equation has a unique solution within a constant of proportionality 

when the condition lim^^o RXlm(R) = 0 is imposed. 

For a finite range potential satisfying V(i2) = 0, R > Rq this unique solution 
has the form 


Xlm{R) R> =° a(co S 5 L ) L (KR)+ s in5 L n L (KR) (17) 

KR ^f L a sin (KR - Lw/2 + S L ) /KR, (18) 

where a is a constant independent of R and in the second line I have used the 
asymptotic forms of the regular and irregular spherical Bessel functions: 


j l {KR) -T' sin(KR- Ltt/2)/KR (19) 

n L (KR) cos (KR -Ln/2) /KR. (20) 

In these equations the phase shifts Sl appear. They are functions of en¬ 
ergy and angular momentum and contain all the interesting dependence of the 
scattering on the potential V. The phaseshifts are complex if V is. The termi¬ 
nology is easily understood from eq.(18). If V is identically zero for all R the 
correct solution of eq.(16) is the spherical Bessel j l(KR) with asymptotic form 
eqs. (19,20). Thus Sl determines the phase difference at large distance between 
the free (V = 0) and the scattering wavefunction for a given L. 

In order to relate the phase shifts to the scattering amplitude and hence to 
cross sections we must learn how to choose the Clm so that the superposition 

x(R) = E clmXl (R)Y lm (R) 1 (21) 

LM 

has the asymptotic form (11). I have added a (+) superscript to Xl to designate 
that this function is normalized so that it satisfies eq. (17) with a = 1. 

It is easy to find the correct Clm 1 s because we already know that the incident 
plane wave has the expansion 

exp iK.R = 47r E ^ L ^lm (K)Y lm (R)j l (KR). 

LM 


(22) 
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A simple calculation using eqs.(18)-(22) and (11) gives 

Clm = 47T exp (i5 L )i L Y£ M (K), (23) 

and hence 

/ (+) (0, <j>) - An r E (K)Y LM (0,4>) exp (id L ) sin 8 L /K, (24) 

LM 

X { k\ r ) = ^^2i L YlM(K)Y L M(R)exp(i8L)x'L ) (R), (25) 

LM 

where (#, </>) are the angles defining the direction of observation with respect to 
a chosen co-ordinate system. 

Eq.(24) shows explicitly the relation between the scattering amplitude and 
the set of phase shifts. The scattering amplitude is related to the elastic differ¬ 
ential cross section by eq.(12). The phase shifts also determine the total reaction 
cross section, which is a measure of the flux going into all channels except the 
elastic channel and is given by 

^ = ^E( 2i+1 )( 1 - i^i 2 )> ( 26 ) 

L 

where 

S L = exp(2i5 L ), (27) 

is the elastic S'-matrix (a lxl matrix in this special case). 

Eq.(25) gives the relation between the full scattering state wavefunction in 3 
dimensional space and its components with definite angular momentum L. The 

radial wavefunctions, Xl~^(^)> have an asymptotic form which is determined by 

the phase shifts. At finite distances Xl~^(^) is determined obtained by solving 
the radial equation (16) numerically or otherwise. The phase-shift is found by 
matching the numerical value of the logarithmic derivative at some R > Rq to 
the formula (17). Knowing the phase-shift the computed numerical values of the 
radial wavefunction can now be re-normalized so that it satisfies eq.(17) with 

a = 1, thus defining %^(i?). 

The function %^(17) defined in this way is an example of a ‘distorted wave’ 
. The subscript tells us that it is associated with an incident plane wave with 

momentum K . This label does not mean that %^(17) is an eigenfunction of 
the momentum operator with eigenvalue K\ The superscript (+) indicates that 

XjJ^(-R) asymptotically has an outgoing spherical wave component. The com¬ 
plete asymptotic form is as in the RHS of eq.(ll). 

2.3 The mysterious x*k 

In formulating theories of complex collisions we frequently come across other 
scattering states which asymptotically look like a plane wave plus an ingoing 
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spherical wave. We can construct such a state using the same radial wavefunc- 
tions by making a different choice for the Clm in eq.(21) (simply change the 
factor exp ISl in eq.(23) to exp— ISl * 

In nuclear physics where the potentials V are frequently complex another case 

occurs. defined to be a solution of eq.(10) with incoming spherical 

waves and with V replaced by its complex conjugate V *: 

(T R + V* (R))x ( K ] (R) = E X ( k \R). (28) 

It is easy to show that the radial part of this function must be the complex con¬ 
jugate of within a multiplicative factor and hence does not require separate 


calculation and a new phase-shift. We find 

X { K (R) exp (iK.R) + / (_) (R) exp (-iKR)/R, (29) 

/ (_) (M) = 47r^(-l) i Y L * M (^)Y LM (^<(>)exp-^ S in^/Jr ) (30) 

LM 

xX\R) = 47r^i i Y L * M ( J Sr)Y LM ( J R)exp-^(xi +) ( J R))*. (31) 

LM 

With these definitions the precise relationship between and X^ i s 

(x { k ] m* = x ( -km ■ ( 32 ) 


These 2 distorted waves and their multi-channel generalisations appear fre¬ 
quently in theories of nuclear reactions. 


3 


Formal methods 


3.1 


The 2-body case 


We have seen that the problem of the scattering of 2 bodies interacting through 
a potential is completely solvable. We want to be able to recognise such solvable 
sub-problems when they appear in the formulation of many-body theories and 
to achieve this we must learn how to write the 2-body results in a more formal 


way 


We define the 2-body state | %k > as solution of 


(£7 Tier 


T 


R 


V) 


Xk> 


te 


K>, 


(33) 


where Tr is the kinetic energy operator and K > is the incident plane wave 


state 


< R | K >= exp (iK.R) 


Clearly for e —> 0 the state 


Xk 


> satisfies the same equation as 


(34) 

>, 


eq.(10), but unlike the latter eq.(33) has the unique solution 


Xk > 


is 


(E + is 


Tr 


V) 


K>, 


(35) 
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and incorporates the correct boundary conditions for e > 0. To show this we 
re-write eq.(33) as 



K>+V 




and multiply both sides of this equation by the inverse of the operator 
E + is — Tr. We deduce 



is 

E + is — 



K> + 


1 


E + is 


T 


V 


R 


K> + 


1 


E + is 


T r 


V 





where we have used the result 



When written out in configuration space eq.(37) is an integral equation for 

In the same basis and for s « E and positive the matrix elements of 
(E + is-Tn)- 1 are 


< R 



E + is — 





where K f has the same magnitude as K but points in the direction (0, </>) of R. 
The quantity ji is the reduced mass of the 2-body system. 

Using (39) in (37) we find that for R well outside the range of V but not 
large compared with ^ 


Xk(R) 



exp (iK.R) + f € (0 , </>) 


exp (iK 



2 E 


)R 


R 


1 


(40) 


where 


/ e (M) 


2 n 


Airh 2 


< K f | V | Xk > * 


The scattering amplitude / introduced in (11) is given by 


/= lim f € , 

e^0+ 


2 fj, 


4,irh 2 


<K f I V 


X ( K > ■ 


(41) 


(42) 


The amplitude f e also has a physical meaning. It can be thought of as the 
scattering amplitude for an incident wave packet with a spread in time of order 

h/s[ 8 ]. 

Eq.(42) expresses the scattering amplitude as a matrix element of the poten¬ 
tial V between a plane wave describing the final observed state and the distorted 
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wave | Xk > which, of course, also depends implicitly on V . This expression 
does not at first sight appear very useful as a way of determining V. However this 
type of expression, especially when generalised to systems with many degrees of 
freedom, lends itself well to generating useful insights and approximations. 

As a simple application, let us suppose that the potential V is very weak. 
Then one would expect that to first order in V the distorted wave in (42) might 
usefully approximated by the incident plane wave | K >. The resulting formula 
is the famous Born approximation 


/ 


Born 


2 (x 


47T h 2 
2fJL 

47T h 2 


<K f \ V\K> 


dRex p (%Q * R)V (i2), 


(43) 


where Q is the momentum transfer, Q 


K 


K f . 


Another way of looking at the matrix element in (42) it to relate it to a 


matrix element of a new operator T{E + is) defined by 


T(E + ie) = V + V 


1 


E + ie 


T r 


V 


V. 


(44) 


momentum K related to E 


K 



2 fiE 


K 2 


1 


(45) 


we find 


T(E + ie)\K> 


V 


1 


E + ie 


Tr 


V 


\(E + ie 


Tr 


V) + V]\K> 


V 


is 


V 


E + ie 

>, 


Tr 


V 


K> 


(46) 


where we have used the result (35) to identify | > in the 2nd line in (46). 

Taking the inner product of both sides of (46) with a plane wave state | K f >, 


where K f has the same magnitude as K and is given by (45), we obtain 


no , 0 ) 


2 (x 


Airh 2 


< K f | T(E + ie)\K>. 


(47) 


The operator J~(E + e) has matrix elements between plane wave states with 
arbitrary momentum. It is only when the initial and final momenta are related 
to E by [45] that these so-called on-shell matrix elements are related to the 
scattering amplitude. The half-on-shell matrix elements with K and E related 

by [45] but K f arbitrary determine the distorted wave | Xk^ To see this we 
use the last line in (37) and the result (46) to obtain 


Xk > 


K> + 


1 


E + ie 


T 


T(E + ie)\K> 


R 


K> + 


dK f 


K f >< K f | T(E + i£) | K > 


E + ie 


E f 


1 


(48) 
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where 


h 2 (K f ) 

2 fx 


E f 


2 


(49) 


We see that all quantities of physical interest are determined by the 7~-operator. 
Conversely, both the on-shell and half-off-shell matrix elements of 7~ can be 
found by solving the Schrodinger equation for 


Xk 


An important advantage of the formal methods we have introduced in this 
section is that they allow us to manipulate explicit expressions for wavefunctions 
and scattering amplitudes using the rules of operator algebra without having to 


deal with singular operators. For e ^ 0 operators like (E + is 


H ) 


i 


exist for 


any real E and for Hamiltonians H of physical interest. Boundary conditions 
have been taken care of once and for all by the e prescription. The price we have 
to pay is that in carrying out these manipulations we have to remember thet the 
scattering states satisfy inhomogeneous equations such as eq.(33) rather than 
eigenvalue equations like eq.(10). 

Of course at the end of the day we are interested in the limit e —> 0 + . In the 
many-body case this limit has to be taken with care, but in practical nuclear 
reaction calculations this does not usually cause a problem. Difficulties with this 
limiting process can arise, for example, in the formulation of exact numerical 
solutions of the 3-body scattering problem. A re-formulation in terms of the 
Faddeev equations is then an advantage, but for the purpose of exposing the 
structure of many body theories this step and its generalisations to more than 
3 bodies is not necessary. 


3.2 Target with internal degrees of freedom 

For definiteness we consider the scattering of a neutron from a target A which has 

a set of bound states </>o(£), 02 (0> * * * > 0 at(£) where £ denotes the set of internal 
co-ordinates of A. By convention 0 labels the ground state, 1 the first excited 
state, and so on. The generalisation of the eq.(10) is 

(T r + H a + V(R, 0)x(R, o = E X (R, 0 , (50) 

where Ha is the Hamiltonian which describes the internal motion of A. Tr is 
the total kinetic energy operator of the neutron and the target in the overall 
centre of mass system and is defined in eq.(4) with a reduced mass jJL n T- H is the 
relative co-ordinate of the neutron and the centre of mass of A. The potential 
term V (i?, £) depends on both R and £. It describes the interaction between the 
neutron and the target and at the most basic level can be expressed as the sum 
of the 2-body interactions between the neutron and the target nucleons. The £ 
would then denote the co-ordinates of the target nucleons relative to its centre 
of mass. 

One approach to solving eq.(50) is to expand % as a superposition of the set 
of states (f>i which form a complete set if all possible states of A are included. 
The coefficients in the expansion are functions of R which are the solution of a 
set of coupled differential equations. 
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The expansion is 

x(iU) = xo(R)MZ) + xi(R)M0 + ■■■ ( 51 ) 

Coupled equations are obtained by substituting the expansion (51) into (50), 
multiplying by </>$ and integrating over all £ for i — 0, 1..., N. The resulting 
equations for i = 0, 1..., N are 

(E i -T R -V ii )xi = Y, V aX j , (52) 

where we have used the eigenvalue equations satisfied by the </>$ and their or- 
thonormalitv relations 


(53) 

(54) 

The energies Ei are defined by Ei = E — e^. 

The coupling potentials Vij are functions of R defined by 


H A <f> 






U %3 . 


v^R) = / dzm)v{R,om)- 



The functions Xi(H) have a definite physical meaning. They tell us the rel¬ 
ative probability as a function of R for the target A being in state i. The dif¬ 
ferent possibilities for i are frequently referred to as ‘channels’ and the Ei are 
the corresponding channel energies. If the incident channel is i = 0 the bound¬ 
ary conditions to be satisfied by the %i for values of R outside the range of the 
coupling potentials are 

XC -»• exp(i*r 0 -R) + tio\R) exp(iK 0 R)/R, (56) 

xi +) -»• fio(R) exp (iKiR)/R, i ± 0 (57) 

where the channel momenta K\ are defined by 

/ 2 UnTEi 



provided that Ei > 0. If Ei <0 the channel is said to be ‘closed’ and the 
corresponding \i vanishes exponentially at large distances. There is therefore no 
outgoing flux in a closed channel and the crosssection for exciting the target into 
state i will vanish. 

If the potentials Vij = 0 vanish for i ^ j there will be no coupling between 
channels. In this limit the regular solution of the coupled equations satisfying 
the conditions (57) is \i — 0 for i ^ 0 and %o satisfies 


(E 0 —T r — V 00 )xo = 0. 


(59) 
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Only the cross section for the elastic scattering of the neutron by the target in 
its ground state is non zero. 

According to (59) elastic scattering in the zero coupling case is generated by 
Voo which has the explicit expression (we assume the ground state has spin 0 for 
simplicity) 


Coo (R) = J dzr 0 (OV(R,OMO- 

= E fdtlMZ) ?v ni {R-r i ) (60) 

i 

where the summation over i includes all the nucleons in the target and the r% 
are the co-ordinates of the target nucleons relative to the target centre of mass. 
If the target consists of A identical nucleons (60) reduces to 

Coo(H) = A J dr 1 p(r 1 )v nl (R- n), (61) 

where p(r i) is the ground state one-body density of the target. 

Eq.(61) is the simplest possible model for the optical potential. It relates the 
effective interaction between the projectile and the target to the fundamental 
2-body interactions between the projectile and the target constituents and their 
density distribution in space. Eq(61) is often referred to as the folding model 
because of the way the co-ordinates appear in the integral in (61). Note that if 
the 2-body interaction v n i is real so is Voo * This model cannot account for the 
imaginary part of the optical potential because it corresponds to a theoretical 
model where no flux is lost to non-elastic channels. We will see below by explicit 
calculation in a special case how open inelastic channels give rise to a complex 
effective interaction. 


3.3 Formal theory of the multi-channel case 


The formal approach developed in Subsection 3.1 is easily generalised to include 
the possibility that the target has internal degrees of freedom. Eq.(33) is replaced 


by 


(E + ie 


T 


R 


Ha 


V) 


Xk 0 > 


is 


K o, 0o >, 


(62) 


where 


< R,€ | Ko,<j>o >= exp(iK 0 .R)<j> 0 (£). 


(63) 


is the wavefunction corresponding to a plane wave incident on the target in its 
ground state. 

The presence of the is term on the right hand side of (62) means that the 
coupled equations equivalent to (52) are 



(64) 
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where the channel components are related to | Xk 0 ^ by 


x e Ko (R,0 = Txi(R)MO- 


(65) 


For N = 1 (2 channels) these equations reduce to 


(Eq + is 
(E 1 + is 


T r 

T r 


Vr 


00 


Id 


11 


Xo > 
Xi > 


Vr 


01 


Xi > + I Ko >, 


Id 


10 


Xo > * 


The second equation allows us to express | > in terms of | %o > as 


Xi > 


(Ei + is 


T 


R 


no-Vu) 


Xo > • 


Substituting this result into the first of eqs.(67) gives an equation for 


which is 


(■ Eq + is 


T 


R 


Vr 


00 


ld 0 i (Ei + is 


T 


R 


no-Vio 


Xo > 


We recognise this as a 2-body elastic scattering 
effective potential 


equation for 


( 66 ) 

(67) 


( 68 ) 


Xo > 


K 0 >. 


(69) 


^ ,e ^ -j-i— 


Vo pt = V 00 + V 01 {E 1 +ie-T R -V 11 )- l V w (70) 

This analysis shows how an effective potential can always be found which gen¬ 
erates the exact elastic scattering. Note that the second term in eq.(70) has an 
imaginary part in the limit s —> 0 + , but only if Ei > 0, i.e.. above the threshold 
for exciting the state </>i. Furthermore this imaginary part is negative, indicating 
that it is associated with a loss of probability flux from the incident channel. 
Our treatment of the N = 1 problem is a special case of a general theory due to 
Feshbach[6]. A discussion of effective interactions including the effect of energy 
averaging and additional references can be found in Section 2.9 of ref.[7]. 


3.4 Inelastic scattering and the DWBA 

From eq.(68) we obtain an explicit expression for the amplitude for exciting the 
state </>i. We use the operator identity 


1 

A 




to deduce 






(Ei -|- is — 







(Ei + is — 




(-e)t 

1 




and therefore 


(73) 
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where 




Following similar reasoning as in the analysis surrounding eq.(40) we find that 
for R oo and £-yO + 




(+) exp (iKiR) 
10 R ’ 



where 


f (+) 

J 10 


2 (x 


47T h 2 


< K 1 


(-)t 


V'io 


>, 


(76) 


and the wave number K i is in the direction of observation and has magnitude 


K, = (77) 

Note that in eq.(76), Xo + ^ is the exact elastic scattering distorted wave as gen¬ 
erated by V 0 pti or by solving the coupled equations (67). 

It can be shown that for e —> 0 through positive values 


< K 





where | > is a distorted wave of the type defined in Sub-section 2.3 and gen¬ 

erated by the potential Vn* The inelastic scattering amplitude (76) can therefore 
be written 



where we have written Xo as X^kI conform to our earlier notation in the limit 





0 . 


The DWBA as originally formulated can be obtained from this exact expres¬ 
sion by replacing the initial distorted wave by the distorted wave generated by 
the potential Foo instead of V Q pt * This approximation includes the diagonal ele¬ 
ments Vn and Voo to all orders but the potential lAo responsible for coupling the 
2 channels is included in first order only. The usual Born approximation of inelas¬ 
tic scattering corresponds to replacing the 2 distorted waves by plane waves. The 
DWBA attempts to do better than that by recognising that the target-projectile 
interaction will scatter the 2 nuclei and convert the plane waves into distorted 
plane waves. The DWBA is a consistent way to take this physical effect into 
account when the channel coupling is weak enough to be treated to 1st order. 

We emphasise that in the realistic multi-channel situation we frequently meet 
in nuclear physics the DWBA as just defined is rarely used. An expression with 
a structure similar to (79) is used but with the 2 distorted waves generated by 
complex potentials which fit elastic scattering data. This is called the ‘Distorted 
Wave Method’ by Satchler [7]. Modern computer methods emphasise exact so¬ 
lutions of coupled channels models although Distorted Wave ideas often still 
underlie much qualitative thinking about nuclear reactions. 


274 


R. C. Johnson 


3.5 Practical evaluation of DW matrix elements 

It is useful to have some insight into how expressions such as (79) are actually 
evaluated. For central distorting potentials the 2 distorted waves have expansions 
of the form introduced in subsection 2.2. We can write 

Xk } 0 {R) = 4?r * ioy LoMo(-^o)n o Mo(^ii)exp(i^ 0 )x^ ) ( i? )» ( 80 ) 

L 0 M 0 

(xg (*))* = 4 tt £ (-l) il * ii n i M 1 (ie i )Y L * iMi (^)exp(^i 1 )xi7( fi )( 81 ) 

L\ Mi 

Inserting these expressions into (79) we obtain 

/i ( o +) =-^T E i Lo - Ll YE 0 M 0 (K 0 )Y LlM AKi)e^i(8l 0 +8l^ (82) 

LqMqLiMi 

pOO 

x R 2 dRx£ 1 \R)<L 1 M 1 \V 1 o\L 0 M 0 >x ( L 0 ) (R), (83) 

Jo 

with summation over Lq, Mo, Li, Mi. Integration over the direction of R and 
the internal co-ordinates of the target are contained in the matrix element 

< iiMi V 10 LqMq > 


< L 1 M 1 I Vo I L 0 M 0 >= / dn R d£Yl lMl (n R )<l>l(OV 1 o(R,OM®Y LoMo ({2 R ). 

(84) 

By making a multipole expansion of the interaction this matrix element 
can be factorised into reduced multipole matrix elements, which contain all the 
dependence on the structure of the target states </>o and </>i, Clebsch-Gordan 
coefficients which carry the implications of angular momentum conservation and 
form factors which depend on the radial co-ordinate R (see,e.g., Section 5.6 of 
ref. [7]). We do not have space to expand further on these important ideas here. 

Standard codes exist which evaluate DW amplitudes such as (83) and solve 
the coupled equations (52) exactly for given poentials and target wave functions 
as a routine matter [12]. 

We note that most of the formulae in this section have to be modified when 
the nuclei involved are charged. The formal expressions we have used are per¬ 
fectly valid when all the Coulomb interactions are screened at large distances. 
The correct expressions to be used for partial wave expansions when the uninter¬ 
esting dependence on the screening radius is extracted are given in many stan¬ 
dard texts, eg , [7]. Recent reviews which include Coulomb and spin-dependent 
effects can be found in [13] and [14]. 


3.6 Many-body 7~-operator 

As in the 2-body case we introduce an operator 7~ whose on-shell matrix elements 
are proportional to the inelastic and inelastic scattering amplitudes. The key 
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difference is that this operator now acts in the space of the variables £ as well 
as R. The definition of T is 


T{E + is) 



P + V 


E + ie 







This expression has exactly the same formal structure as (44) in the 2-body 
case, but the presence of the target Hamiltonian, Ha in the denominator in (85) 
makes this 7 ~ a much more complicated operator. 

In terms of 7~ the elastic and inelastic scattering amplitudes are given by 

/ e (Mto = - 4^2 < K M T(E + ie) | K 0 ,<f> 0 >, ( 86 ) 

and the scattering state is expreessed in terms of the off-shell matrix elements 
of T through 



Ko) 00 > + 



% 



K', <t>j >< K', | T{E + is) | K 0 ,> 

E 0 + cq + is — E f — €i 



The point about these formal expressions is that they help us to recognise quan¬ 
tities that are calculable using standard techniques when they are buried in a 
complicated theory of a nuclear reaction. To calculate a matrix element of a T 
operator in practice one usually, but not always re-expresses the calculation in 
terms of coupled differential equations. 


4 Scattering of halo nuclei 

We now return to the consideration of few-body models of the scattering of halo 
systems introduced in Section 2.1. As in that Section I will take as a specific 
example a 3-body model of reactions induced by a n Be projectile on a 12 C 
target. The 3 bodies involved are the 10 Be core and the halo neutron, which 
make up our model of the projectile, and the target. 

The Hamiltonian in the over-all centre of mass system is that given in eq.(3) 
which I repeat here for convenience. 

H = Tr + H n c + Vnr(r n r) + Verier) * ( 88 ) 

Possible states of the halo are eigenstates of H u q and satisfy 

(H nC - ei)<t>i(r) = 0 , i = 0 , 1 , 2 ..., 

_ h 2 k 2 

2fJ.nO ’ 

where we have distinguished between discrete bound states labelled by i and the 
continuum states labelled by momentum k. Transitions to the latter correspond 
to elastic break-up. 
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One approach to finding scattering state solutions to eq.(8) is to proceed as 
in Section 3.2 and look for solutions as an expansion in the complete of functions 
of r defined in eq.(89): 

&(R,r) = <j> 0 (r)xo(R) + <t>i{r)xi{R) H-, 

+ J dk<j> k (r)xk(R) ■ (90) 

The functions xfyi£), Xk(R) in eq.(90) give the amplitudes for exciting the 
various halo states. All of them have the form of outgoing spherical waves at large 
R with amplitudes which determine the corresponding excitation cross sections. 
The function xo(R) also includes a plane wave describing the incident beam. 

The %’s satisfy a set of coupled differential equations which, if we ignore the 
continuum terms in eq.(90), have the form 

(Eo -T R - Vii(R))xi(R) = E v »(R)xj(R) 

i,j = 0,1,..., (91) 

where E.i = E — 6i and the coupling potentials V%j (R) are given by 

V iS = J dr<j>*(r)[V nT (R + (3r) + V CT (R - or)]^(r). (92) 

The coupling potentials describe the way tidal forces generated by the inter¬ 
actions between the components C and n of the projectile and the target can 
cause excitations of the projectile. It is the variation of the potentials on a scale 
of the order of the size of the projectile which generate terms with i fy j which 
would otherwise vanish by the orthogonality of the <fy-(r). 

When the continuum terms on the right hand side of eq.(90) are included the 
generalisation of eq.(91) now includes coupling terms which couple discrete and 
continuum terms as well as terms coupling the continuum to itself. These terms 
involve coupling potentials like eq.(92) but with at least one of the </>fyr) replaced 
by a </>fc(r). These are the couplings which induce break-up of the halo and which 
are expected to play a prominent role in reactions involving halo nuclei. 

One way of handling these equations when continuum couplings are impor¬ 
tant is to map the continuum onto a discrete square-integrable basis which is 
orthogonal to the bound states (pi. This CDCC method pioneered by the Kyushu 
Group [15,16] makes use of this idea. This approach has been successfully applied 
to the scattering of deuterons and other loosely bound nuclei but has difficulties 
when long range Coulomb couplings are included [17]. This approach will not be 
considered in detail here. Instead we will discuss a widely used approximation 
to the many-body scattering problem which is sometimes much simpler to im¬ 
plement than the CDCC method and provides interesting insights into the role 
of the continuum in the scattering of halo nuclei. 
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4.1 Adiabatic approximation 

The adiabatic approximation is based on the observation that at sufficiently 
high incident energy the halo degrees of freedom may be regarded as ‘frozen’ 
over the time needed for the projectile to traverse the target. This does not 
mean that we assume that the projectile remains in the same eigenstate </>o of 
H-nC-, but rather that the co-ordinate r is frozen. This approximation is at the 
basis of Glauber’s theory of composite particle scattering [18], versions of which 
have been widely used in the analysis of reactions involving halo nuclei. The 
adiabatic approximation retains its usefulness, however, even when the other 
assumption of Glauber’s theory, i.e., the eikonal approximation, is not invoked. 

We can get some insight into the validity of the adiabatic approximation and 
how it can be implemented by considering the time dependent version of eq.(8) 

r, t) = itm(R, r, t)/dt. (93) 

The substitution 

* = exp (~i(H nC - eo)t/K)$, (94) 

transforms eq.(93) into the equivalent form 

(T r + e 0 + V nT (R + fir(t)) + V C t{R ~ fir(t)))$ = itm/dt, (95) 

where the term in H n c has been removed at the expense of a time dependent 
r(t) satisfying 

r(t) = exp(i(lf n c - eo)t/h) r exp (-i(H nC - e 0 )t/h). (96) 

The adiabatic approximation replaces r(t) by r(0) = r in eq.(95). A sufficient 
condition for this to be accurate over the collision time t co u is 

(H n c ~ co)tcoii/ti « 1* (97) 

When this adiabatic condition is satisfied, stationary state solutions of eq.(95) 
satisfy 

(Tr + V nT (R + fir) + V ct (R ~ firm = (98) 

where Er = E — e o is the incident kinetic energy and we have assumed a time 
dependent factor exp (—iEt/K) for times satisfying eq.(97). 

In eq.(98) r is no longer a dynamical variable but a parameter. The 3-body 
problem we started with has been reduced to a set of 2-body problems, one for 
each value of r. The resulting solution </> Adia (17, r) is a superposition of all the 
projectile states (fifir ),4>k{r)). 

The adiabatic approximation to the transition amplitude to a particular pro¬ 
jectile state is calculated by projecting onto that state and examining the coef¬ 
ficient of the outgoing wave for R asymptotically large. If /(#,</>, r) is the scat¬ 
tering amplitude in the direction 0, </> calculated from eq.(98) for a fixed value of 
r, then the scattering amplitude for exciting state i is 


fi0= / dr<t>*(r)f(e,<t>,r)<t> 0 (r). 


(99) 
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Examples of the application of this method to composite particle scattering 
including several frozen degrees of freedom can be found in refs. [19-23]. When 
the 2-body scattering problem eq.(98) is solved using the additional assumption 
of straight line trajectories in 17-space the results are equivalent to Glauber’s 
18] theory. Calculations along these lines [1,2,39,24,25,42] have been of great im¬ 
portance in the interpretation of reaction cross sections for halo nuclei in terms 
of nuclear sizes. Some of the earlier calculations used a further approximation to 
Glauber’s many body theory theory known variously as the ‘optical limit’, the 
‘static limit’, or the ‘folding model’. It has been proved recently [27] that for a 
given halo wave function the ‘folding model’ always overestimates the total re¬ 
action cross section for strongly absorbed particles. Published complete Glauber 
calculations [24,25,42] are consistent with this theorem. 

It is clearly desirable to convert the adiabatic condition eq.(97) into a quan¬ 
titative estimate expressed in terms of the parameters of the collision process 
of interest and to devise methods of calculating the leading corrections to the 
adiabatic scattering amplitudes. It is clear that eq.(97) requires small projectile 
excitation energies (slow halo degrees of freedom) and high incident energies 
(short collision times). Qualitative estimates along these lines can be found in 
refs. [18,32,33], and some progress has been made in deriving correction terms 
for transfer reactions [28] and elastic scattering [34]. Here we shall assume that 
the adiabatic approximation is adequate and confine ourselves to the scattering 
of halo nuclei at energies for which a simple estimate indicates there is a good 
case for this to be a valid starting point. 

The adiabatic approximation can also be regarded as an approximate solution 
of the coupled equations eq.(91) when all the channel energies E.i are assumed to 
be degenerate and equal to Eq. Multiplying the ith equation by <^(r), summing 
up all the equations over i using the completeness of the <^(r), one obtains 
an equation equivalent to eq.(98) with </> identified as This derivation 

does not give an immediate indication of the conditions for the validity of the 
approximation. 

A recent review of many applications of the adiabatic approximation to few- 
body models of the scattering of halo nuclei can be found in [29]. 

4.2 Special cases 

Implementation of the adiabatic approximation requires the calculation of scat¬ 
tering solutions </> Adia (i7,r) of eq.(98). Eq.(98) for fixed r is equivalent to a 
2 -body problem in a potential which is non-central, even if V nt and Vqt are 
themselves central, and an exact solution requires the solution of coupled equa¬ 
tions [19,20,23]. There are 2 cases when an enormous simplification occurs: 

1 . When </> Adia (i7,r) is required at the point r — 0 only. 

Eq.(98) then reduces to a 2-body central force problem in the potential 
V u t{R) + Vct{R)- This insight has been exploited [19,30,28] to give a theory 
of deuteron stripping and pick-up which includes deuteron break-up effects 
in a simple way. 



Scattering and reactions of halo nuclei 


279 


2 . When one of the interactions, V n r say, between the constituents of the pro¬ 
jectile and the target is zero [31]. 

We shall refer to this special case as ‘the recoil model’ because the only 
way the projectile can be excited or broken up is through recoil of the core 
following scattering by the target. Note that the other 2 interactions V n c 
and Vct can be of arbitrary strength or range and may include Coulomb 
terms. 

In case 2 the exact solution of eq.(98) corresponding to a projectile in its ground 
state </>o incident with momentum K on a target T is [31,33,32] 

<P ( + )Adia (r,R) = Mr) e iaK - r x ( k ] (R ~ ar), (100) 

where Xk a distorted wave which describes the scattering of a particle of 

mass pipT (the projectile-target reduced mass) from the potential Vct> £.e., 

[Tr> + Vct(R'))} Xk\R') = EkXk\R')> 

xK ] ( R') R 'Z°° exp(iK • Rf) + for exp (iKR')/R’ . (101) 

Note that in eq.(100) the distorted wave has the argument (R — or), which is 
just the C — T separation. The distorted wave corresponds to a model in which 
all effects due to the halo neutron are ignored apart from its contribution to the 
mass of the projectile. In the following we will refer to this limit as the scattering 
of a ‘no-halo’ projectile. 

We emphasise that the three-body wave function, eq.(100), includes compo¬ 
nents which describe break-up and excitations of the projectile. This is clear 

from the complicated dependence on r, through the argument of and the 
exponential factor exp^aJC * r) which will result in a non-vanishing overlap with 
any of the states ),<t>k{r)). 


4.3 Applications of the adiabatic ‘recoil model’ 

The exact elastic scattering transition amplitude for the projectile, from initial 
state K into final state K f , is 



dR e~ iK ' R 




where R) is the exact scattering state solution of eq.( 8 ) 

Using the adiabatic approximation to eq.(100), and making the change 


of variable from R to R f 


R 


ar this factorises as 



x 


(!03) 
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The second integral here is just the transition amplitude T n0 -h a i 0 (K f , K) 
for a ‘no-halo’ projectile scattering by the core-target potential V c t- The same 
result for T e i is obtained by examining the asymptotic form of eq.(100) in the 
elastic channel. 

The effects of projectile excitation and structure in eq.(103) arise entirely 
through the first integral, the form factor 

F(Q) = [ dr\(j)o(r)\ 2 exp (iQ * r), (104) 


where Q = a(K — K f ).The corresponding elastic scattering differential cross 
section is therefore 


da 

dS2 



da 



1 

no—halo 



where (da / df2) no -halo is the cross section for a projectile, with mass /q scat¬ 
tering by the core-target interaction and is therefore very closely related to the 
experimental core-target elastic scattering. 

The importance of eq.(105) is that it clarifies the relevant scattering angles 
and incident energies at which a halo of a given size and structure will be manifest 
as a deviation from the scattering due to a projectile which does not have the 
spatial extension associated with a loosely bound halo particle. 

Eq. (105) is reminiscent of factorisations which occur in electron scattering 
when Born approximation and approximate distorted wave theories are used. 
Note, however, that the present analysis does not involve Born approximation in 
any sense. Only if all intermediate states are included do the second and higher 
order terms in the Born series factorise in this way [33]. The same argument 
obtains for the factorisation of the wavefunction in eq.(100). 

n Be is a good example of a binary, 10 Be-bn, single neutron halo nucleus 
and 19 C is also a single neutron halo candidate [35]. Both systems have small 
a = m n /mp ratios. For n Be-b 12 C, there are small angle elastic scattering data 
[36] for both the 10 Be core and the n Be composite, but at energies of 59.4 
MeV/A and 49.3 MeV/A, respectively. Ideally these data are required at the 
same energy per nucleon to provide the necessary information on Vct> which is 
an essential ingredient in applications of eq.(105). 

According to eq.(105) the formfactor \F(Q )\ 2 , which multiplies the point par¬ 
ticle cross section, reflects the modifications to the scattering due to the compos¬ 
ite nature of the projectile. In Figure 2 we show calculated squared formfactors 
as a function of the cent re-of-mass angles which are appropriate for the elastic 
scattering of n Be (upper part) and 19 C (lower part) from 12 C at 49.3 MeV/A 
and 30 MeV/A, respectively. These calculations demonstrate the sensitivity of 
the formfactor to the halo properties. Conversely, they demonstrate the infor¬ 
mation about the halo-core relative motion wavefunction which is available in 
principle from halo nucleus elastic scattering data. 

The strong deviations from unity shown in Figure 2 reflect in momentum 
space the long exponential tails of the halo wavefunctions we discussed in Section 
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1.1. In the notation of that Section, a neutron wavefunction with a A-value 
corresponding to a typical non-halo nucleus the formfactor would hardly deviate 
at all from unity over the angular range of Figure 2. 

For n Be, the halo is seen to result in a reduction in the elastic differential 
cross section by a factor of between 2 and 4 at 20°, compared to that for ‘no-halo’ 
scattering. There is also a significant sensitivity to the assumed rms separation 
of the valence and core particles. 

For 19 C, the squared formfactors which result from a pure 2 $i/2 (solid curve) 
or ld 5 /2 (dashed curve) neutron state are shown. The departures from ‘no-halo’ 



e cm (degrees) 

Fig. 2. Calculated \F(Q)\ 2 , as a function of centre-of-mass scattering angle for the 
elastic scattering of n Be (upper part) and 19 C (lower part) from 12 C at 49.3 MeV/A 
and 30 MeV/A, respectively. 
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scattering are predicted to be significantly different for a 2 $i /2 and 1 ( 4/2 valence 
neutron, with almost a factor of 2 difference in the cross sections at 20°. We note 
that, although the leading term in the expansion of the formfactor about Q = 0 
gives a deviation from unity proportional to the mean squared separation of the 
core and valence particles in the projectile, the values of Q which enter in the 
examples above are such that this leading order term is inadequate and there is 
sensitivity to higher order moments except at the very smallest angles. 

For n Be the wavefunctions were taken to be pure 2 $i/ 2 neutron single par¬ 
ticle states, with separation energy 0.503 MeV, calculated in a central Wood- 
Saxon potential [37]. By changing the binding potential geometry we generate 
n Be composites with different rms matter radii and hence \F(Q)\ 2 . For 19 C the 
ground state structure is presently uncertain with speculations of it being a pure 
2$ij2 state, 1 ^ 5/2 state or a linear combination of such configurations [38]. The 
neutron separation energy was 0.240 MeV. 

Figure 3 shows the elastic differential cross section angular distributions (ra¬ 
tio to Rutherford) for n Be-b 12 C scattering at 49.3 MeV/A calculated with a 

number of different models of the scattering mechanism. 

The dashed curve shows the ‘no-halo’ projectile differential cross section 
(da/df2) no -halo calculated using the core-target potential. It might be ex¬ 
pected that the main effect of the extended size of the projectile could be ac¬ 
counted for by calculating the scattering by a potential Vf 0 id(R) which averages 
V n T{R-\~ /3r) + Vct(R ~ or) over the probability density for r predicted by the 
ground state halo density, i.e. 

Vi 0 i d (R) = J dr[V nT (R + f3r) + Vc T (R-ar)}\Mr)\ 2 - ( 106 ) 

The dot-dashed curve in Figure 3 shows the cross section calculated using the 
folding model interaction, eq.(106) . The similarity of the folding and ‘no-halo’ 
calculations makes clear that the effects associated simply with folding the core 
and valence particle interactions over the size of the halo are relatively minor 
compared with the effects taken into account in the solid curve. The latter is 
obtained using the result eq.(105) with the squared formfactor shown by the 
short dashed line (the 2.9 fm rms case of Fig.2). 

The physical difference between the theory which produces the solid line and 
the ‘folding’ result is that the former does not assume that the projectile remains 
in its ground state during the scattering but correctly takes into account (insofar 
as the adiabatic approximation is adequate) the large projectile excitation and 
break up effects induced by the target. It is remarkable that such complicated 
multistep processes are fully accounted for by eq.(105) when the interaction 
between the halo and the target is ignored. Note, however, that at small angles 
the ‘folding’ diffraction pattern is shifted to smaller angles as one would expect 
for the more spatially extended potential of eq.(106). 

We recall that the special case under discussion ignores the interaction be¬ 
tween the valence neutron and the target. In fact this interaction is not negligible 
and must be taken into account in a detailed comparison with experiment. This 
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Gam. (degrees) 


Fig. 3. Calculated elastic differential cross section angular distributions (ratio to 
Rutherford) for n Be-b 12 C scattering at 49.3 MeV/A. The curves are discussed in the 
text. 


is not a difficulty since exact adiabatic calculations which include the interac¬ 
tion between all the halo particles and the target are possible for both two and 
three-body projectile systems [23,22]. Such calculations have also been carried 
out for 4- and 5-body projectiles within the eikonal approximation [40,41]. 


In Figure 4 we show the results of such adiabatic calculations for n Be-b i2 C 
scattering at 49.3 MeV/A. These include the neutron-b 12 C optical potential 
tabulated in [43], and correspond to the four 11 Be wavefunctions with different 
rms radii discussed in connection with Figure 2. The data are from [36]. We note 
that the behavior of the cross sections expected on the basis of the formfactors 
of Figure 2 and the insights the ‘recoil model’ provides are not effected in any 
major way by the neutron-target interaction. These results suggest that elastic 
scattering data of sufficient quality could yield independent information on halo 
structures. 


12 


The full circle symbols in Figure 3 are also full adiabatic model calculation 
including V u t * They can be compared with the solid line results which are also 
adiabatic but do not include V n T- The agreement is reasonable and suggests that 
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Gam. (degrees) 


Fig. 4. Calculated elastic differential cross section angular distributions (ratio to 
Rutherford) for 11 Be-|- 12 C scattering at 49.3 MeV/A calculated using the adiabatic 
approximation and including the neutron-tar get interaction. 


Vct dominates in this system, although the effects of the valence neutron-target 
interaction are not negligible. 

The ‘recoil model’ teaches us that halo nucleus elastic scattering angular 
distributions are strongly affected by projectile excitation channels and the spa¬ 
tial size of the halo. These effects are principally manifest through a formfactor 
which depends only on the halo ground state wavefunction and whose square 
multiplies the ‘no halo’ cross section. The latter is defined to be the cross sec¬ 
tion for a particle with the mass of the projectile but which interacts with the 
target through the core-target potential with no folding in of the halo density. 
This potential is in principle to be obtained from core-target scattering at the 
same energy per nucleon as that of the halo nucleus scattering of interest. In 
fact to a good approximation at the energy used in Figure 2 the ‘no halo’ cross 
section can be evaluated directly from the core-target cross section at the same 
energy per nucleon and momentum transfer. 
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* 


Coulomb break-up of neutron halo nuclei 


One situation when the neglect of the interaction between the halo neutron 
and the target can be justified is when Coulomb forces dominate. We will now 
explain how the 4 recoil model’ can be used used as the starting point of a non- 
perturbative quantum mechanical theory of the Coulomb break-up of neutron 

halo nuclei. [45-47]. 

Some care is required in using the adiabatic wavefunction to calculate break¬ 
up amplitudes. The explicit form of the solution eq.(lOO) makes it clear that 


at large core-neutron separations, r 


oo, the presence of the factor 


means 


that, independently of the details of the 3-body Hamiltonian, (j)^ Adza (r, R) 
vanishes exponentially. The large r region is where one would expect to look for 

breakup flux and therefore R ) can not be used to calculate break-up 

amplitudes by looking at its asymptotic form. 

It follows that to use the three-body wave function of eq.(lOO) to calculate 
a Coulomb breakup amplitude we must restrict its use to regions of the six¬ 
dimensional (r,i?) space where r is finite. In particular, we do not attempt to 
extract the breakup amplitude from the asymptotics of our approximate adia¬ 
batic solution. Ref [45] procceeds instead as follows. 
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We 


made any adiabatic approximation, as 



T r 


n 


Tr 


Vct(Rc)} 'I'k } (r, R) = Kc(r)^ } (r, R) . 


C 


(107) 


where Tr^ and Tr c are the kinetic energies in the coordinates R n and Rc* 
These Jacobi co-ordinates are defined so that Rn connects n with the centre- 
of-mass of C and T, and Rc is the C — T separation (see Figure 5). They are 
particularly suitable when V n T 


0 . 


Because of the short ranged factor V n c(v) the right-hand-side eq.(107) re¬ 
quires the wqavefunction R) only for finite separations r. We can there¬ 

fore justifiably evaluate it using the adiabatic wavefunction (j)^ Adza (r, R) 
good approximation to . This yields the inhomogeneous equation 


as a 



Tr 


n 


Tr 


A 


( + ) 


c 


Vct[,RcWk (r,R) 


V nC (rU (A)Adia (r, R) 


(108) 


For a given adiabatic wavefunction eq.(108) can be solved using Green func¬ 
tion techniques to give a solution which has the correct 3-body asymptotics [45] 
and from which an expression for the break-up amplitude into any final state 
can be read off. The break-up amplitude calculated in this way for a three-body 
final state with Jacobi momenta qc and q n corresponding to Rn and Rc, is 


found to be [45] 


TAD{q n Qc, K) 




QC 


(+) 


(-\R c )\V nC (r)\V K 


(r,R) 


1 


(109) 


(-) 


where Xqc an Goulomb distorted wave with in-going scattered waves describ¬ 
ing the scattering of the outgoing core by the target. 

It is shown in [45] that the break-up amplitude Tad of eq.(109) is exactly the 
same as the expression obtained by using the adiabatic wavefunction directly in 
the exact post-form transition amplitude. 

Note that although the adiabatic approximation neglects the projectile exci¬ 


tation energy in the calculation of the adiabatic three-body wavefunction T 


(+) 


K > 


this does not mean that the break-up amplitude is calculated using the the zero 
adiabaticity parameter £ = 0 limit, of semi-classical theories [49]. As the analysis 
above shows, Tad includes a final state wavefunction with the correct kinematics 
and excitation energies required by energy conservation, unlike analogous £ = 
semi-classical calculations. 


0 


5.2 Break-up transition amplitude 

It is shown in [45] that the amplitude Tad of eq.(109) factorises exactly as 


TAD{q n Qc , K) 



where we have defined P n = q n - aK and Q n = mT + m q n - 
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The two factors in Eq.(llO) separate out the structure and dynamical parts of 

the calculation. The overlap of the three continuum functions, ( Qn,X ( qc ) \XK ) ), 
can be evaluated in closed form and expressed in terms of the bremsstrahlung 
integral [45]. This factor now contains all the dynamics of the breakup process 
and is readily calculated for given incident and outgoing momenta in terms of 
the charges and masses of C and T. 

The structure of the projectile enters through the vertex function 
{PnlVnclfio} an d is also simply evaluated given any structure model for the 
projectile. In Coulomb dissociation, momentum can be transferred to the va¬ 
lence particle only by virtue of its interaction V n c with the core. Since the term 
aK in P n is the fraction of the incident momentum of the projectile which 
is carried by the valence particle, this structure vertex displays explicitly this 
momentum transfer from the ground state via V n c * 

The result (110) allows a fully finite-range treatment of the core-neutron 
particle interaction V n c without any approximation additional to the adiabatic 
assumption. The theory is thus applicable to projectiles with any ground state 
orbital angular momentum structure, and also includes breakup contributions 
from all contributing Coulomb multipoles and relative orbital angular momenta 
between the neutron and core fragments. Unlike DWBA theories it includes the 
initial and final state interactions Vqt and V n c to all orders. 

The theory has been successfully applied to the break-up of high energy 
deuterons in the forward direction [45,50], and with appropriate generalisation, 
to the Coulomb break-up of one- and two-neutron halo nuclei [46,47]. Here we 
briefly mention the case of deuteron break-up. 

The (d,pn) elastic breakup data have been measured at the RIKEN Acceler¬ 
ator Research Facility, Saitama, at 140 and 270 MeV, and at the Research Centre 
for Nuclear Physics (RCNP), Osaka, at 56 MeV in a kinematical condition of 
0 P ~ 6 n ~ 0°. The targets were 12 C, 28 Si, 40 Ca, 90 Zr, 118 Sn, 165 Ho and 208 Pb at 
E d =140 and 270 MeV and 12 C, 40 Ca, 90 Zr, and 208 Pb at E d =56 MeV. 

The calculations and data at 140 MeV are compared in Figure 6 for all mea¬ 
sured targets. The errors shown in the figure are statistical only. The solid lines 
show the elastic breakup cross sections, as a function of the detected (laboratory) 
proton energy, calculated using eq.(110). The overall agreement of the calculated 
magnitudes, Z^-dependence, and the proton energy dependence, with the data 
is good and improves with increasing target charge. The factor of 40 increase in 
the magnitudes of the measured cross sections in going from 12 C to 208 Pb is seen 
to be well reproduced as a function of Zt * Figure 6 does not, however, reveal the 
complex way that the calculated cross sections are built up in the integrations 
over the experimental solid angle acceptances. We refer to refs. [45,50] for these 
crucial considerations and for a full discussion of the results at all 3 incident 
energies. 

We emphasise again that these calculations are non-perturbative and fully 
quantum mechanical. They are based on a theory which is very different from 
the DWBA both in principle and in terms of the numerical results obtained. 
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Fig. 6. Experimental and calculated adiabatic model (solid curves) triple differential 
cross sections for deuteron break-up near 0° in the laboratory frame at Ed =140 MeV. 
The calculations are averaged over the neutron and proton solid angles actually used 
in the experiment. The data are from ref.[50]. 
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These differences are discussed in detail in ref. [45]. Final state interactions 
between the outgoing fragments are fully taken into account, apart from the 
nuclear interaction between the neutron and the target. The nuclear interaction 
between the neutron and the proton is accounted for to all orders. 

The results of ref. [45,50] are consistent with an underlying physical picture in 
which Coulomb breakup is the dominant mechanism. There are, however, indica¬ 
tions of a missing and interfering contribution, particularly on the lighter targets 
which may result from breakup by the nuclear forces between the projectile and 

the target which are ignored in the model of refs. [45,50]. 


5.3 Deuteron stripping and pick-up on halo nuclei 

We have already mentioned the use of the adiabatic approximation to treat 
multi-step processes via deuteron break-up channels in stripping and pick-up 
reactions. This is special case 1. of Sub-section 4.2. A recent development has 
been to use the adiabatic approximation to additionally treat excitations of a 
halo nucleus produced as the final state in a (d,p) reaction. It is shown in ref. [48] 
how the simplicity of the ‘recoil model’ can be exploited to give a very convenient 
way of evaluating what would otherwise be a very complicated multi-channel 
calculation. See also [34] for an application to recent n Be(p,d) 10 Be data from 

GANIL [51]. 

6 Conclusions 

I hope I have conveyed to you some of the fascination of nuclear reactions with 
halo and other weakly bound nuclei. New experiments are giving a new challenge 
to theory. Groups in Surrey and elsewhere are working very hard to meet this 
challenge. 

A particular challenge to theory is to understand and evaluate the leading 
corrections to the adiabatic theory and to learn how to apply them to transfer 
and break-up reactions. There is also a need to understand how the few-body 
models of reactions described here can be related to the underlying many-fermion 
structure of the halo nucleus. 
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Abstract. Recent experimental developments in studies of exotic nuclei far from the 
valley of stability are discussed in these lectures. Discussion starts with general aspects 
related to the production of exotic nuclei and nuclear beams, including some selected 
examples. Following this technical part some recent advances in the structure studies 
of very neutron-rich nuclei and heavy nuclei are presented. Finally, newest progresses 
on low-energy ion manipulation techniques are described. 


1 Introduction 

Studies of nuclei far from the valley of beta stability offer new opportunities for 
research in the areas of nuclear structure physics, atomic physics and chemistry 
as well as in astrophysics, material science and biophysics. In nuclear physics 
there are a number of identified and exciting topics to be addressed in the coming 
years together with unexpected phenomena always related to the new frontiers 
of physics. The well-defined goals of nuclear structure physics will be (i) defining 
the positions of the drip-lines, especially for neutrons, (ii) probing the evolution 
of nuclear structure within long isospin chains, (iii) searching for the existence 
boundaries of the heaviest elements, (iv) understanding the neutron halo and 
continuum structure of nuclei at the drip lines. In addition, the microscopic na¬ 
ture of pairing correlations between like and unlike nucleons, exotic collective 
modes and shell structure as well as the spin-orbit force are still to large extent 
not understood on the microscopic level. These goals, each a major research field 
in itself, will necessarily have to be coupled with research on nuclear reaction 
mechanisms associated with projectiles and/or targets of abnormal neutron-to- 
proton ratios. In addition, certain key isotopes along the Z=N line provide an 
ideal laboratory for testing the validity of the standard model through preci¬ 
sion measurements of weak decays as well as testing the atomic parity violation 
through studies of chains of atoms, such as radioactive Francium isotopes. In 
nuclear astrophysics, energy generation and element synthesis in various astro- 
physical sites depend on nuclear processes involving exotic nuclei far from the 
valley of stability. 

Experimental studies of exotic nuclei employ nuclear reactions both with 
stable projectiles and with radioactive beams. These two approaches are com¬ 
plementary, although the emphasis is presently moving towards radioactive ion 
beam driven experiments. The following list shows what information different 
experimental approaches can provide us on nuclei far from stability. It also in¬ 
cludes experiments which involve various techniques developed to manipulate 
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ions and their motion and modify ion beams over a broad energy range from 
meV to GeV. These techniques are having an important impact on sensitiv¬ 
ity of handling radioactive species. Ultimately, single isotope experiments are 
necessary for reaching very far from stability in any direction. 


• Stable projectile beams and targets 

— spectroscopy studies of exotic nuclei 

* excited structures: E*, I 7r , r 

* decay properties: Q-values, lifetimes t$, correlations 

* ground state properties: m, ju, Q, < r 2 > 1 / 2 

* limits of stability: S n , S p , 

— production of radioactive beams 

• Fast radioactive beams 

— post-accelerated low energy beams 

* (sub) Coulomb-barrier studies 

* transfer reaction studies 

* astrophysical reactions 

— secondary high energy beams 

* identification and spectroscopy studies 

* scattering and reaction experiments 

• Manipulation of radioactive ion beams 

— deceleration, storing and cooling of fast ions (GeV —y MeV) 

— cooling, bunching and trapping of slow ions (keV —> meV) 


Fig. 1 shows the nuclear chart, as we know it today. As we can observe 
the experiments are already probing the proton-drip line well beyond Z=82 but 
instead the knowledge on nuclei near the neutron-drip line and in the heavy 
element region is only superficial, and therefore the future experiments will be 
addressing these important unknown regions. In these lectures general aspects 
related to the production of exotic nuclei and nuclear beams are discussed with 
some selected examples concerning the recent advances in the structure studies 
of very neutron-rich nuclei and heavy nuclei. Finally, newest progresses on low- 
energy ion manipulation techniques are described. 


2 Production of exotic nuclei 

2.1 Production reactions 

Commonly used nuclear reactions to produce nuclei far from the valley of beta- 
stability or in the heavy element region are (i) complete fusion reactions induced 
by light or heavy ions, (ii) low-energy fission either spontaneous or induced by 
thermal neutrons or photons, (iii) intermediate energy fission induced by charged 
particles, (iv) transfer or deep-inelastic peripheral collisions near the Coulomb 
barrier energies or (v) high-energy collisions. In all these reactions, the process 
has a typical two-step mechanism. The first step involves the formation of an 
excited intermediate nucleus and the second step is evaporation or decay of this 



294 J. Aysto 



2 8 


Fig. 1. The nuclear chart which includes the current knowledge of atomic nuclei as 
shaded areas. It also shows the estimated limits of existence of nuclei against proton 
and neutron emission and spontaneous fission. From ref. [1]. 


intermediate system. Due to the sensitivity of the second step on the binding 
energies of emitted particles, it is difficult to reliably calculate the cross sections 
close to the proton-drip line, where the binding energy of the least bound proton 
approaches zero. 

Fusion evaporation reactions induced by light proton-rich projectiles, p or 
3 He, have shown to be very useful for producing light proton rich nuclei below 
Calcium. A good example of such a reaction is p+ 24 Mg —> 22 Al+3n, which was 
used in the first study of the two-proton radioactivity of 22 A1 [2]. On the other 
hand, the heavy-ion induced reactions are necessary for synthezising heavier ex¬ 
otic isotopes in the nuclear chart above Calcium. A nice example here is the 
40 Ca-|- 58 Ni reaction which leads to a compound system 98 Ag, which via subse¬ 
quent evaporation produces large number of neutron-deficient nuclei close to the 
Z=N line just below the doubly magic 100 Sn isotope, for example see ref. [3]. 
In heavy element research two different approaches are used. The cold fusion 
reactions utilize the doubly magic 208 Pb or an odd proton 209 Bi as targets and 
beams of neutron-rich stable isotopes in the Ni to Ge region as projectiles [4]. 
Due to the positive reaction Q-values the compound systems can be produced 
(as cold) at low excit at ion energy, just below the energy of the Coulomb barrier. 
This leads to a dominance of a In or a 2n e vap or at ion channels. In another vari¬ 
ant, heavier actinide targets such as 244 Pu, are bombarded with light heavy ion 
beams leading to more neutron-rich compound systems but with considerably 
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higher excitation energy which then results in higher neutron multiplicity in the 
exit channel [5]. In both cold and hot fusion the compound nucleus formation 
probability is suffering from the fast competing fission process so that typical 
total cross sections for the heaviest known elements are in the 0.1 or 1 picobarn 
level. A common problem in addition to small cross section is the narrowness of 
the excitation function which is expected to be as small as of the order of couple 
of MeV only. 

Fission reaction is the most important reaction to produce highly neutron- 
rich nuclei in the mass region between A=70 and 160. Thermal-neutron induced 
fission reaction in combination with Isotope Separation On-Line technique has 
been producing beams of exotic nuclei for three decades now, see ref. [6] as 
an example of a reactor based facility at Studsvik, Sweden. With a well-known 
difficulty of low production rates for symmetric fission this reaction is well com¬ 
plemented by intermediate energy fission which has high cross sections for sym¬ 
metric fission reactions. Typical examples of the latter fission mode are the 
intermediate energy fission (E* = 20-40 MeV) produced in proton + uranium 
reactions [7,8], or fissioning of fast relativistic primary uranium or secondary 
projectiles in flight where typical excitation energies of the order of 10-20 MeV 
are involved. In fission by flight kinematically well focused beam of secondary 
fragments is obtained and high sensitivity in reaching very far from the valley 
of stability is reached. For example, nuclei as heavy as 110 Zr and 78 Ni [9] have 
been observed in these reactions. However, the intensities are yet too small for 
precision experiments by nuclear spectroscopy. 

Fig. 2 shows a typical mass yield curve in fission as modelled by Rubchenya 
[10], where three different modes of fission are observed. One symmetric and 
three different asymmetric fission modes, of which the highly asymmetric mode, 
the super-asymmetric fission, was found in experiments at the IGISOL mass 
separator at Jyvaskyla [11]. The super-asymmetric mass division is influenced 
by the nuclear shells at Z =28 and N = 50 and by the tails of the second 
asymmetric component and the symmetric component, whose contribution is 
changing with excitation energy of the fissioning nucleus, as demonstrated in Fig. 
3. This reaction mode can reach extreme light masses in fission, as exemplified 
in recent experiments on neutron-rich Co and Ni isotopes at the Leuven isotope 
separator facility [12]. 

Fragmentation reactions as a means to produce exotic nuclei far from the 
valley of stability were “invented” at Berkely in the late 70’s. In these first ex¬ 
periments the energetic beams of 40 Ar and 48 Ca ions were fragmented at about 1 
GeV/nucleon energies and several exotic new isotopes were discovered. Further 
experiments on secondary fragments lead to the discovery of the extended size 
of the n Li isotope [14] which soon was interpreted as a neutron halo around 
the 9 Li core nucleus [15]. Since then, fragmentation reactions at several labo¬ 
ratories have been utilized in probing the limits of nuclei along the proton and 
neutron drip-lines in a broad energy range from some 50 MeV/nucleon up to 
1 GeV/nucleon [16]. Today, the proton drip-line is well characterized all the 
way up to Z=83 whereas the neutron-drip line is believed to have been reached 
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only up to oxygen. Fragmentation provides favourable conditions for kinemati- 
cal focusing of the secondary particles which therefore can be easily separated 
by magnetic separators from the primary beam and even from each other. The 
main difficulty lies in the fact that reaction products are very energetic and 
experiments requiring slow ions are made difficult. 

Inverse process to projectile fr agment a t ion, the spallation or a fragmentation 
of a heavy target by energetic protons has long been used as production reactions 
at the so called ISOL facilities. This process is presently used at two major 

facilities, ISOLDE at CERN [17,18] and ISAC at TRIUMF in Canada [19]. 


2.2 Production of radioactive beams 

There are two basic methods to produce radioactive beams. One relies on the 
Isotope Separator On-Line (ISOL) method and the other one is called In-Flight, 
see ref. [1] for extensive presentations of both techniques. 

The key parameter characterising different production and separation meth¬ 
ods is the luminosity L defined as, 

l = n p n t , 

Where N p is the projectile beam intensity and N F is the target thickness. For 
calculating the production rate, one needs the luminosity and the production 
cross section as well as the total efficiency of the experimental setup, 

N f = Lae , 

where a is a cross section and e is an efficiency of a separator or a spectrom¬ 
eter system. In Table 1 some typical examples of different reaction/production 
scenarios are presented. 


fission mode contributions 
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Fig. 2. Mass distribution of fission products from p+ 23S U compound fission at E*=25 
MeV of the compound nucleus. 
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Fig. 3. Comparison of the fission fragment yields measured in proton induced fission 
of 238 U at 20 and 60 MeV to the thermal n-induced yields of 235 U and 242 Am, see ref. 

[13]- 

In summary, the decisive factors in selecting the production method for a 
specific experiment are the luminosity, the cross section and the efficiency. This 
approach does not show an important third dimensions, the time axis. For ex¬ 
ample , although the luminosity is very high for target spallation reactions, the 
strong dependence of the delay time on the Z of the isotope may cause large 
differences on the rates for different half-life nuclei. 


2.3 ISOLDE facility at CERN 

The idea of the Isotope Separator On-Line (ISOL) technique is to produce clean 
mass separated beams of rare radioactive isotopes in a continuous process. The 
common operating principles of all ISOL systems are stopping, acceleration and 
mass separation of the reaction products. The main operational differences be¬ 
tween various ISOL techniques, however, are on the stopping of the reaction 
products and on the following ionisation process, required for the acceleration 
stage. 

At ISOLDE (Fig.4), radioactive nuclides are produced in thick high-tempera- 
ture targets via spallation, fission or fr agment at ion reactions [17]. For a review 
of ISOLDE physics the reader is referred to a recent special issue of Hyperfine 
Interactions [20]. The targets are placed in the external proton beam of the 
PS Booster. In the PS Booster four small synchrotrons pre-accelerate protons, 
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Table 1. Typical examples of different reaction/production scenarios 
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delivered by Linac, up to 1.0-1.4 GeV after which the protons are injected into 
the CERN Proton synchrotron (PS). The PSB delivers every 1.2 seconds a pulse 
of 3.2 10 13 protons. 

The most crucial parameters concerning the operation of ISOLDE are related 
to the target and the ion source. Ideally, the reaction products should leave the 
target fast (i.e. short release time) and the ion source should efficiently produce 
an ion beam, preferably containing for the most part the isotopes of the studied 
element. The development work is therefore closely related to chemistry and 
engineering of materials at extreme conditions. 

The ISOLDE targets serve two different isotope separators, namely GPS 
(General purpose separator) and HRS (High resolution separator). With the 
HRS one single mass can be separated with a resolution of M/Z\M=5000, en¬ 
abling even isobaric purification. 

Since later on in these lectures we discuss the spectroscopic studies of very 
neutron-rich isotopes of A1 and Na, it is of interest to remark that the 34-35 A1 
and 33 Na isotopes were produced by using a Uranium Carbide target with a 
thickness of 46 g cm -2 and the reaction products were ionized in a tungsten 
surface-ionization source. The production rates for some Na and A1 isotopes are 
given in Table 2 [21]. 

The time structure of the ISOLDE beam is built on the proton pulses, the 
time interval between pulses being a multiple of 1.2 s. The acceleration high 
voltage of 60 kV is brought to zero 35 ji s before the proton beam impact and 
restored to its normal value after 6 ms. This pulsed power supply avoids the 
unnecessary load on the acceleration voltage from the intense ionisation in the air 
during the beam impact. Followed by the proton pulse, the beam of accelerated 
radioactive ions is driven through the separator for a certain time, so-called 
“beam gate”, and then cut of until the next proton pulse. 
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Fig. 4. The lay-out of the ISOLDE Facility at CERN. See ref. [18]. 


Table 2. ISOLDE production rates of some neutron-rich Na and A1 isotopes 


Na 

isotope 

Production rate 
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A1 

isotope 

Production rate 
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co 

to 
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34 A1 

135 

33 Na 

50 

35 A1 

100 


Until now more than 600 isotopes of more than 60 elements (Z=2 to 88) have 
been produced, in some cases with half-lives down to milliseconds and intensities 
up to 10 11 ions/s. Neutron-rich nuclei are produced in fission or fragmentation 
reactions, either directly with very energetic protons or indirectly by secondary 
neutrons of considerably lower energy. The commonly used targets are uranium 
or thorium carbide targets, which provide the optimum release properties for a 
large number of elements. Radioactive atoms released are then diffusing through 
the transport line into a plasma or a surface ion source, or a hot cavity for 
resonant laser ionization. Presently, the laser ionization schemes developed in¬ 
clude nearly thirty chemical elements. For example, at ISOLDE selective laser 
ionization has been used in a variety of experiments on Be isotopes produced in 
high-energy p-induced reactions. These experiments have included the produc¬ 
tion of ‘Be for 'Be(p, 7 ) b B cross section measurement, the measurement of the 
nuclear magnetic moment of 11 Be leading to strong indie at ion of single neutron 
halo and the decay study of 14 Be, a candidate for a two-neutron halo. The re¬ 
lease properties of various elements from the thorium and uranium targets are 
reported in ref. [22]. 
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2.4 Fast beams of radioactive nuclei 

There are two methods to produce fast radioactive beams as shown in Fig. 5. 
One relies on the Isotope Separator On-Line (ISOL) method and the other one 
is called In-Flight, see refs. [1,16] for extensive presentations of both techniques. 

In the ISOL method radioactive isotopes are first produced at rest by a 
driver accelerator in a thick target, a catcher or an ion guide. After releasing 
from the target and following ioniz at ion and acceleration up to a few 10 keV 
energy through a mass selective device, these nuclei are accelerated in a post 
accelerator ty pic ally up to 2 - 50 MeV/u energy. In the In-Flight method the 
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Fig. 5. Schematic presentation of the ISOL and IN-FLIGHT techniques to produce 
radioactive ion beams. From ref. [1]. 
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initially energetic (50-1000 MeV/u) ions are fragmented or fissioned in flight 

and subsequently transported to a secondary target after their purification in 
mass, charge and momentum distribution. The resulting beams at the ISOL 
and In-Flight RNB facilities are complementary in their energy, intensity and 
isospin range. Therefore both types of facilities are intensively pursued world 
wide today. 

In Europe, the first prototype ISOL facility has been in operation since 1989 
at Louvain-La-Neuve, Belgium [23]. It uses a low energy driver cyclotron coupled 
to a K=110 MeV cyclotron as post accelerator. At the end of 1999 the first 
radioactive ion beam ( 19 Ne) was accelerated with the new CYCLONE44 in the 
0.2 to 1.7 MeV/u energy range. This facility has mostly been used for studies 
of nuclear astrophysics in the region of light elements. It employs radioactive 
beams near stability with high intensities (up to 10 9 ions/s) and with energies 
from 0.2 MeV/u up to 12 MeV/u for some beams. 

At CERN the ISOLDE facility is used to deliver low-energy radioactive ions 
to the REX-ISOLDE LINAC-type post accelerator [24]. SPIRAL at GANIL will 
be using the present GANIL cyclotrons as a driver [25]. This concept employs 
a novel charge breeding principle based on the coupled Penning trap and the 
EBIS charge breeder. In addition, the ISOL-based facilities providing beams of 
fission product ions are being launched in Europe at the new high-flux reactor in 
Munich, at the SPIRAL II facility at GANIL and in Dubna. In these concepts, 
fission products are to be produced in fission induced by high-energy protons 
and secondary neutrons (CERN), protons or deuterons and secondary neutrons 
(GANIL), or by photons (Dubna, GANIL). Furthermore, a new plan is proposed 
in the UK employing a 200 MeV proton driver accelerator. 

In North America, ISOL-based RNB facilities or projects are planned or 
are operational at ORNL in Oak Ridge, at TRIUMF in Vancouver, at ANL in 
Argonne and at LBNL in Berkeley. At ORNL, the driver accelerator is a 100 
MeV proton cyclotron and the post-accelerator is a 25 MV Tandem. The facility 
has recently started its physics programme and accelerated fission product ion 
beams are available with intensities in the 10 5 to 10 6 ions/s. The ISAC project 
at TRIUMF uses a 500 MeV, 100 juA proton synchrotron as a driver accelerator. 
The post-accelerator is linac producing RNBs up to 1.5 MeV/u, a second stage 
up to 7 MeV/u was recently approved. 

In western Europe two In-Flight facilities are operational, one at GANIL in 
Caen and the other one at GSI in Darmstadt. The GANIL cyclotrons produce 
heavy primary ion beams up to 95 MeV/u with a beam power of 2 kW, which 
soon will be increased to 6 kW [26]. Fast secondary radioactive beams are pro¬ 
duced by fragmentation in thin targets followed by a high-acceptance magnetic 
separation system to produce pure beams of energetic radioactive ions. At GSI 
the primary beams of 1 GeV/u heavy ions accelerated in the UNILAC and the 
SIS synchrotron are used to produce secondary beams by fragmentation or by 
fission in-flight [26]. These beams are purified in the fragment separator FRS 
and can further be injected and cooled in the Experimental Storage Ring ESR. 
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Similar in-fiight facilities have been operational in North America at MSU 
and in Japan at RIKEN. At MSU the heavy ion beams have been available at 
energies between 100 and 200 MeV/u energy range. The facility is presently 
being upgraded by coupling the K500 and K1200 superconducting cyclotrons. 
The fragment separator is also being upgraded, leading to expected intensities 
of two to three orders of magnitude higher than before. At RIKEN the RNBs 
are produced with primary beams of 135 MeV/u and the fragment separator 
RIPS. In future, the energies of the primary beams will be raised up to 400 
MeV/u for light and 150 MeV/u for heavy nuclei. The future plan also includes 
the construction of three fragment separators, as well as storage and cooler 
rings and an electron linac for electron-RNB collisions. In eastern Europe, the 
Flerov Laboratory at Dubna and in China the IMP laboratory at Lanzhou are 
also pursuing the fragmentation reactions as sources of secondary RNBs in the 

energy range below 100 MeV/u. 

The future plans in Europe include a substantial upgrade of the GSI facility to 
produce ultimately 2 GeV/u uranium beams with intensity up to 10 12 ins/s with 
fully upgraded fragment separator as well as cooler and electron rings for versatile 
programme on exotic nuclei. Similarly, the EURISOL study project funded by 
the EU-RTD programme aims at producing a preliminary design for the second 
generation ISOL-based RNB facility with qualifications second to none existing 
at the moment [27]. Major projects for the next generation ISOL RNB facilities 
are also proposed in the US as the RIA (Rare Isotope Accelerator) project and 
in Japan at the Japan hadron factory. In all these plans the instrumentation for 
experiments will need special developments in the fields of detector systems for 
gamma- and charged particle spectrometry as well as of magnetic spectrometers 
and ion manipulation techniques employing ion and neutral atom traps. 


3 Spectroscopic investigations of neutron-rich nuclei 

at magic neutron numbers 

3.1 Shell structure 

The breakthrough in the development of the shell model was the inclusion of 
the strong spin-orbit interaction in the single-particle potential. It was only af¬ 
ter this modification that the experimentally observed magic numbers could be 
reproduced by the model. Normally, when we talk about the experimental confir¬ 
mation of the magic numbers, we refer to the data close to the valley of stability. 
Good examples of magic neutron-rich nuclei close to the valley of stability are 
doubly magic nuclei 48 Ca 28 and 208 Pbi 26 * 

One of the key issues of today’s nuclear spectroscopy is to learn about the 
evolution of the nuclear shell structure when moving out from the valley of 
stability close to the drip lines where exotic new structures such as neutron 
halos or skins are predicted to occur, see Fig. 6. In fact, such measurements 
have been performed already on some light nuclei below Z=20 proton number 
and around the N=20 and N=28 magic neutron numbers. Experiments on the 
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Fig. 6. Nuclear shell structure in the valley of bet a-stability and far out. Due to changes 
with N/Z ratio in the nuclear mean field, pairing and in spin-orbit coupling effects, the 
shell structure is expected to be modified significantly. This may lead even to the 
disappearance of the standard magic nucleon numbers [30]. 


next heavier neutron magic numbers are still in their early stage. For example, 
significant new experimental developments are needed to measure the needed 


rare isotopes in the 78 Ni region, below 132 Sn at N 



7 


as well as below 208 Pb 


at N=126. So far, the spectroscopic study of 78 Ni has been out of experimental 
reach and the production rates have allowed only the mere identification of few of 
these nuclei. Such developments are actively being pursued in many laboratories 
employing multiples of techniques and production methods. Finally, one should 
mention that indirect evidence for the weakening of the N=82 shell gap has been 
obtained from the analysis of the r-pro cess produced element abundances at the 
A=130 abundance peak [28]. This interpretation has gained some more support 
from the systematic studies of the low-lying levels in neutron-rich Cd isotopes 

[29]. 

In this context, to provide an example, we will focus on describing some recent 
experiments on neutron-rich nuclei near N=20 which in the valley of stability is 
a well known closed shell. In this region, however, unexpected deformation was 
observed via an irregularity in the binding energy systematies more than 20 years 
ago [31]. The observation could not be explained by the shell model calculation 
within the major sd-shell. Instead, nucleon excitations across the major shell 


to the fp-shell was 



These so-called “intruder configurations” are in 


competition with the normal states of the nucleus and in some specific cases the 
states may be inverted so that the ground state is dominated by an intruder 
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configuration. Such an inversion causes the vanishing of the N=20 shell closure 
in the very neutron-rich region and can be observed as deformed configurations. 

The shell model interpretation of the island of inversion has progressed with 
new experimental results on masses, decay properties and Coulomb excitation 
experiments with radioactive beams. Beta decay measurements of Na isotopes 
32, 33] have enabled the study of low energy level schemes of some neutron- 
rich Mg isotopes, such as 32 Mg. In addition, the beta-decay study of 34 A1 [34] 
demonstrated the double-magicity of 34 Si (Z=14, N=20). 

3.2 In-beam experiments with radioactive beams 

in the N=20 region 

Experiments with radioactive projectiles are opening up a new frontier in learn¬ 
ing about the excited states of exotic nuclei. The main processes that could 
be applied are Coulomb excitation, one-nucleon transfer and inelastic scatter¬ 
ing experiments. Nearly all experimental data gained so far has been produced 
by Coulomb excitation process. Due to the availability of wanted beams only 
fragmentation produced neutron-rich isotopes have been applied in these exper¬ 
iments so far. In near future, the REX-ISOLDE facility at CERN will provide 
first low-energy beams of neutron-rich Na isotopes for in-beam studies. These 
experiments will include Coulomb excitation as well as one nucleon transfer ex¬ 
periments. For the latter, see the discussion in refs. [35,36]. 

The power of the Coulomb excitation is in the fact that the cross section 
is directly proportional to the B(E2) value and to the product of the Z of the 
projectile (P) and the target (T): 

<r« Z 2 p Z^B(E2)1/E , 

where E is the energy. Moreover, when assuming that one is dealing with the 
rotational excitations of the axially deformed nucleus the B(E2) value can be 
related to the quadrupole deformation in the following way: 

p 2 = (4tt/3) B(E2) 1/2 /ZeR 2 , 

where R is the mean radius of the nucleus. 

Coulomb excitation at intermediate energies provides a sensitive probe in 
studying the B(E2) values of the low-lying states of nuclei far from the stability 
line. Such a study at Riken [37] employing a 50 MeV/nucleon 32 Mg beam and 
a high-Z Pb target resulted for 32 Mg (Z=12, N=20) a B(E2;0j*" —>>2^) value 
of 45478 e 2 /m 4 , which confirms a very large deformation /? « 0.5 for 32 Mg, as 
already suggested by the low excitation energy of the 2 + state. Furthermore, 
recent investigations through in beam Coulomb excitation on a Au target at 
NSCL [38, 39] have provided a systematic study of B(E2; Oj 1 " —> 2j*~) values for 

even 32_38 Si nuclei, revealing a vibrational quadrupole collectivity for these iso¬ 
topes. These measured B(E2) values could be reproduced by the shell model 
calculation when assuming N=20 as a closed shell for Si isotopes. The transfor¬ 
mation from sphericity to deformation is illustrated in Figure 7, where the Oj 1 " 
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Fig. 7. The Oj ground state and 2+ excited state of 34 Si and 32 Mg. The B(E2; 0+ —> 
2^") values of 34 Si and 32 Mg are taken from ref. [37] and [38], respectively. 


ground state and 2^~ excited state are shown for 34 Si and 32 Mg, together with 


+ 


their corresponding B(E2; 0^ 


2^~) values. 


Subsequent Coulomb excitation studies at NSCL [40,41] have enabled the 
first observation of an excited state in 31 Na, which corresponds to a rotational 
excitation built on a strongly deformed ground state. They also reveal excited 
states in 33 Si and 34 P, which appear to have spherical shapes and thus are located 
along the boundary of island of deformation. 


3.3 /3-decay studies of 33 Na and 35 A1 


Allowed beta decay is a highly selective process which for nuclei near the closed 
shells can provide valuable information on single particle states both for protons 
and neutrons. Since no direct information on single particle states existed in the 
N=20 region a series of experiments were conducted at ISOLDE where the beams 
of exotic 33 Na and 34 > 35 A1 isotopes are available. These decays should probe the 
single particle excitations in the N=20 and 21 isotopes, 32 Mg, 33 Mg, 34 Si and 
35 Si. In fact, it is not only the direct beta decay but also the beta-delayed neutron 
and two neutron decay which together provide information on the excited states 
of daughter nuclei. The setup used in these experiments is shown in Fig. 8 [42]. It 
allowed via efficient beta-trigger for a complete spectroscopy, registering neutron 
time-of-flight spectra from a few 10 keV up to MeV, gamma-ray spectra as well 
as various coincidences between different radiations. For general presentation of 
experimental methods of nuclear spectroscopy the readers are referred to ref. 

[43]. 

Based on the complete evaluation of the data decay schemes were constructed 
revealing a rich source of information on the evolution of the single neutron states 
in N=21 isotopes. The decay scheme of 35 Si is shown in Fig. 9. It reveals states 
both in 34 Si and 35 Si. 

The study of the 35 Si nucleus (N=21), which can be referred as a key-nucleus, 
provides new information on the evolution of neutron orbits outside the N=20 
closed shell. This offered a new step in N=21 systematics, starting from the well 


known single particle spectrum of 


41 


Ca [44]. Furthermore, the investigation of 
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Fig. 8. The detector setup used in the experiments on 33 Na and 34,35 A1 decays 
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Fig. 9. The decay scheme of Si as observed at ISOLDE experiments 


primary beam in the focal plane of the device. However, in this presentation we 
will discuss the gas-filled separator concept which recently has shown remarkably 
high sensitivities in the decay as well as in-be am spectroscopy of heavy nuclei. 

The gas-filled separator principle provides simultaneous charge and velocity 
focusing of recoil ions emerging from the target following the fusion evaporation 
process. In vacuum, the charge state distribution of ions is broad and only one 


or two charge states can be focused into the focal point of the s 



magnet 

simultaneously. In a gas-filled magnet the average charge of ions, which undergo 
constant charge exchange reactions with gas atoms, is expressed as q « v/v c 
Z 1 / 3 , which results in the magnetic rigiditv for ions helium gas: 


B p = 0.0227A/Z 1 / 3 (in Tesla meter). 

The width of the charge distribution is a function of the gas-pressure in a 
magnet. For example, in the case of RITU separator operating at .Jyvaskyla [49] 
the optimum He-gas pressure is about 0.5 mbar. Due to the high transmission 
and charge distribution width the separator cannot provide as high mass resolv- 

FMA, for example. However, the high trans- 
and the extremely good suppression of the 


mg power as 



j vacuum 


mission, 



at 






primary beam in the case of asymmetric reactions, makes the gas-filled separators 
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Fig. 10. Systematics of excited states of N=21 isotopes. 


the most sensitive general purpose instruments in heavy element spectroscopy. 
The principle guiding the design of RITU has been to improve he transmission of 
the conventional gas-filled Dipole Quadrupole Quadrupole (QDD) separator by 
adding a vertically focusing dipole in front of the dispersive element. RITU has 
an angular acceptance of 10 msr, the maximum rigidity is 2.2 T m, the bending 
angle is 25 degrees, and the dispersion is 10 mm. 

The research work using RIT U has concentrated on decay and in-beam stud¬ 
ies of very neutron-deficient isotopes of heavy elements ranging from tungsten to 

nobelium. So far, nearly 20 new isotopes of Hg, Po, At, Rn, Fr, Ra, Ac, and Th 

have been synthesized and their alpha decay properties have been determined. 
Decay studies of intruder and isomeric states in Bi, Po, and At isotopes have 
also been performed. 


4.2 Recoil decay taggin technique 


Generally, in-beam gamma-ray and electron spectroscopy methods form the 
backbone for the studies of exotic nuclear shapes and excitations. The first major 


breakthrough in in-beam studies of nuclei far from stability was achieved, when 
the gas-filled recoil separator RITU was used together with the DORIS array 
consisting of 9 TESSA-type Compton suppressed Ge-detectors. The recoil and 


their alpha-decay tagging provided very high sensitivity for the gamma-dec ay 
study of the level structures of the weakly produced 194 Po and 192 Po, see ref. 

[521- 


In RDT technique prompt radiation from the excited evaporation residues is 
observed with a detector array placed around the target in correlation with the 
recoil ions detected later, with a delay of some 100 ns, in the position sensitive im¬ 
plantation detector on the focal plane of the separator. The nuclei are identified 
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by the measurement of the decay properties (alpha, proton and beta-gamma) us¬ 
ing the silicon and other detectors. The construction of RITU target area allows 
the provision of close-geometry packing of B GO-suppressed Ge detectors around 
the target area which provide an excellent facility for gamma-spectroscopic stud¬ 
ies of medium and heavy-mass nuclei. The high granularity, i.e. the high number 
of 7 -detector elements allows for high efficiency detection of gamma-ray cascades 
with simultaneous correction for Doppler shifts in the gamma-ray spectra [43]. 

High selectivity for separating the fusion reaction products from other pro¬ 
cesses and primary beam makes it possible to do in-beam gamma-ray spec¬ 
troscopy with cross sections as low as 100 nbarn. 

A number of gamma-ray arrays have been used in conjunction with RITU in 
order to perform recoil-gated and recoil-decay-tagged (RDT) in-beam measure¬ 
ments, see Fig. 11. So far, excited states have been observed for the first time 
in about 30 nuclei. Highlights from the in-beam studies include determination 
of the octupole deformed character of 226 U, systematical studies of collectivity 
in radium isotopes 206 > 208 > 210 ] 7 a a nd 20T > 209 > 211 R a , a nd observation of the ground 
state band of 252 No [50] and 254 No [51]. The focal plane detector setups allow a 
variety of coincidence studies such as (a, 7 ), (a, e _ ), and ( 7 , 7 ) to be performed 
either stand-alone or in conjunction with in-beam measurements. 

In studies of the excited structures of 254 No isotope the 208 Pb target was 
bombarded with a beam of 48 Ca ions at energy of 216 MeV. The total irradiation 
time in this experiment was 350 hours. Prompt gamma-rays were observed with 
the SARI array which consisted of four clover-type Ge detectors positioned at 
50 degrees angle with respect to the beam direction. The recoils or evaporation 
residues were then implanted on the focal plane into a position-sensitive 16-strip 



Fig. 11. JUROSPHERE frame connected to the RITU gas-filled separator. The beam 
enters from left on the target surrounded by a gamma-ray array. Evaporation residue 
ions are transported through the QDQQ gas-filled separator and implanted in the focal 
plane in a position sensitive Si detector surrounded by an array of beta and gamma- 
ray detectors detecting the decay of implanted nuclei. For more details and general 
discussion on the setup, see ref. [50]. 
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Fig. 12. (top) A singles gamma-ray spectrum from the 48 Ca + 208 Pb reactions gated 
with fusion-evaporation residues and tagged with the 254 No alpha decays, (bottom) 
The same gamma-ray spectrum but without alpha tagging, [51]. 

Si detector (PSSD) measuring 80 mm (horizontal) and 35 mm (vertical). In 
addition, germanium detectors were adjacent to the focal plane PSSD in order 
to detect isomeric or delayed gamma-rays. 

The total efficiency of the separator system was measured as about 15%. 
Fig. 12 shows at the bottom the gamma-ray spectrum measured with the SARI 
array in coincidence with the 254 No residues observed on the focal plane detector, 
whereas the top part shows the same spectrum but measured in correlation with 
only those events where the alpha decay is observed in the Si-detector in the same 
position where the ion was implanted. The spectra reveal the observation of the 
ground state rotational band of 254 No up to the spin 16. This experiment has 
opened up a new frontier in the heavy element research where detailed structure 
information is now becoming available to complement the previous data on the 
ground state decays only. 

5 Ion traps. New tools in precision measurements 

of exotic nuclei 

5.1 General 

Low-energy radioactive ions have been long used for studies of the ground state 
and decay properties of exotic nuclei either after their implantion in solids or 
by having them to interact as a beam collinearly with the laser beam. These 
studies have lead to enormous success in characterising properties of nuclei far 



Nuclear physics away from the valley of stability 


311 


from stability. Only the atomic mass determinations have remained beyond ex¬ 
perimental techniques. Only recently, the application of the ion trap technology 
has allowed for precise determination of masses of exotic nuclei in a systematic 
way with precisions not available before. Development of these techniques has 
mainly been done at ISOLDE, where several ion traps or Penning traps, have 
been constructed in recent years. This field has now also extended to a more gen¬ 
eral technology to manipulate ions and ion beams making them more suitable 
for high precision and higher sensitivity experiments. 


5.2 Mass measurements by Penning traps 

The basic idea behind a mass measurement by a Penning trap is to determine 
the exact angular cyclotron frequency &c of an ion moving in a homogeneous 
magnetic field, 

u)c = q/mB . 

The value of the magnetic field B required for the mass determination can 
be determined from the cyclotron frequency of an ion with a well-known mass. 
For a detailed description of Penning traps for mass measurements see the re¬ 
view in ref. [53]. Penning traps provide presently the highest accuracy, reaching 
Sm/m « 10 -10 , for light stable isotopes [54]. In recent years, a very successful 
programme at ISOLDE employing a Tandem Penning trap system has measured 
masses of about 200 radioactive short-lived isotopes with typical precisions of 
20 keV or better, for example see ref. [55] for the results concerning rare-earth 
isotopes. In these measurements low energy ions were introduced into the Pen¬ 
ning trap system by a two step process where they were first collected on a foil 
of a secondary ion source system. Low energy ions were then produced via sur¬ 
face ionization by heating the foil. In a new setup at ISOLDE these steps have 
been replaced by a linear radio-frequency quadrupole ion beam buncher [56]. In 
order to accumulate continuously delivered ions to the trap, ions have to lose 
enough energy during passing through the trap. This can be achieved by using 
buffer gas. After a sufficient number of ions have been accumulated, cooled and 
centered, the ion bunch will be ejected by switching the trap potential. With 
this new considerably faster injection system of ions into the precision trap mass 
measurements could be extended to isotopes with half-lives less than 1 s. 


5.3 Cooling and bunching of low-energy ion beams 

Two recently developed novel concepts for improving the purity and the quality 
of the radioactive ion beams are the buffer-gas filled RFQ for ion beam cooling 
and bunching [56,57, 58] and the previously mentioned Penning trap which can 
also be used for isobar purification. Following the pioneering work at ISOLDE 
several projects are underway in Europe [57,59]. In the following we concentrate 
on the system under construction at the IGISOL mass separator facility in Jy- 
vaskyla for improving the experiments on neutron-rich nuclei from fission.. The 
trap system [60] consists of an ion beam cooler based on the gas-filled linear 
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RFQ and of a Penning trap with two adjacent trapping zones, one for the isobar 
purification and the other for performing high-accuracy mass measurements. 

The cooling of an ion beam is done in three steps. First the 40 keV beam 
has to be decelerated with an electrostatic lens system and injected into a closed 
radio frequency quadrupole (RFQ) linear rod structure. In the RFQ the ions 
will experience an average force towards the centre of the device and hence be 
trapped in transverse direction (x-y -plane). The RFQ is filled with helium buffer 
gas. Hence the ions will lose energy in collisions with neutral He atoms and the 
amplitude of the oscillation of ions will be reduced. Thus the ions are driven to 
the centre of the rod structure. Finally the ions will reach a thermal equilibrium 
with the buffer gas. The cooled ions will then be guided with a miniature RFQ 
to a better vacuum, extracted from the cooler and accelerated back to 40 keV 
minus the original energy spread. 

The first successful tests performed with radioactive 112 Rh ions showed that 
cooling works efficiently and ions with initial energy spread as large as >50 eV 
could be cooled down to 1 eV or even better. Moreover, the transmission effi¬ 
ciency of >60% was measured nearly independent on the emittance and energy 
spread of the incoming ion beam. 

In some cases (e.g. when the cooled beam is injected into an ion trap or in 
laser spectroscopy experiment) it would be advantageous to have a bunched or 
instead of a dc beam. For this purpose beam bunching in the cooler was tested. 
It was shown that the dc IGISOL beam can be accumulated in the cooler and re¬ 
leased in 20’s bunches. Recently, it has been demonstrated that the bunching can 
increase the sensitivity of collinear laser spectroscopy by at least a factor of 1000. 

The task of the Penning trap, the second device of the ion manipulation sys¬ 
tem at IGISOL, is to accept cooled, continuous or bunched, beams from the RFQ 
cooler, perform an isobaric purification and deliver clean, mono-isotopic bunched 
beams for nuclear spectroscopy investigations [61]. The cylindrical Penning trap 
at IGISOL is a quadrupole trap which makes use of static electric and magnetic 
fields for three dimensional confinement of ions. The static quadrupole electric 
fields for axial trapping of ions are created by a set of ring electrodes at negative 
potential and by two end-cap electrodes at zero potential. The radial confine¬ 
ment is achieved with homogeneous axial magnetic field of 7 T produced by 
super-conducting solenoid. With combination of buffer gas cooling and an az¬ 
imuthal quadrupole RF-electric field a mass dependent centering of ions can be 
achieved in the Penning trap. This allows for a mass selective ejection of ions 
in short time bunches. In order to achieve this goal, a cylindrical Penning trap 
placed in a B=7 T super-conducting magnet field is used. The magnet, deliv¬ 
ered by Magnex, is a solenoid with two homogeneous magnetic field regions, 
each with inhomogeneity within a 1 cm 3 volume of less than 10 -6 and 10 -7 , 
respectively. Isobaric purification of the radioactive beam will be performed in 
the cylindrical Penning trap positioned in the first region. The second region is 
foreseen to contain, at a later stage, a precision Penning trap for the nuclear 
mass measurements. The precision trap will operate at 10 -6 mbar pressure and 
mass resolving power of Sm/m = 10 -7 can be achieved with it [62]. 
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Fig. 13. The operating principle of the buffer-gas filled RFQ Cooler in use at the 
IGISOL Facility. A similar device is also in use at ISOLDE. (Courtesy of Arto Niemi- 

nen). 
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Structure of vacuum and elementary matter: 
from superheavies via hypermatter to antimatter 


Walter Greiner 

Inst it ut fur Theoretische Physik, J.W. Goethe-Universitat, 
D-60054 Frankfurt, Germany 


Abstract. The extension of the periodic system into various new areas is investi¬ 
gated. Experiments for the synthesis of super heavy elements and the predictions of 
magic numbers are reviewed. Different ways of nuclear decay are discussed like cluster 
radioactivity, cold fission and cold multifragmentation, including the recent discovery 
of the t ripple fission of 252 Cf. Further on, investigations on hyper nuclei and the possible 
production of antimatter-clusters in heavy-ion collisions are reported. Various versions 
of the meson field theory serve as effective field theories at the basis of modern nu¬ 
clear structure and suggest structure in the vacuum which might be important for the 
production of hyper- and antimatter. A perspective for future research is given. 


1 From superheavies via hypermatter to antimatter 

There are fundamental questions in science, like e. g. “how did life emerge” or 
“how does our brain work” and others. However, the most fundamental of those 
questions is “how did the world originate?”. The material world has to exist 
before life and thinking can develop. Of particular importance are the substances 
themselves, i. e. the particles the elements are made of ( baryons, mesons, quarks, 
gluons), i. e. elementary matter. The vacuum and its structure is closely related 
to that. On this I want to report today. I begin with the discussion of modern 
issues in nuclear physics. 

The elements existing in nature are ordered according to their atomic (chemi¬ 
cal) properties in the periodic system which was developped by Mendeleev and 
Lothar Meyer. The heaviest element of natural origin is Uranium. Its nucleus is 
composed of Z — 92 protons and a certain number of neutrons (N — 128 — 150). 
They are called the different Uranium isotopes. The transuranium elements reach 

from Neptunium (Z = 93) via Californium (Z = 98) and Fermium (Z = 100) 
up to Lawrencium (Z = 103). The heavier the elements are, the larger are their 
radii and their number of protons. Thus, the Coulomb repulsion in their interior 
increases, and they undergo fission. In other words: the transuranium elements 
become more instable as they get bigger. 

In the late sixties the dream of the superheavy elements arose. Theoretical nu¬ 
clear physicists around S.G. Nilsson (Lund)[l] and from the Frankfurt school[2- 
4] predicted that so-called closed proton and neutron shells should counteract 
the repelling Coulomb forces. Atomic nuclei with these special “magic” pro¬ 
ton and neutron numbers and their neighbours could again be rather stable. 
These magic proton (Z) and neutron ( N ) numbers were thought to be Z = 114 
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Fig. 1 . The periodic system of elements as conceived by the Frankfurt school in the 
late sixties. The islands of super heavy elements (Z — 114, N = 184, 196 and Z = 164, 
N — 318) are shown as dark hatched areas. 
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Fig. 2. The shell structure in the super heavy region around Z — 114 is an open 
question. As will be discussed later, meson field theories suggest that Z — 120,7V = 
172,184 are the magic numbers in this region. 


developped by them, they produced the pre-superheavy elements Z = 106, 107, 
... 112, each of them with the theoretically predicted projectile-1arget combina¬ 
tions, and only with these. Everything else failed. This is an impressing success, 
which crowned the laborious construction work of many years. The before last 
example of this success, the discovery of element 112 and its long o-decay chain, 
is shown in Fig. 6. Very recently the Dubna-Livermore-group produced two iso¬ 
topes of Z = 114 element by bombarding 244 Pu with 4b Ca (Fig. 3). Also this 
is a cold-valley reaction ( in this case due to the combination of a spherical 
and a deformed nucleus), as predicted by Gupta, Sandulescu and Greiner [9] in 
1977. There exist also cold valleys for which both fragments are deformed [10], 
but these have yet not been verified experimentally. The very recently reported 
Z = 118 isotope fused with the cold valley reaction [12] 58 Kr + 208 Pb by Ninov 
et al. [13] yields the latest support of the cold valley idea. 

Studies of the shell structure of superheavy elements in the framework of the 
meson field theory and the Skyrme-Hartree-Fock approach have recently shown 
that the magic shells in the superheavy region are very isotope dependent [14] 
(see Fig. 7). According to these investigations Z = 120 being a magic 
proton number seems to be as probable as Z = 114. Additionally, recent 
investigations in a chirally symmetric mean-field theory (see also below) result 
also in the prediction of these two magic numbers[38,40]. The corresponding 
magic neutron numbers are predicted to be N = 172 and - as it seems to a 
lesser extend - N = 184. Thus, this region provides an open field of research. 
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Fig. 3. The Z — 106 — 112 isotopes were fused by the Hofmann—Munzenberg (GSI)— 
group. The two Z — 114 isotopes were produced by the Dubna-Livermore group. It 
is claimed that three neutrons are evaporated. Obviously the lifetimes of the various 
decay products are rather long (because they are closer to the stable valley), in crude 
agreement with early predictions [3,4] and in excellent agreement with the recent calcu¬ 
lations of the Sobicevsky-group [11]. The recently fused Z — 118 isotope by V. Ninov 
et al. at Berkeley is the heaviest one so far. 


R.A. Gherghescu et al. have calculated the potential energy surface of the Z — 
120 nucleus. It utilizes interesting isomeric and valley structures (Fig. 8). The 
charge distribution of the Z — 120, N = 184 nucleus indicates a hollow inside. 
This leads us to suggest that it might be essentially a fullerene consisting of 60 
a -particles and one additional binding neutron per alpha. This is illustrated in 
Fig 5. The protons and neutrons of such a super heavy nucleus are distributed 
over 60 a particles and 60 neutrons (forgetting the last 4 neutrons). 

The determination of the chemistry of superheavy elements, i. e. the calcu¬ 
lation of the atomic structure — which is in the case of element 112 the shell 
structure of 112 electrons due to the Coulomb interaction of the electrons and 
in particular the calculation of the orbitals of the outer (valence) electrons — 
has been carried out as early as 1970 by B. Fricke and W. Greiner[15]. Hartree- 
Fock-Dirac calculations yield rather precise results. 

The potential energy surfaces, which are shown prototy pic ally for Z = 114 
in Fig 4, contain even more remarkable information that I want to mention 
cursorily: if a given nucleus, e. g. Uranium, undergoes fission, it moves in its 
potential mountains from the interior to the outside. Of course, this happens 
quantum mechanically. The wave function of such a nucleus, which dec ays by 
tunneling through the barrier, has maxima where the potential is minimal and 
minima where it has maxima. This is depicted in Fig. 9. 
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Fig. 4. The collective potential energy surface of 264 108 and 184 114, calculated within 
the two center shell model by J. Maruhn et al., shows clearly the cold valleys which 
reach up to the barrier and beyond. Here B, is the distance between the fragments 


and r) 
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i 


A2 


Ai + A 2 


denotes the mass asymmetry: rj — 0 corresponds to a symmetric, 


r) — d=l to an extremely asymmetric division of the nucleus into projectile and target. 
If projectile and target approach through a cold valley, they do not “constantly slide 
off” as it would be the case if they approach along the slopes at the sides of the 
valley. Constant sliding causes heating, so that the compound nucleus heats up and 
gets unstable. In the cold valley, on the other hand, the created heat is minimized. 
The colleagues from Freiburg should be familiar with that: they approach Titisee (in 
the Black Forest) most elegantly through the Hbllental and not by climbing its slopes 
along the sides. 


coordinate dependent scale factor for the volume element in this (curved) space, 
which I omit for the sake of clarity. Now it becomes clear how the so-called 
asymmetric and superasymmetric fission processes come into being. They 
result from the enhancement of the collective wave function in the cold valleys. 
And that is indeed, what one observes. Fig. 10 gives an impression of it. 

For a large mass asymmetry (rj ~ 0.8, 0.9) there exist very narrow valleys. 
They are not as clearly visible in Fig. 4, but they have interesting consequences. 
Through these narrow valleys nuclei can emit spontaneously not only a-particles 


(Helium nuclei) but also 


14 


C, 


20 


O, 24 Ne, 28 Mg, and other nuclei. Thus, we are 


lead to the cluster radioactivity (Poenaru, Sandulescu, Greiner [16]). 

By now this process has been verified experimentally by research groups 
in Oxford, Moscow, Berkeley, Milan and other places. Accordingly, one has to 
revise what is learned in school: there are not only 3 types of radioactivity 
(a-, /?-, 7 -radioactivity), but many more. Atomic nuclei can also decay through 
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Fig. 5. Typical structure of the fullerene C. The double bindings are illutsrated by 
double lines. In the nuclear case the Carbon atoms are replaced by a particles and 
the double bindings by the additional neutrons. Such a structure would immediately 
explain the semi-hollowness of that super heavy nucleus, which is revealed in the mean- 
field calculations within meson-field theories. (Lower picture by H. Weber.) 
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Fig. 6. The fusion of element 112 with 70 Zn as projectile and 208 Pb as target nucleus 
has been accomplished for the first time in 1995/96 by S. Hofmann, G. Munzenberg 
and their collaborators. The colliding nuclei determine an entrance to a “cold valley” 
as predicted as early as 1976 by Gupta, Sandulescu and Greiner. The fused nucleus 
112 decays successively via a emission until finally the quasi-stable nucleus 253 Fm is 
reached. The a particles as well as the final nucleus have been observed. Combined, 
this renders the definite proof of the existence of a Z — 112 nucleus. 
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Fig. 7. Grey scale plots of proton gaps (left column) and neutron gaps (right column) 
in the N-Z plane for spherical calculations with the forces as indicated. The assignment 
of scales differs for protons and neutrons, see the uppermost boxes where the scales 
are indicated in units of MeV. Nuclei that are stable with respect to (3 decay and the 
two-proton dripline are emphasized. The forces with parameter sets SkI4 and NL-Z 
reproduce the binding energy of fig 108 (Hassium) best, i.e. \SE/E\ < 0.0024. Thus 
one might assume that these parameter sets could give the best predictions for the 
superheavies. Nevertheless, it is noticed that NL-Z predicts only Z — 120 as a magic 
number while SkI4 predicts both Z — 114 and Z — 120 as magic numbers. The magicity 
depends — sometimes quite strongly — on the neutron number. These studies are due 
to Bender, Rutz, Burvenich, Maruhn, P.G. Reinhard et al. [14]. 


spontaneous cluster emission (that is the “spitting out” of smaller nuclei like 
carbon, oxygen,...). Fig. 11 depicts some nice examples of these processes. 

The knowledge of the collective potential energy surface and the collective 
masses Bij(R, 77), all calculated within the Two-Center-Shell-Mo del (TCSM) , 
allowed H. Klein, D. Schnabel and J. A. Maruhn to calculate lifetimes against 
fission in an “ab initio” way [17]. 

Utilizing a WKB-minimization for the penetrability integral 

V = e~\ I = min v pa ths I f$ \/2m(V(R,tj) - E) ds 
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Fig. 8 . Potential energy surface as a function of reduced elongation (R — Ri)/(Rt — Ri) 
and mass asymmetry r\ for the double magic nucleus 304 120 . 304 120i84- 
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Fission of Nuclei with A« 200u 

U SP = 7-8 MeV 
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Fig. 10. Asymmetric (a) and symmetric (b) fission. For the latter, also superasymmet- 
ric fission is recognizable, as it has been observed only a few years ago by the russian 
physicist Itkis — just as expected theoretically. 



Fig. 11. Cluster radioactivity of actinide nuclei. By emission of 14 C, 20 O,. .. u big leaps” 
in the periodic system can occur, just contrary to the known a, /?, 7 radioactivities, 
which are also partly shown in the figure. 
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where ds 2 = gijdxidxj and gij - the metric tensor - is in the well-known fashion 
related to the collective masses B^j = 2rru/^, one explores the minimal paths 
from the nuclear ground state configuration through the multidimensional fission 
barrier (see Fig. 12). 

The thus obtained fission half lives are depicted in the lower part of figure 
12. Their distribution as a function of the fragment mass resembles quite well 




Vmfn = 9,752 MeV 


■^kin 


1 MeV 


232 

92 
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Fig. 12. The upper part of the figure shows the collective potential energy surface for 
92 2 U with the groundstate position and various fission paths through the barrier. The 
middle part shows various collective masses, all calculated in the TCSM. In the lower 
part the calculated fission half lives are depicted. 
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the asymmetric mass distribution. Cluster radioactive decays correspond to the 

broad peaks around A 2 = 20, 30 (200, 210). The confrontation of the calculated 

fission half lives with experiments is depicted in Fig. 13. One notices “nearly 
quantitative” agreement over 20 orders of magnitude, which is - for an ab-initio 
calculation - remarkable! 

Finally, in Fig. 14, we compare the lifetime calculation discussed above with 
one based on the Preformation Cluster Model by D. Poenaru et al. [18] and 
recognize an amazing degree of similarity and agreement. 

The systematics for the average total kinetic energy release for spontaneously 
fissioning isotopes of Cm and No is following the Viola trend, but 258 Fm and 
259pm are clearly outside. The situation is similar also for 260 Md, where two 
components of fission products (one with lower and one with higher kinetic en¬ 
ergy) were observed by Hulet et al. [19]. The explanation of these interesting 
observations lies in two different paths through the collective potential. One 
reaches the scission point in a stretched neck position (i.e. at a lower point of 
the Coulomb barrier - thus lower kinetic energy for the fragments) while the 
other one reaches the scission point practically in a touching-spheres-position 
(i.e. higher up on the Coulomb barrier and therefore highly energetic fragments) 
[20]. The latter process is cold fission ; i.e., the fission fragments are in or close 
to their ground state (cold fragments) and all the available energy is released 
as kinetic energy. Cold fission is, in fact, typically a cluster decay. The side-by- 
side occurence of cold and normal (hot) fission has been named bi-modal fission 
[20]. There has now been put forward a phantastic idea [21] in order to study 



232 236 240 244 248 252 256 

A 


Fig. 13. Fission half lives for various isotopes of Z = 92 (□), Z = 94 (A), Z = 96 (O), 
Z — 98 (V) and Z — 100 (o). The black curves represent the experimental values. The 
dashed and dotted calculations correspond to a different choice of the barrier parameter 
in the Two Center Shell Model ( C3 ~ 0.2 and 0.1 respectively). 
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Fig. 14. Comparison of the fission half lives calculated in the fission model (upper 
figure - see also Fig. 12) and in the Preformation Cluster Model [18]. In both models 
the deformation of the fission fragments is not included completely. 


cold fission (Cluster decays) and other exotic fission processes (ternary-, multiple 
fission in general) very elegantly: By measuring with e. g. the Gamma-sphere 
characteristic 7 -transitions of individual fragments in coincidence, one can iden¬ 
tify all these processes in a direct and simple way (Fig. 15). First confirmation 
of this method by J. Hamilton, V. Ramaya et al. worked out excellently [22]. 
This method has high potential for revolutionizing fission physics! With some 
physical intuition one can imagine that triple - and quadriple fission processes 
and even the process of cold multifragmentation will be discovered - abso¬ 
lutely fascinating! We have thus seen that fission physics (cold fission, cluster 
radioactivity, ...) and fusion physics (especially the production of super heavy 
elements) are intimately connected. 

Indeed, very recently, tripple fission of 

252 Cf 146 Ba + 96 Sr + 10 Be 

112 Ry + 130 Sn + 10 Be 

has been identified by measuring the various 7 -transitions of these nuclei in 
coincidence (see Fig. 16). 

Even though the statistical evidence for the 10 Be line is small (« 50 events) 
the various coincidences seem to proof that spontaneous tripple fission out of 
the ground state of 252 Cf with the heavy cluster 10 Be as a third fragment exists. 
Also other tripple fragmentations can be expected. One of those is also denoted 
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Fig. 15. Illustration of cold and hot (normal) fission identification through multiple 7 - 
coincidencs of photons from the fragments. The photons serve to identify the fragments. 

Fig. 16. The 7 -transitions of the three fis- 
_^^_ sion products of 252 Cf measured in coin- 
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incidences were studied. The free 3368 

1 Ci 

keV line in Be has recently been remea¬ 
sured by Burggraf et ah [23], confirming 
the value of the transition energy within 
100 eV. 


above. In fact, there are first indications, that this break-up is also observed. 
The most amazing observation is, however, the following; The cross coincidences 
seem to suggest that one deals with a simultaneous three-body breakup and not 
with a cascade process. For that one expects a configuration as shown in Fig. 17. 

Consequently the 10 Be will obtain kinetic energy while running down the 
combined Coulomb barrier of 146 Ba and 96 Sr and, therefore, the 3368 keV line of 
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Fig. 17. Typical linear cluster configura¬ 
tion leading to tripple fission of 252 Cf. 
The influence of both clusters leads to a 
softening of the 10 Be potential and thus 
to a somewhat smaller transition energy. 
Some theoretical investigations indicate 
that the axial symmetry of this configura¬ 
tion might be broken (lower lefthand fig¬ 
ure). 


10 Be should be Doppler-broadened. Amazingly, however, it is not and, moreover, 
it seems to be about 6 keV smaller than the free 10 Be 7 -transition. If this turns 
out to be true, the only explanation will be that the Gamma is emitted while 
the nuclear molecule of the type shown in Fig. 17 holds. The molecule has to live 
longer than about 10 -12 sec. The nuclear forces from the 146 Ba and 96 Sn cluster 
to the left and right from 10 Be lead to a softening of its potential and therefore 
to a somewhat smaller transition energy. Thus, if experimental results hold, 
one has discovered long living (« 10 “ 12 sec) complex nuclear molecules. This 
is phantastic! Of course, I do immediately wonder whether such configurations 
do also exist in e.g. U + Cm soft encounters directly at the Coulomb barrier. 
This would have tremendous importance for the observation of the spontaneous 
vacuum decay [26], for which “sticking giant molecules” with a lifetime of the 
order of 10 “ 19 sec are needed. The nuclear physics of such heavy ion collisions 
at the Coulomb barrier (giant nuclear molecules) should indeed be investigated! 

As mentioned before there are other tri-molecular structures possible; some 
with 10 Be in the middle and both spherical or deformed clusters on both sides of 
10 Be. The energy shift of the 10 Be-line should be smaller, if the outside clusters 
are deformed (smaller attraction <£=> smaller softening of the potential) and big¬ 
ger, if they are spherical. Also other than 10 Be-clusters are expected to be in the 
middle. One is lead to the molecular doorway picture. Fig. 18 gives a schematic 
impression where within the potential landscape cluster-molecules are expected 
to appear, i.e. close to the scission configuration. Clearly, there will not be a 
single tri-molecular configuration, but a variety of three-body fragmentations 
leading to a spreading width of the tri-molecular state. This is schematically 

shown in Fig. 19. 

Finally, these tri-body nuclear molecules are expected to perform themselves 
rotational and vibrational (butterfly, whiggler, /?—, 7 -type) modes. The energies 
were estimated by P. Hess et al [24]; for example rotational energies typically of 
the order of a few keV (4 keV, 9 keV, ...). A new molecular spectroscopy seems 
possible! 

The “cold valleys” in the collective potential energy surface are basic for 
understanding this exciting area of nuclear physics! It is a master example for 
understanding the structure of elementary matter , which is so impor¬ 
tant for other fields, especially astrophysics, but even more so for enriching our 
“Weltbild”, i.e. the status of our understanding of the world around us. 
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Fig. 18. Cluster molecules: Potential energy curve of a heavy nucleus showing schemat¬ 
ically the location of ground state, shape- and fission-isomeric states and of tri- 
molecular states. 
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Fig. 19. Microstructure of tri-molecular states: Various tri-cluster configurations are 
spread out and mix with background states. Thus the tri-molecular state obtains a 
spreading width. 


Nuclei that are found in nature consist of nucleons (protons and neutrons) 
which themselves are made of u (up) and d (down) quarks. However, there also 
exist s (strange) quarks and even heavier flavors, called charm, bottom, top. The 
latter has just recently been discovered. Let us stick to the s quarks. They are 
found in the ‘strange’ relatives of the nucleons, the so-called hyperons (y 1, J7, 
S, i?). The yl-particle, e. g., consists of one u, d and s quark, the H-particle 
even of an u and two s quarks, while the Q (sss) contains strange quarks only. 
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Fig. 20. Important baryons are ordered in 
this octet. The quark content is depicted. 
Protons (p) and neutrons (n), most impor¬ 
tant for our known world, contain only u 
and d quarks. Hyperons contain also an s 
quark. The number of s quarks is a mea¬ 
sure for the strangeness. 


Fig. 20 gives an overview of the baryons, which are of interest here, and their 
quark content. 

If such a hyperon is taken up by a nucleus, a hyper-nucleus is created. 
Hyper-nuclei with one hyperon have been known for 20 years now, and were 
extensively studied by B. Povh (Heidelberg) [27]. Several years ago, Carsten 
Greiner, Jurgen Schaffner and Horst Stocker [28] theoretically investigated nu¬ 
clei with many hyperons, hypermatter, and found that the binding energy per 
baryon of strange matter is in many cases even higher than that of ordinary 
matter (composed only of u and d quarks). This leads to the idea of extending 
the periodic system of elements in the direction of strangeness. 

One can also ask for the possibility of building atomic nuclei out of anti¬ 
matter, that means searching e. g. for anti-helium, anti-carbon, anti-oxygen. 
Fig. 21 depicts this idea. Due to the charge conjugation symmetry antinuclei 
should have the same magic numbers and the same spectra as ordinary nuclei. 
However, as soon as they get in touch with ordinary matter, they annihilate with 
it and the system explodes. 

Now the important question arises how these strange matter and antimatter 
clusters can be produced. First, one thinks of collisions of heavy nuclei, e. g. 
lead on lead, at high energies (energy per nucleon > 200 GeV). Calculations 
with the URQMD-model of the Frankfurt school show that through nuclear 
shock waves [29-31] nuclear matter gets compressed to 5-10 times of its usual 
value, po « 0.17 fm 3 , and heated up to temperatures of kT « 200 MeV. As a 

consequence about 10000 pions, 100 A’s, 40 U’s and S’s and about as many 
antiprotons and many other particles are created in a single collision. It seems 
conceivable that it is possible in such a scenario for some yPs to get captured by a 
nuclear cluster. This happens indeed rather frequently for one or two A-particles; 
however, more of them get built into nuclei with rapidly decreasing probability 
only. This is due to the low probability for finding the right conditions for such 
a capture in the phase space of the particles: the numerous particles travel with 
every possible momenta (velocities) in all directions. The chances for hyperons 
and antibaryons to meet gets rapidly worse with increasing number. In order 
to produce multi-A-nuclei and antimatter nuclei, one has to look for a different 


source. 
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In the framework of meson field theory the energy spectrum of baryons has 


a peculiar structure, depicted in Fig 



It consists of an upper and a lower 


continuum, as it is known from the electrons (see e. g. [26]). Of special interest 
in the case of the bar yon spectrum is the potential well, built of the scalar and 
the vector potential, which rises from the lower continuum. It is known since 
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r [fm] r [fm] 

Fig. 22. Baryon spectrum in a nucleus. Below the positive energy continuum exists 
the potential well of real nucleons. It has a depth of 50-60 MeV and shows the correct 
shell structure. The shell model of nuclei is realized here. However, from the negative 
continuum another potential well arises, in which about 40000 bound particles are 
found, belonging to the vacuum. A part of the shell structure of the upper well and 
the lower (vacuum) well is depicted in the lower figures. 


our world would be unstable, because the “ordinary” particles are found in the 
upper states which can decay through the emission of photons into lower lying 
states. However, if the “underworld” is occupied, the Pauli-principle will prevent 
this decay. Holes in the occupied “underworld” (Dirac sea) are antiparticles. 
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Fig. 23. The lower well rises strongly with increasing primary nucleon density, and even 
gets supercritical (spontaneous nucleon emission and creation of bound antinucleons). 
Supercriticality denotes the situation, when the lower well enters the upper continuum. 

The occupied states of this underworld including up to 40000 occupied bound 

states of the lower potential well represent the vacuum . The peculiarity of this 
strongly correlated vacuum structure in the region of atomic nuclei is that — 

depending on the size of the nucleus — more than 20000 up to 40000 (occupied) 

bound nucleon states contribute to this polarization effect. Obviously, we are 
dealing here with a highly correlated vacuum. A pronounced shell structure 
can be recognized [32-34]. Holes in these states have to be interpreted as bound 
antinucleons (antiprotons, antineutrons). If the primary nuclear density rises due 
to compression, the lower well increases while the upper decreases and soon is 
converted into a repulsive barrier (Fig. 23). This compression of nuclear matter 
can only be carried out in relativistic nucleus-nucleus collision with the help 
of shock waves, which have been proposed by the Frankfurt school[29,30] and 
which have since then been confirmed extensively (for references see e. g. [35]). 
These nuclear shock waves are accompanied by heating of the nuclear matter. 
Indeed, density and temperature are intimately coupled in terms of the hydro- 
dynamic Rankine-Hugoniot-equations. Heating as well as the violent dynamics 
cause the creation of many holes in the very deep (measured from — MbC 2 ) vac¬ 
uum well. These numerous bound holes resemble antimatter clusters which are 
bound in the medium; their wave functions have large overlap with antimat¬ 
ter clusters. When the primary matter density decreases during the expansion 
stage of the heavy ion collision, the potential wells, in particular the lower one, 
disappear. 









Structure of vacuum and elementary matter 


335 





Fig. 24. Due to the high temperature and the violent dynamics, many bound holes 
(antinucleon clusters) are created in the highly correlated vacuum, which can be set free 
during the expansion stage into the lower continuum. In this way, antimatter clusters 
can be produced directly from the vacuum. The horizontal arrow in the lower part 
of the figure denotes the spontaneous creation of bar yon-antibar yon pairs, while the 
antibaryons occupy bound states in the lower potential well. Such a situation, where 
the lower potential well reaches into the upper continuum, is called supercritical. Four 
of the bound holes states (bound antinucleons) are encircled to illustrate a “quasi¬ 
ant ihelium” formed. It may be set free (driven into the lower continuum) by the violent 
nuclear dynamics. 


The bound antinucleons are then pulled down into the (lower) continuum. In 
this way antimatter clusters may be set free. Of course, a large part of the anti¬ 
matter will annihilate on ordinary matter present in the course of the expansion. 
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However, it is important that this mechanism for the production of antimatter 
clusters out of the highly correlated vacuum does not proceed via the phase 
space. The required coalescence of many particles in phase space suppresses the 
production of clusters, while it is favoured by the direct production out of the 
highly correlated vacuum. In a certain sense, the highly correlated vacuum is a 
kind of cluster vacuum (vacuum with cluster structure). The shell structure of 
the vacuum levels (see Fig. 22) supports this latter suggestion. Fig. 24 illustrates 
this idea. 

The mechanism is similar for the production of multi-hyper nuclei (y1, J7, S, 
12). Meson field theory predicts also for the A energy spectrum at finite primary 
nucleon density the existence of upper and lower wells. The lower well belongs 
to the vacuum and is fully occupied by yPs. 

Dynamics and temperature then induce transitions (AA creation) and deposit 
many yPs in the upper well. These numerous bound yPs are sitting close to 
the primary baryons: in a certain sense a giant multi- y1 hypernucleus has been 
created. When the system disintegrates (expansion stage) the yPs distribute over 
the nucleon clusters (which are most abundant in peripheral collisions). In this 
way multi- y1 hypernuclei can be formed. 

Of course this vision has to be worked out and probably refined in many 
respects. This means much more and thorough investigation in the future. It is 
particularly important to gain more experimental information on the properties 

of the lower well by (e, e’ p) or (e, e’ p p’) and also (p c pb> PcPb) reactions at high 
energy (p c denotes an incident antiproton from the continuum, p^ is a proton in 
a bound state; for the reaction products the situation is just the opposite) [36]. 
Also the reaction (p, p’ d), (p, p’ 3 He), (p, p’ 4 He) and others of similar type 
need to be investigated in this context. The systematic scattering of antiprotons 
on nuclei can contribute to clarify these questions. Problems of the meson field 
theory (e. g. Landau poles) can then be reconsidered. An effective meson field 
theory has to be constructed. Various effective theories, e. g. of Walecka-type 
on the one side and theories with chiral invariance on the other side, seem to 
give different strengths of the potential wells and also different dependence on 
the baryon density [37]. The Lagrangians of the Diirr-Teller-Walecka-type and 
of the chirally symmetric mean field theories look quite differently. We exhibit 
them — without further discussion — in the following equations: 

£ = ^kin + ^BM + ^vec + ^0 + ^SB 

Non-chiral Lagrangian : 

Ykin = - \b^B» v - - \f^F» v 

£bm = SbV’b - g4 >bi- gpB7 P r B p^ 

i 

—e 7jU2 + Tb ) A ^ 
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The non-chiral model contains the scalar-isoscalar field s and its strange 
counterpart z, the vector-isoscalar fields u) fJr and </> M , and the the p-meson p M as 
well as the photon A iX . For more details see [37]. In contrast to the non-chiral 
model, the SU(3)l x SU(3)r Lagrangian contains the dilaton field % introduced 
to mimic the trace anomaly of QCD in an effective Lagrangian at tree level (For 
an explanation of the chiral model see [37,38]). 

The connection of the chiral Lagrangian with the Walecka-type can be estab¬ 
lished by the substitution a = <7o — s (and similarly for the strange condensate 
C). Then, e.g. the difference in the definition of the effective nucleon mass in 
both models (non-chiral: m* N = mjv — Qs$i chirahm^ = p s <r) can be removed, 
yielding: 

m* N = g s a 0 - g s s = m N - g s s (2) 

for the nucleon mass in the chiral model. 

Nevertheless, if the parameters in both cases are adjusted such that ordi¬ 
nary nuclei (binding energies, radii, shell structure,...) and properties of infinite 
nuclear matter (equilibrium density, compression constant iX, binding energy) 
are well reproduced, the prediction of both effective Lagrangians for the depen¬ 
dence of the properties of the correlated vacuum on density and temperature is 
remarkably different. This is illustrated to some extend in Fig. 25. Accordingly, 
the chirally symmetric meson field theory predicts much higher primary densities 
(and temperatures) until the effects of the correlated vacuum are strong enough 
so that the mechanisms described here become effective. In other words, accord¬ 
ing to chirally symmetric meson field theories the antimatter-cluster-production 
and multi-hypermatter-cluster production out of the highly correlated vacuum 
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Mean Field Theory 


Chiral Mean Field Theory 








Fig. 25. The potential structure of the shell model and the vacuum for various primary 
densities p — po, 4po, 14po* At left the predictions of ordinary Durr-Teller-Walecka- 
type theories are shown; at right those for a chirally symmetric meson field theory 
as develloped by P. Papazoglu, S. Schramm et al. [37,38]. Note however, that this 
particular chiral mean-field theory does contain u> 4 terms. If introduced in both effective 
models, they seem to predict quantitatively similar results. 


takes place at considerably higher heavy ion energies as compared to the pre¬ 
dictions of the Durr-Teller-Walecka-type meson field theoories. This in itself is a 
most interesting, quasi-fundamental question to be clarified. Moreover, the ques¬ 
tion of the nucleonic substructure (form factors, quarks, gluons) and its influence 
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Fig. 26. The strong phase transition inherent in Diirr-Teller-Walecka-type meson field 
theories, as predicted by J. Theis et al. [39]. Note that there is a first order transition 
along the p-axis (i.e. with density), but a simple transition along the temperature T- 
axis. Note also that this is very similar to the phase transition obtained recently from 
the Nambu-Jona-Lasinio-approximation of QCD [41]. 


on the highly correlated vacuum structure has to be studied. The nucleons are 
possibly strongly polarized in the correlated vacuum: the A resonance correla¬ 
tions in the vacuum are probably important. Is this highly correlated vacuum 
state, especially during the compression, a preliminary stage to the quark-gluon 
cluster plasma? To which extent is it similar or perhaps even identical with it? 
It is well known for more than 10 years that meson field theories predict a phase 
transition qualitatively and quantitatively similar to that of the quark-gluon 


plasma [39] 


see Fig. 26. 


The extension of the periodic system into the sectors hypermatter (strange¬ 
ness) and antimatter is of general and astrophysical importance. Indeed, mi¬ 
croseconds after the big bang the new dimensions of the periodic system, we 
have touched upon, certainly have been populated in the course of the baryo- 
and nucleo-genesis. Of course, for the creation of the universe, even higher di¬ 
mensional extensions (charm, bottom, top) come into play, which we did not 
pursue here. It is an open question, how the depopulation (the decay) of these 
sectors influences the distribution of elements of our world today. Our conception 
of the world will certainly gain a lot through the clarification of these questions. 


For the Gesellschaft fur Schwerionenforschung (GSI), which I helped initi¬ 
ating in the sixties, the questions raised here could point to the way ahead. 
Working groups have been instructed by the board of directors of GSI, to think 
about the future of the laboratory. On that occasion, very concrete (almost too 
concrete) suggestions are discussed — as far as it has been presented to the 
public. What is missing, as it seems, is a vision on a long term basis. The 
ideas proposed here, the verification of which will need the commitment for 
2—4 decades of research, could be such a vision with considerable attraction 
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for the best young physicists. The new dimensions of the periodic system made 
of hyper- and antimatter cannot be examined in the “stand-by” mode at CERN 
(Geneva); a dedicated facility is necessary for this field of research, which can in 
future serve as a home for the universities. The GSI — which has unfortunately 
become much too self-sufficient — could be such a home for new generations of 
physicists, who are interested in the structure of elementary matter. GSI 
would then not develop just into a detector laboratory for CERN, and as such 
become obsolete. I can already see the enthusiasm in the eyes of young scientists, 
when I unfold these ideas to them — similarly as it was 30 years ago, when the 
nuclear physicists in the state of Hessen initiated the construction of GSI. 
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